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<latexit sha1_base64="BB90J5nrI1RGs263OVSnI1Ojjco="></latexit>
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<latexit sha1_base64="f6dVhYeTLkh3DaX5pjiLgl+1MhU="></latexit>
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<latexit sha1_base64="JUoUAHdcg1J1GsWfCnEpiHT5wKM=">AAACJHicdZBBSxtBFMdntWqaqk306GVoKHgKuyrRo6AHb41gTCAbwtvZtzo4M7vMvK2EJR/Fa/wy3qSHXvpJPDiJEdrSPhj48f+/9+bxTwolHYXhz2Bl9cPa+kbtY/3T5tb250Zz59rlpRXYE7nK7SABh0oa7JEkhYPCIuhEYT+5O5v7/e9onczNFU0KHGm4MTKTAshL40YzTjKHVqLj30qabxk3WmE7XBQP24cnR4fRkYdOeO yRR0urxZbVHTde4jQXpUZDQoFzwygsaFSBJSkUTutx6bAAcQc3OPRoQKMbVYvTp/yrV1Ke5dY/Q3yh/j5RgXZuohPfqYFu3d/eXPyXNywpOxlV0hQloRFvH2Wl4pTzeQ48lRYFqYkHEFb6W7m4BQuCfFr12KLBe5FrDSat4gy0VJMUMygVTavYZe9c93G9Z8L/D9cH7ajT7lwetE7Pl8HV2B77wvZZxI7ZKbtgXdZjgt2zBzZjj8EseAqegx9vrSvBcmaX/VHBr1dO0KZx</latexit>

Outline

<latexit sha1_base64="ykIfsOoLC9czJlqxqZMTc4NGBsk="></latexit>

• Images as Functions

– Vector-space formulation

– Two-Dimensional Systems

• 2D Fourier Transform

– Properties

– Dirac Impulse, etc.

• Characterization of LSI Systems

– Multidimensional Convolution

– Modeling of Optical Systems

– Examples of Impulse Responses
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<latexit sha1_base64="B86tExVVn2FD9+iepvk8iQIAmWc=">AAACMHicdZDNSgMxFIUz/tb6V3UpQrAIrsqMlepSUER3ClaFTil3Mnc0mGSGJKOUoSufxm19GV2JW5/BhWmtoKIXQj7OuZebnCgT3Fjff/bGxicmp6ZLM+XZufmFxcrS8rlJc82wyVKR6ssIDAqusGm5FXiZaQQZCbyIbvYH/sUtasNTdWa7GbYlXCmecAbWSZ3KWhglBjVHQ4+d5S4w9DBXbGCbTqXq1/xhUb9W392uB9sOGv 6OQxqMrCoZ1Umn8h7GKcslKssEGNMK/My2C9CWM4G9cpgbzIDduE0thwokmnYx/EaPbjglpkmq3VGWDtXvEwVIY7oycp0S7LX57Q3Ev7xWbpPddsFVlltU7HNRkgtqUzrIhMZcI7Oi6wCY5u6tlF2DBmZdcuVQo8I7lkoJKi7CBCQX3RgTyIXtFaFJvrjs4vrKhP4P51u1oFFrnG5V9w5GwZXIKlknmyQgO2SPHJET0iSM3JMH0iePXt978l6818/WMW80s0J+lPf2AZqZqyw=</latexit>

Images as Functions

<latexit sha1_base64="6NVmEtYVXMMpY0gNGDYaf9y4aTE="></latexit>

• Analog = Continuously-Defined Image Representation

– Images are functions of two real variables
<latexit sha1_base64="Lm5/MnB5iXGdD0rGSHziLzr5y7s="></latexit>

• Vector-Space Formulation

– All images are “points” in a vector space
<latexit sha1_base64="iKJ+1Q15BCHh9Bk9boCW4DGUNMI="></latexit>

• Vector Space of Finite-Energy Images

– Mathematical framework for image representations
<latexit sha1_base64="CioM40SHzI/jrFm/zgrrfDWSUrU="></latexit>

• Two-Dimensional Systems
<latexit sha1_base64="WJK+b1gFl6PkcNvruZ3Xon0XTZg="></latexit>

• Linear, Shift-Invariant (LSI) Systems

– Fundamental tool to “process” images
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<latexit sha1_base64="zYlseqpIi+GN1mZK5DTtGRcwjCc="></latexit>

2D light intensity function: f(x, y)
<latexit sha1_base64="TJ7HqzM9nBIeUGNTTJB4caWkasM="></latexit>

• (x, y) are the spatial coordinates
<latexit sha1_base64="qQKR/kjn9YzWzjZ08SzLCanMBV0="></latexit>

• The output f(x, y) is the brightness (or grayscale level) at (x, y)

<latexit sha1_base64="VkNGgEOOPXEr8XXnGHH8G//ecUA="></latexit>x

<latexit sha1_base64="I1gnIntFzCKAR0XWST7h7wUsHl4="></latexit>y

<latexit sha1_base64="JfMt7D2YOK3V7rTmFsF09rF/EC4="></latexit>

origin

<latexit sha1_base64="kbkLAjAfkICd5bCoB4l1cNxpCZs="></latexit>

f(x, y)

<latexit sha1_base64="um3KOXwcr1j3Fk6wFt4xrE6gbYc=">AAACOHicdVC7ThtBFJ2FkIADiYGSZhQLicraBct2aZQUoTMIA5LXsu7O3jUj5rGamQVZK39BviYt+ZJ06RAtNQVje5GSKLnSSEfnnPuYk+SCWxeGP4OV1Tdrb9+tb9Teb259+Fjf3rmwujAMB0wLba4SsCi4woHjTuBVbhBkIvAyufk81y9v0Viu1bmb5jiSMFE84wycp8b1/TjJLBqOlh4rEHpCT7wD6Rn6MRaVq3yNsBkuio bNo27rKGp50A47HtKokhqkqv64/hynmhXSD2ACrB1GYe5GJRjHmcBZLS4s5sBu/Kqhhwok2lG5+M6M7nsmpZk2/ilHF+zvHSVIa6cy8U4J7tr+rc3Jf2nDwmXdUclVXjhUbLkoKwR1ms6zoSk3yJyYegDMcH8rZddggDmfYC02qPCOaSlBpWWcgeRimmIGhXCzMrbZK675uF4zof8HF4fNqN1snx42el+q4NbJHvlEDkhEOqRHvpI+GRBGvpHv5J78CO6DX8FD8Li0rgRVzy75o4KnF27yrqE=</latexit>

Analog Image Representation

<latexit sha1_base64="L6oAiAosy7o2NtjwmYG/NGEQshY="></latexit>

f : R2 → R

<latexit sha1_base64="1MRV3JCcTrd8pMsxD8xhxYy88tQ="></latexit>

Analog image
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<latexit sha1_base64="WrPapZqJ+goDOeckj0okyJYzuvQ=">AAACNXicdVBNSyNBFOxR19Ws60Y9emkMC14MMyrRo6CIR0UThUyQNz1vtLE/hu4eJQy5+2u86l/x4E28+gc82IkjqGhBQ1FVj/e6klxw68LwPhgbn/g1+XtquvZn5u/sv/rcfMfqwjBsMy20OUnAouAK2447gSe5QZCJwOPkYnvoH1+isVyrI9fPsSfhTPGMM3BeOq0vxUlm0XC0tIPMabNymANDuquNLEQVaoTNcAQaNtc219 eidU9a4YanNKqsBqmwf1p/iVPNConKMQHWdqMwd70SjONM4KAWFxb9kgs4w66nCiTaXjn6y4D+90pKM238U46O1I8TJUhr+zLxSQnu3H71huJ3Xrdw2Wav5CovHCr2tigrBHWaDouhKTe+ANH3BJjh/lbKzsEAc76+WmxQ4RXTUoJKyzgDyUU/xQwK4QZlbLN3XvN1vXdCfyad1WbUarYOVhtbO1VxU2SRLJFlEpENskX2yD5pE0auyQ25JXfBbfAQPAZPb9GxoJpZIJ8QPL8CGM6tdw==</latexit>

Vector-Space Formulation
<latexit sha1_base64="PN0PO4pCF1JxaxXJqlVURYdnlrE="></latexit>

What is a vector space?

<latexit sha1_base64="h3ce04cskm0kjuN2oBbKxWw4rU0="></latexit>

• Associativity: f + (g + h) = (f + g) + h

<latexit sha1_base64="nIZ8iHbzlrKcJyssSXh03L8+X94="></latexit>

• Identity: There exists 0 → H such that f + 0 = f
<latexit sha1_base64="gudW0SMfDTLTo/to1RiyZUSWJLI="></latexit>

• Inverse: There exists →f ↑ H such that f + (→f) = 0
<latexit sha1_base64="C7ZlA+y71Pb0U7GPjq64y4kDaTw="></latexit>

• Compatibility With Scalar Multiplication: ω(εf) = (ωε)f
<latexit sha1_base64="F2sF9PnxOdDP9LP6NupjGODEJ0s="></latexit>

• Multiplication With Scalar Identity 1f = f for 1 → R
<latexit sha1_base64="xc+5bjuLkVTN/+oKRM+nJSIWZ8U="></latexit>

• Distributivity I: ω(f + g) = ωf + ωg
<latexit sha1_base64="Zx9ggTtJV0s5MRX26Iq/w2ogoWo="></latexit>

• Distributivity II: (ω+ ε)f = ωf + εf

<latexit sha1_base64="y+cBFVgM6s5+GGdPdri+l7oxr90="></latexit>

Definition: A vector space is a set H where, for every f, g, h → H

and ω,ε → R, we have that

<latexit sha1_base64="s1VvGNsiU/6UmeXMxkVhoO5+/UA="></latexit>

• Commutativity: f + g = g + f
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<latexit sha1_base64="Jd+/Pd/7zP53qmYGm86J2xCB+YY=">AAACM3icdVC7SgNBFJ31bXxFLW0Gg2AVdjVES0EL7SKaKGRDmJ29o4PzWGZmlbCk9Wts47+Indj6BxZOYgQVvdXhnHNfJ8kEty4Mn4KJyanpmdm5+dLC4tLySnl1rWV1big0qRbaXCbEguAKmo47AZeZASITARfJzeFQv7gFY7lW566XQUeSK8UZp8R5qlvGccIsGA4Wt4A6bfBZRihgzfCJt4LtlithNRwVDqu7+7XdqOZBPd zzEEdjqYLG1eiW3+NU01yCclQQa9tRmLlOQYzjVEC/FOcW/IobP7ztoSISbKcYfdLHW55JMfNnMK0cHrHfOwoire3JxDslcdf2tzYk/9LauWP7nYKrLHeg6OcilgvsNB7GglNu/Pui5wGhhvtbMb0mhlDnwyvFBhTcUS0lUWkRMyK56KXASC5cv4gt+8IlH9dXJvh/0NqpRvVq/XSncnA0Dm4ObaBNtI0itIcO0DFqoCai6B49oAF6DAbBc/ASvH5aJ4Jxzzr6UcHbB3qkrBE=</latexit>

Vector Space of Images

<latexit sha1_base64="EwaToKMDAh5sd8/lucNBxlwfhT0="></latexit>

Do images (functions that map R2 → R) form a vector space?

<latexit sha1_base64="h3ce04cskm0kjuN2oBbKxWw4rU0="></latexit>

• Associativity: f + (g + h) = (f + g) + h

<latexit sha1_base64="nIZ8iHbzlrKcJyssSXh03L8+X94="></latexit>

• Identity: There exists 0 → H such that f + 0 = f
<latexit sha1_base64="gudW0SMfDTLTo/to1RiyZUSWJLI="></latexit>

• Inverse: There exists →f ↑ H such that f + (→f) = 0
<latexit sha1_base64="C7ZlA+y71Pb0U7GPjq64y4kDaTw="></latexit>

• Compatibility With Scalar Multiplication: ω(εf) = (ωε)f
<latexit sha1_base64="F2sF9PnxOdDP9LP6NupjGODEJ0s="></latexit>

• Multiplication With Scalar Identity 1f = f for 1 → R
<latexit sha1_base64="xc+5bjuLkVTN/+oKRM+nJSIWZ8U="></latexit>

• Distributivity I: ω(f + g) = ωf + ωg
<latexit sha1_base64="Zx9ggTtJV0s5MRX26Iq/w2ogoWo="></latexit>

• Distributivity II: (ω+ ε)f = ωf + εf

<latexit sha1_base64="s1VvGNsiU/6UmeXMxkVhoO5+/UA="></latexit>

• Commutativity: f + g = g + f
<latexit sha1_base64="h4niz2/MZGkkkGtXhLMeluPjc4g="></latexit>

zero(x, y) = 0 for all (x, y) → R2

<latexit sha1_base64="EsyWlB/1Rzu4uIItrgkGFvI4KOw="></latexit>

Yes, images form a vector space
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<latexit sha1_base64="w9liPw1+8fmnaVsP5ef2ANbbdaQ=">AAACQXicdVBNTxsxFPRS2kJoS1qOXCwiJC6sdgEFjkhQRG+gNgEpG0Ve7zNY+GNlv221WuVf8Gu40j/Rn9Ab6hUOOCFIbdXOaTTzxu958lJJj0nyI5p7Mf/y1euFxdbSm7fvltvvP/S9rRyHHrfKuvOceVDSQA8lKjgvHTCdKzjLrw4m/tlXcF5a8wXrEoaaXRgpJGcYpFE7znLhwUnwtA8craOfS8aBWkGPpJEImx8NuIuafg pB8KN2J4mTKWgSb+/tbKc7gXST3UBpOrM6ZIaTUfshKyyvNBjkink/SJMShw1zKLmCcSurPISFV+HxQaCGafDDZvqvMV0PSkFFOEpYg3Sq/p5omPa+1nmY1Awv/d/eRPyXN6hQ7A0bacoKwfCnRaJSFC2dlEQL6UIZqg6EcSfDrZRfMsc4hipbmQMD37jVmpmiyQTTUtUFCFYpHDeZF8+8Fep67oT+n/S34rQbd0+3OvuHs+IWyCpZIxskJbtknxyTE9IjnFyTG3JLvke30c/oLvr1NDoXzTIr5A9E94/WdbGz</latexit>

Vector Space of Finite-Energy Images

<latexit sha1_base64="athnAy99neQwbAH6bBRaUZ8kz80="></latexit>

f → L2(R2) if and only if its energy is < ↑

<latexit sha1_base64="BowWP3a3w3C6RlcZUZjugs+40NM=">AAAEonicbZNtT9swEMdT6DZW2Abb3u2NVUBiUlc5KSkwaRLjWVORCqMUiRTkJJfWIrEr22FUUT7opH2YuW06NWGOLJ3ufnf++y52hyGVCuPfpYXF8ouXr5ZeV5ZX3rx9t7r2/lryWHjQ8XjIxY1LJISUQUdRFcLNUACJ3BC67sPhON59BCEpZ1dqNIReRPqMBtQjSrvuVx8dxinzgSnkRC5/ShwFT8oNkiMIKKNj6GuKrgaAZo </latexit>

Definition: The vector space of finite-energy images is denoted L2(R2)

<latexit sha1_base64="3WwFu8WJ2vfiOUD+El6xHqNGzdA=">AAAE5nicbZPdTtswFMdT6DbWfcG2u91YpUhM6ionJeVDmsT4vgCtQ5QiNaVyHKe1SJzKcbZGwa+wu2m3e469yd5mThtQE3Bk5eic3//kHJ/YHns0FBD+Ky0slp88fbb0vPLi5avXb5ZX3l6GQcQx6eDAC/iVjULiUUY6ggqPXI05Qb7tka59s5/Gu98JD2nALkQ8Jn0fDRl1KUZCuQbLfy0WUOYQJoAlyETYbnJAXMpoGt6R4G </latexit>

Definition: The energy of an image f : R2 → R is

∫ →

↑→

∫ →

↑→
|f(x, y)|2 dxdy

<latexit sha1_base64="0TwEqCKZWwrGLC3R3YgJafa8Gi0=">AAAEknicdZNdT9swFIYNdBvrPoCNu91YpUhM6io7JQUmIQHl66JIHaIUiZTKTZzWInYqx9mI0vzD/YH9jd1uF3PbMDVhc3TkV8fPe3LsxP2RxwKF0I+FxaXCs+cvll8WX71+83Zlde3ddeCH0qZt2/d8edMnAfWYoG3FlEdvRpIS3vdop3/fmKx3vlIZMF9cqWhEu5wMBHOZTZRO9Vbdctkau9a4FzfvjOTOgPvQYkL14k96cl </latexit>

→f→2L2 =

∫ →

↑→

∫ →

↑→
|f(x, y)|2 dxdy

<latexit sha1_base64="grfrpeYFp8rTgT16+1V0PB+iwec="></latexit>

“squared L2-norm of f or energy of f”
<latexit sha1_base64="k4cxqV5+/HI32izDR57Tm2WTGYk="></latexit>

measures the “size” of f

<latexit sha1_base64="96uEfMqgKcgz8IpgECO5mYzRgKg=">AAAEb3icbZPtatswFIbVNdu67KvdBvsxGCJtYYMQJKdO28Gga/r1ox1ZaJpCnRVZlhNRSzay3DUYX9CuZn/Xy9gdTEncEbs7QnA4et6jVxJyo4DHGqHbhQeLlYePHi89qT599vzFy+WVV2dxmCjKejQMQnXukpgFXLKe5jpg55FiRLgB67tX7cl6/5qpmIfyVI8jNhBkKLnPKdGmdLncdmTIpcekho5mN9r10y6jJAg+ZfCQXz </latexit>

Recall: Given a vector x → RN

<latexit sha1_base64="TtG7yH1PRzL3GuynRMYFqo3jiCc="></latexit>

→x→22 =
N∑

n=1

|xn|2
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<latexit sha1_base64="xiO738j/8W0fttCm3y4LQemEFRc=">AAACQnicdVDNThsxGPTSlkIoNLRHLhYRUi8Nu4ACR6TSCm5BIoCUjSKv9zNY+Gdlf0u1WuUx+jS9wkPwCtwqrhxwQpAogpEsjWa++WxPVijpMY5vopl37z/Mfpybbyx8Wlz63Fz+cuxt6Tj0uFXWnWbMg5IGeihRwWnhgOlMwUl28WPsn1yC89KaI6wKGGh2ZqSQnGGQhs31NBMenARPD4wBR7vO5iVHagX9JY1E+P4zyGcVPQ hJ8MNmK27HE9C4vbmztZlsBdKJtwOlydRqkSm6w+Z9mlteajDIFfO+n8QFDmrmUHIFo0ZaeigYvwjL+4EapsEP6snHRnQtKDkV1oVjkE7U54maae8rnYVJzfDcv/TG4mtev0SxM6ilKUoEwx8vEqWiaOm4JZpLBxxVFQjjToa3Un7OHOMYumykDgz85lZrZvI6FUxLVeUgWKlwVKdePPFGqOupE/o2Od5oJ51253Cjtbs3LW6OrJBV8o0kZJvskn3SJT3CyR/yl1yR6+gquo3+RXePozPRNPOV/Ifo/gHjN7I7</latexit>

Inner Product of Finite-Energy Images

<latexit sha1_base64="zoSC4EsJKT97KVRQGr6eNtqKX14=">AAAE43icbZPNbtpAEMdNQ9uUfiVtb1WlFSFSDwitTSBJpUhpyNcBKopCiBQTtLbHsMp6ba3XKZblJ+it6rXP0Wfp23QBpwKna608mvn9Z2c8XitgNJQY/yk8Wis+fvJ0/Vnp+YuXr15vbL65DP1I2NC3feaLK4uEwCiHvqSSwVUggHgWg4F125rFB3cgQurzCxkHMPTImFOX2kQq12jjt8l9yh3gEpkSptJykx7YhLFPKTqjd8 </latexit>

Recall: Given vectors x,y → RN , their inner product is

↑x,y↓ = xTy =
N∑

n=1

xnyn

<latexit sha1_base64="oSOg+g75HUt+ZHnOz7t+qCSERAc=">AAAFBHicdZPdbtMwFMdTVmCUrw2448bqOmmTQuWka7chDY19X3RSmdZ10tJVTuKk1mInchxoFOWWp+EOcctzwNvgtClqMnBk+eT49z8+9rHNwCOhgPB35cFS9eGjx8tPak+fPX/xcmX11VXoR9zCfcv3fH5tohB7hOG+IMLD1wHHiJoeHph3h9n84DPmIfHZpYgDPKTIZcQhFhLSNVr5ZTCfMBszAQxq+pPEEHgiTCc5wg5hJI </latexit>

Definition: The inner product of f, g → L2(R2) is

↑f, g↓ =
∫ →

↑→

∫ →

↑→
f(x, y)g(x, y) dxdy

<latexit sha1_base64="4WYyrHfhU/4yDTtArqbv2ySDj/o="></latexit>→

<latexit sha1_base64="vp9BYrZKJi2j5GV04nIX/vdS890="></latexit>

conjugate if complex valued

<latexit sha1_base64="yn34WOStuxtOFPRg5GglGPhcaPI=">AAAEp3icbZNtT9swEMdT6Abrnsq2d3tjlSJtUlU5KSkwCYnx/KKIDlGKRErlJJfWInEi22FUIR90L/dN5rYBNWGOTrrc/f6Xs52zI58KifGf0tJy+dXrldU3lbfv3n/4WF37dCXCmDvQc0I/5Nc2EeBTBj1JpQ/XEQcS2D707buDab5/D1zQkF3KSQSDgIwY9ahDpAoNq4nFQspcYBJZEh6k7SXntgB+P8v/SNHlGBALeYCoeC </latexit>

Observation: The norm is induced by the inner product

→f→2L2 = ↑f, f↓

<latexit sha1_base64="lmWLQIIZqr6L7dr7FUxu9jhTD2A="></latexit>

L2(R2) = {f(x, y) : →f→2L2 = ↑f, f↓ < ↔}
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<latexit sha1_base64="HYcY2jwjgzCyjJF0UoFa4BGe/c4=">AAACPXicdZDLahRBFIar4yVxvGQ0SzeFgyCCQ3cSJlkGNBJ3EZwkMD0Mp6tPJUXq0lSdjjbNvINPk218DR/AXcg2GxfWTCagogcKPv7/nFNVf1FpFShNvydLd+7eu7+88qDz8NHjJ6vdp88Ogqu9wKFw2vmjAgJqZXFIijQeVR7BFBoPi9O3M//wDH1Qzn6ipsKxgWOrpBJAUZp0X+eFDOgVBr77BUylIzjJ3yurCN/sWvTHDf 8QhzBMur20n86Lp/2N7c2NbDPCIN2KyLOF1WOL2p90f+alE7VBS0JDCKMsrWjcgiclNE47eR2wAnEal48iWjAYxu38T1P+Mioll87HY4nP1d8nWjAhNKaInQboJPztzcR/eaOa5Pa4VbaqCa24uUjWmpPjs4B4qTwK0k0EEF7Ft3JxAh4ExRg7uUeLn4UzBmzZ5hKM0k2JEmpN0zYP8pY7Ma7bTPj/4WC9nw36g4/rvZ13i+BW2HP2gr1iGdtiO2yP7bMhE+wrO2cX7FtykfxILpOrm9alZDGzxv6o5PoX64iwSw==</latexit>

Examples of Finite-Energy Images

<latexit sha1_base64="rGqpLXnk+afVLWv5x6sPTV6dIZc="></latexit>

• 2D Gaussian
<latexit sha1_base64="G/LJMfto3CKm2cnsnYq7HRLCdwQ="></latexit>

g(x, y) =
1

2ω
exp

(
→x2 + y2

2

)

<latexit sha1_base64="x7/+gbxs40zIWhSmZVivaUyCzR4="></latexit>

g → L2(R2)

<latexit sha1_base64="53wcDPf2RmtGTKds8T9/lz94nLk="></latexit>

• Finite support ! → R2 and bounded images
<latexit sha1_base64="BHmhUj9MFnHJYS7GS+9yisS8njI="></latexit>{
f(x, y) = 0, for all (x, y) →↑ !

|f(x, y)| < C, for all (x, y) ↑ R2

<latexit sha1_base64="/Xm/bu5MbR3PLOUUBXpM9jigm+s="></latexit>

! = [0, 1]→ [0, 1] = [0, 1]2

<latexit sha1_base64="JeJ2tCktIJE+m1Xa8gaq5cbi9QY="></latexit>

Exercise: Show that f → L2(R2)
<latexit sha1_base64="tOSwtXknyuCte/AnA8V7QVvEzsE="></latexit>

→f→2L2 =

∫ →

↑→

∫ →

↑→
|f(x, y)|2 dxdy

<latexit sha1_base64="QBx8PeJuLUSZxhwwv3BZS75RDcg="></latexit>

=

∫∫

!
|f(x, y)|2 dxdy

<latexit sha1_base64="nHwz/pDjEUFbL9Y6TkuIpmi0gww="></latexit>

<

∫∫

!
C2 dxdy

<latexit sha1_base64="CewyBAwXFMmz0teFREENHlC8BVI="></latexit>

= C2 vol(!) < →
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<latexit sha1_base64="8fPR97yrsTo0QYKzmw586zBguMo=">AAACKHicdZBLSwMxFIUzvq2vqrhyEyyCqzJjS3Up6MJlBfuATil3Mnc0mGSGJFMpQ3+MW/0z7sStv8OFaa2gogcCH+fcSy4nygQ31vdfvbn5hcWl5ZXV0tr6xuZWeXunbdJcM2yxVKS6G4FBwRW2LLcCu5lGkJHATnR3Psk7Q9SGp+rajjLsS7hRPOEMrLMG5b0wSgxqjoY2BSikHRiiGZQrftWfivrV2mm9FtQdNPwThzSYRR UyU3NQfg/jlOUSlWUCjOkFfmb7BWjLmcBxKcwNZsDu4AZ7DhVINP1iev6YHjonpkmq3VOWTt3vGwVIY0YycpMS7K35nU3Mv7JebpPTfsFVlltU7POjJBfUpnTSBY25RmbFyAEwzd2tlN2CBmZdY6VQo8J7lkoJKi7CBCQXoxgTyIUdF6FJvrjk6vrqhP4P7eNq0Kg2ro4rZxez4lbIPjkgRyQgJ+SMXJImaRFGCvJAHsmT9+g9ey/e6+fonDfb2SU/5L19AAd6p88=</latexit>

Plane Waves

<latexit sha1_base64="KadBOBEhBYDbjX1TFT2nkAPIF5s="></latexit>

• Sinusoidal gratings

<latexit sha1_base64="HuPYTK27CZQNW0XtajijR0rnNts="></latexit>

s(x, y) = A cos(ω1x+ ω2y + ε)

<latexit sha1_base64="QPg8+qiCHD4FV/Szjh8T3YzOIBc="></latexit>

Period: T =
2ω√

ε2
1 + ε2

2

<latexit sha1_base64="7oRnS8I38iIvr6cE0cPEfhZWTzM="></latexit>

Wave vector
ω = (ω1,ω2)

<latexit sha1_base64="SxJNikMWvc2qsNmt2SNuP94xhGw="></latexit>

Does s have finite energy?

<latexit sha1_base64="4Gy9KOh2eBFiUbNa9tay1PVMKWI="></latexit>

No, s →↑ L2(R2)
<latexit sha1_base64="XRkhaj6POSvrK0zOe8syfE6xpfw="></latexit>

However, s(x, y) · w(x, y) → L2(R2)
<latexit sha1_base64="c5AN+LE/3clrrCDYJ9P2D1Jv+Cs="></latexit>

w(x, y) is a finite-support and
bounded window function

<latexit sha1_base64="1+I1/SZ8mlX899l09RS1GpL0uEM="></latexit>

Example:{
w(x, y) = 1, (x, y) → [0, 1]2

w(x, y) = 0, else
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<latexit sha1_base64="4N+3rmd5bXmqLpn/e6przTudzMA=">AAACNHicdVBNSxxBFOwx8WuNukmOuXRcArm4zKyyehTiIUdDXBV2luVNzxtt7I+h+01kGPbsr/FqfovgLeSaX5CDvesKSTAFDUVVvdfdlZVKeorju2jhxcvFpeWV1dbaq/WNzfbrNyfeVk7gQFhl3VkGHpU0OCBJCs9Kh6AzhafZ5aepf/oNnZfWHFNd4kjDuZGFFEBBGrffp1nh0Un0/PjKbh9KjWYaBsW/1p5Q+3G7E3fjGX jc3dnf3Ul2A+nHe4HyZG512BxH4/bvNLeiCotIKPB+mMQljRpwJIXCSSutPJYgLuEch4Ea0OhHzewrE/4hKDkvrAvHEJ+pf040oL2vdRaSGujC/+tNxee8YUXF/qiRpqwIjXi8qKgUJ8unvfBcOhSk6kBAOBneysUFOBAU2mulDg1eCas1mLxJC9BS1TkWUCmaNKkvnngr1PXUCf8/Oel1k363/6XXOTicF7fC3rEt9pElbI8dsM/siA2YYNfsht2y79FtdB/9iH4+Rhei+cxb9heiXw9rsa0j</latexit>

Two-Dimensional Systems

<latexit sha1_base64="zVC9awLqcEknNzM+zEZWteOcrKo="></latexit>

• Mapping from one image to another

<latexit sha1_base64="P/ZpfxX6wS3V3uvsxQD4ebixido="></latexit>

f
<latexit sha1_base64="lTNHZYFlKKCAmjxD71xObaK+0iQ="></latexit>g<latexit sha1_base64="ybDjKs5SqqZg1lQWZOuRESNlz98="></latexit>

H

<latexit sha1_base64="9+vjZAR8LOGjr5HmcAxE4kNhHqc="></latexit>

H : L2
(R2

) → L2
(R2

)
<latexit sha1_base64="7v8cKX+AKc+v2ZKaua3bEz3jH/U="></latexit>

g = H{f}
<latexit sha1_base64="Yhl73P6gjg6hAhzMutOQteL1PJY="></latexit>

• The most important systems are linear systems

<latexit sha1_base64="ybDjKs5SqqZg1lQWZOuRESNlz98="></latexit>

H
<latexit sha1_base64="UxzQDxZNxmLLkuDzL/TVdTJdt8I="></latexit>

f1
<latexit sha1_base64="j0D1ykFDGJlodEOaSRC4SxV0hQs="></latexit>g1

<latexit sha1_base64="ybDjKs5SqqZg1lQWZOuRESNlz98="></latexit>

H
<latexit sha1_base64="JS30riQ6LeZSNz32xRNY1JTHUE8="></latexit>

f2
<latexit sha1_base64="AbavL1gu/dhklcRwul4EiBtcv5Y="></latexit>g2

<latexit sha1_base64="NkZ5OLSrOX46qjlRLnyiqkkLWtI="></latexit>

ωf1 + εf2
<latexit sha1_base64="ybDjKs5SqqZg1lQWZOuRESNlz98="></latexit>

H
<latexit sha1_base64="MHzVXmBZkQHIhN9FGDJiuUuZOuo="></latexit>

ωg1 + εg2

<latexit sha1_base64="pHhb/f7YZWaV5DWVi+/f4XhNXos="></latexit>

H{ωf1 + εf2} = ωH{f1}+ εH{f2}

<latexit sha1_base64="1cHTS3W+5yYvT8qcavUt/ToGaKI="></latexit>

→ω,ε ↑ R
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<latexit sha1_base64="rilCthrUkYRJ/eF0rR/mXNAep4A=">AAACL3icdZDLSgMxFIYz3q23qktdBIvgqsxYqS4FXbhwUcGq0CnlTOaMBpPMkGSUYejGp3GrLyNuxK3v4MK0VlDRA4Gf/z8X8kWZ4Mb6/rM3Nj4xOTU9M1uZm19YXKour5yZNNcM2ywVqb6IwKDgCtuWW4EXmUaQkcDz6PpgkJ/foDY8Vae2yLAr4VLxhDOwzupV18MoMag5GnrsVoDmtqAtDcxyhr1qza/7w6J+vbG30wh2nG j6u07SYBTVyKhavep7GKcsl6gsE2BMJ/Az2y1Bu20C+5UwN5gBu4ZL7DipQKLplsNf9Ommc2KapNo9ZenQ/T5RgjSmkJHrlGCvzO9sYP6VdXKb7HVLrrLcomKfh5JcUJvSARIac43MisIJYA4AZ5RdwYCBA1cJNSq8ZamUoOIyTEByUcSYQC5svwxN8qUrDtcXE/q/ONuuB81682S7tn84AjdD1sgG2SIB2SX75Ii0SJswckfuyQN59B68J+/Fe/1sHfNGM6vkR3lvHy2Nqvs=</latexit>

Linearity Practice

<latexit sha1_base64="BrR02Renx5/5u+p9BgjGHhnQKMM="></latexit>

• (Partial) derivative operators are linear or nonlinear?

H1{f} =
ωf(x, y)

ωx
and H2{f} =

ωf(x, y)

ωy

• The following operator is linear or nonlinear?

H3{f}(x, y) = f(x2
+ x+ 1, y →↑

y)

• Geometric operators are linear or nonlinear?

H4{f}(x, y) = f(G1(x, y), G2(x, y))

where G1(x, y) and G2(x, y) are arbitrary (nonlinear) transformations.

• The thresholding operator is linear or nonlinear?

H5{f}(x, y) =
{
1, |f(x, y)| ↓ T0

0, else

<latexit sha1_base64="xpX8wkzDiE4jM2Pe3eDtL228Lyc="></latexit>

Linear

<latexit sha1_base64="xpX8wkzDiE4jM2Pe3eDtL228Lyc="></latexit>

Linear

<latexit sha1_base64="xpX8wkzDiE4jM2Pe3eDtL228Lyc="></latexit>

Linear

<latexit sha1_base64="XYSbrclu2wt6g0hUpBVCqo5u+Z0="></latexit>

Nonlinear
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<latexit sha1_base64="0Pdk1M6FaPeD6dPVwHGj1gyDaU0="></latexit>

Definition: A linear system H is shift-invariant if and only if shifted
inputs correspond to shifted outputs.

<latexit sha1_base64="1kulhQ81opPJi/fQQzGSD0iTfo4="></latexit>

f(x, y)
<latexit sha1_base64="lDknJJt5TeJjXaRR8xqtPWdWt5k="></latexit>

g(x, y)

<latexit sha1_base64="ZnEFpkv5f+vheydp7yjykcaVJf8="></latexit>

f(x→ x0, y → y0)

<latexit sha1_base64="ybDjKs5SqqZg1lQWZOuRESNlz98="></latexit>

H

<latexit sha1_base64="ybDjKs5SqqZg1lQWZOuRESNlz98="></latexit>

H

<latexit sha1_base64="2m4IJhZI4eXG5ZFl2ObEpOGiewk="></latexit>

g(x→ x0, y → y0)

<latexit sha1_base64="sdpbUgBPr56c4uuq8nxaa0LX8/I=">AAACQnicdZDPThsxEMa99B8N/ZO2x16sRkgglXQXUOCI1B6KxIEqDSBlo2jWOyYWtndlz1KtVnmMPk2v9CF4BW5VrxzqhCC1qIxk6afvm7HHX1Zq5SmOL6OlBw8fPX6y/LS18uz5i5ftV6+PfFE5gQNR6MKdZOBRK4sDUqTxpHQIJtN4nJ19nPnH5+i8KuxXqkscGTi1SioBFKRx+0OaSY9OoecH4Qpw73l/oiRt7NtzcAos8X 7tCY3nawf9/fVxuxN343nxuLu1u72VbAfoxTsBebKwOmxRh+P2dZoXojJoSWjwfpjEJY0acKSExmkrrTyWIM7gFIcBLRj0o2b+sSlfDUrOZeHCCZvM1b8nGjDe1yYLnQZo4u96M/F/3rAiuTtqlC0rQituHpKV5lTwWUo8Vw4F6ToACKfCrlxMwIGgkGUrdWjxmyiMAZs3qQSjdJ2jhErTtEm9vOVWiOs2E34/HG12k16392Wzs/dpEdwye8vesTWWsB22xz6zQzZggn1nP9gF+xldRFfRr+j3TetStJh5w/6p6PoP8TuxrA==</latexit>

Linear, Shift-Invariant Systems (LSI)

<latexit sha1_base64="imPrdmkAuDKXEIsXqNcmFbRTEV8="></latexit>

H{f(x→ x0, y → y0)} = H{f}(x→ x0, y → y0)

<latexit sha1_base64="87xoDlh3riCdmbJZrGVr1q1lc/s="></latexit>

• LSI systems model most physical imaging devices

<latexit sha1_base64="cNE4Qz1YAwMAYgQY/gIw8qaQj2c="></latexit>

→(x0, y0) ↑ R2

<latexit sha1_base64="JEaHSaQ2ul2JF7FI1VKxeBsREIo="></latexit>

LSI = realized by convolution: H{f}(x, y) = (h → f)(x, y)

<latexit sha1_base64="1HmICOB61iGL15onuxoAwbK1DwM="></latexit>

“impulse response”
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<latexit sha1_base64="oXwqdi9EklpT+F/4HC4DPDX+pWY=">AAACMXicdZDNSgMxFIUz/tb6V3UpSLAIrspMlbZLQRGXClaFTil3Mnc0mGSGJKOUoTufxm19GXfi1ldwYVorqOiFwMc59+YmJ8oEN9b3n72p6ZnZufnSQnlxaXlltbK2fmHSXDNss1Sk+ioCg4IrbFtuBV5lGkFGAi+j28ORf3mH2vBUndt+hl0J14onnIF1Uq+yFUaJQc3R0PoRPXbXctT0XIMySaplr1L1a/64qF/ba+3vBf sOGn7TIQ0mVpVM6rRXeQ/jlOUSlWUCjOkEfma7BWjLmcBBOcwNZsBu4Ro7DhVINN1i/I8B3XFKTN1ed5SlY/X7RAHSmL6MXKcEe2N+eyPxL6+T26TVLbjKcouKfS5KckFtSkeh0JhrZFb0HQDT3L2VshvQwKyLrhxqVHjPUilBxUWYgOSiH2MCubCDIjTJF5ddXF+Z0P/hol4LGrXGWb16cDQJrkQ2yTbZJQFpkgNyQk5JmzDyQB7JkDx5Q+/Ze/FeP1unvMnMBvlR3tsHDbmrYQ==</latexit>

2D Fourier Transform

<latexit sha1_base64="R1TkGQxOJFf9vajRqr6P7Qb0t/Y="></latexit>

• Definition

• Separability

• Properties

• Dirac impulse

• Dirac related Fourier transforms

• Application: finding the orientation

• Importance of the phase
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<latexit sha1_base64="52CDkfaU/zDhLXHRA73GwH/e4vk=">AAACPXicdVDLahsxFNWkL3f6iNMsuxE1hdKFmXGMbbIy1JQuE4jjgGcwdzRXiYikGSRNgxn8D/mabp3fyAd0F7rtpovIj0Bb2gOCwznnSronK6WwLopug51Hj588fdZ4Hr54+er1bnPvzaktKsNwzApZmLMMLEqhceyEk3hWGgSVSZxkl59W/uQrGisKfeLmJaYKzrXggoHz0qz5Mcm4RSPQ0s6IfvbXCjT0xIC2vDDqkI6QCy 024VbUjtagUftg0D2Iu570or6nNN5aLbLF0az5K8kLVinUjkmwdhpHpUtrME4wiYswqSyWwC7hHKeealBo03q904K+90pO/R/80Y6u1d8nalDWzlXmkwrchf3bW4n/8qaV44O0FrqsHGq2eYhXkrqCrgqiuTDInJx7Asz4zRllF2CAOV9jmBjUeMUKpUDndcJBCTnPkUMl3aJOLH/goa/roRP6f3Laace9du+40xqOtsU1yFvyjnwgMemTIflCjsiYMHJNvpEluQmWwffgLvixie4E25l98geCn/fIL7A8</latexit>

2D Fourier Transform: Definition

<latexit sha1_base64="x7OC8mfORfOkwmRrFUtuHnziA88=">AAAFanicdVPdbtMwFE6B8lP+BlwhbqxtSEOUycnWbkMgwf7gYpMKomzSXConOWnNbKdyHGiI/ADcwtPxDrwCEk6bjTaAI8sn53zf53PsY3/EWaIx/lG7cPFS/fKVq9ca12/cvHV74c7d90mcqgC6QcxjdezTBDiT0NVMczgeKaDC53Dkn+4U8aNPoBIWy3c6G0FP0IFkEQuotq7+wi/iw4DJnGkQ7AuYBkKksE+IhrGe6OfbPA </latexit>

• 2D Fourier transform: f̂(ω1,ω2) =

∫ →

↑→

∫ →

↑→
f(x, y)e↑ j(ω1x+ω2y) dx dy

<latexit sha1_base64="owqdBAmQ5Htj6ayLL45P6xewhPo=">AAAFkHicdVPdbts2FJbbeeu8v6a97A3htECCeQGpxE5SrFibNGk3JIBX1E2B0DEo6chmI1ICRW1RCT5An2a326PsbUbZSmYrGwVCB+d83+H5DbKE5xrjv1t37n7W/vyLe192vvr6m2+/u7/24F2eFiqEUZgmqXofsBwSLmGkuU7gfaaAiSCBs+DysLKf/QYq56l8q8sMxoJNJY95yLRTTdZaXRrAlEvDNQj+EWwHIVrJ51TDlZ </latexit>

• Inverse Fourier transform: f(x, y) =
1

(2ω)2

∫ →

↑→

∫ →

↑→
f̂(ε1,ε2)e

j(ω1x+ω2y) dε1 dε2

<latexit sha1_base64="uAzE27iT5yvfBNOu2ZAUU7L5JFM="></latexit>

Vector notation:

Spatial variables: x = (x, y) → R2

Frequency variables: ω = (ω1,ω2) → R2

ωTx = ω1x+ ω2y

<latexit sha1_base64="na/ADzEr2CjHqHCwO0vQLUpvuek="></latexit>

f̂(ω) =

∫

R2

f(x)e→ jωTx dx

<latexit sha1_base64="6Aj+gRNTFQSOsjoP1b4bkFoiIvs="></latexit>

F
<latexit sha1_base64="CAtdk04BQHjq6VDEtdCbIPSIAWA="></latexit>

f(x) =
1

(2ω)2

∫

R2

f̂(ω)e jω
Tx dω
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<latexit sha1_base64="ePHR729Zsz6Us5TP//o2SWFqnSc=">AAACRHicdZDRShtBFIZnbWttrJq2l94MDQUvNOyqRC+FavEyhUaFbAhnZ88mQ2Zml5mzlmXJc/RpeqvP4Dv0rngnpZMYwYr9YeDj/89hZv6kUNJRGN4ESy9evlp+vfKmsfp2bX2j+e79mctLK7AncpXbiwQcKmmwR5IUXhQWQScKz5PJ51l+fonWydx8o6rAgYaRkZkUQN4aNqM4yRxaiY53FRgxRotqm3fBOrwET2BS/kUaSb hzYtCOqmGzFbbDuXjY3jvc34v2PXTCA488WkQttlB32LyL01yUGg0JBc71o7CgQQ2WpFA4bcSlwwLEBEbY92hAoxvU869N+SfvpDzLrT+G+Nx9vFGDdq7SiZ/UQGP3NJuZz2X9krLDQS1NURIacX9RVipOOZ/1xFNpUZCqPICw0r+VizFYEOTbbMQWDX4Xuda+nzrOQEtVpZhBqWhaxy574Iav66ET/n84221HnXbn627r6HhR3ArbZB/ZFovYATtip6zLekywH+wnu2LXwVXwK/gd3N6PLgWLnQ/sHwV//gJbNrLu</latexit>

Plancherel, Parseval, and Finite-Energy

<latexit sha1_base64="FfWdLO0iGs+Lo28WC8Lh7qIkRDA="></latexit>

• Fourier analysis on L2(R2) (Plancherel)

f → L2(R2) if and only if f̂ → L2(R2)

<latexit sha1_base64="EunzFTBQxdESHZvmLR0K0NDyWgI="></latexit>

• Parseval’s formula for f, g → L2(R2)

↑f, g↓ = 1

(2ω)2
↑f̂ , ĝ↓

<latexit sha1_base64="FqhVM6UsOH4rbVgFVmt6JWR18Dc="></latexit>

• Plancherel’s theorem for f → L2(R2)

↑f↑2L2 =
1

(2ω)2
↑f̂↑2L2

<latexit sha1_base64="PYfp/VQMIuJ29FJHmFFMiCZnPLs="></latexit>

What does this mean?

<latexit sha1_base64="SpKsI9/CJmzUm5WaTS0yz9+e9xQ="></latexit>

Fourier analysis is well-matched
to finite-energy functions
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<latexit sha1_base64="LA3v1ObrZDUpEmXWkxoRUN45WD8=">AAACKXicdZBNSwMxEIazftb6VRW8eAkWwVPZVakeC3rwqGhV6JaSzc5qMMkuyayyrP0zXvXPeFOv/g0PprWCig4EHt53ZjK8USaFRd9/8cbGJyanpisz1dm5+YXF2tLymU1zw6HNU5mai4hZkEJDGwVKuMgMMBVJOI+u9wf++Q0YK1J9ikUGXcUutUgEZ+ikXm01jBILRoClJ5AxwyIhBRa9Wt1v+MOifmN7b2c72HHQ9Hcd0m Bk1cmojnq19zBOea5AI5fM2k7gZ9gtmUHBJfSrYW7den7NLqHjUDMFtlsO7+/TDafENEmNexrpUP0+UTJlbaEi16kYXtnf3kD8y+vkmOx1S6GzHEHzz4+SXFJM6SAMGgsDHGXhgHEj3K2UX7kQOLrIqqEBDbc8VYrpuAwTpoQsYkhYLrFfhjb54qqL6ysT+j+cbTWCZqN5vFVvHYyCq5A1sk42SUB2SYsckiPSJpzckXvyQB69B+/Je/ZeP1vHvNHMCvlR3tsHmUqorA==</latexit>

Separability
<latexit sha1_base64="NKOSi3zt1HHfFcN+0PtxX6bgcAA="></latexit>

• Separability of complex exponential: e→ j(ω1x+ω2y) = e→ jω1xe→ jω2y

<latexit sha1_base64="uq2NArrMkUW8ltOhdvH/yf/yDSU="></latexit>

2D Fourier transform = sequence of two 1D Fourier transforms

<latexit sha1_base64="SmNgsYuXNs6YMyCLDxNG6J7rNnc="></latexit>

Fourier in x then y or Fourier in y then x

<latexit sha1_base64="RjKdOUJpcrAOk81H2v07Ax8ej9k="></latexit>

Exercise: Show that this is true.
<latexit sha1_base64="Zxz9oKnh0tC4L+Lr6nYGeMk59r8="></latexit>

1D Fourier transform in x:

∫ →

↑→
f(x, y)e↑ jω1x dx = f̂y(ω1)

<latexit sha1_base64="0cDwDWYRAHeNvp4qsv6vK8/5JKk="></latexit>

1D Fourier transform in y:

∫ →

↑→
f̂y(ω1)e

↑ jω2y dy

<latexit sha1_base64="AKhjO1h/weApG4xMwzo2Ux9471g="></latexit>

=

∫ →

↑→

∫ →

↑→
f(x, y)e↑ jω1x dx e↑ jω2y dy

<latexit sha1_base64="FY8zIWTi/QzAtreqxVgLSos80Qg="></latexit>

=

∫ →

↑→

∫ →

↑→
f(x, y)e↑ jω1xe↑ jω2y dx dy

<latexit sha1_base64="9lWjwzKPI8lHevXCDP3d7PfeY3g="></latexit>

= f̂(ω1,ω2)

<latexit sha1_base64="nl9DCN4j6lkxDFPSz+UqoWsqm4w="></latexit>

2D Fourier transform inherits most properties from 1D Fourier transform!
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<latexit sha1_base64="RJj8Lp7IHjgMajbo88odnB25vtY=">AAACMnicdZBNSxxBEIZ7NDG6Rl316CFNlhC9LDMqq0fBHDwqZteFnWXp6anRxv4Yumsiw7BHf41X/THxJl79CR7s/YIkxIKGl/etoqqfJJfCYRj+DubmP3xc+LS4VFv+vLK6Vl/f6DhTWA5tbqSx3YQ5kEJDGwVK6OYWmEokXCTXx6P84hdYJ4z+iWUOfcUutcgEZ+itQf1LnGQOrABHzyFnliVCCizpNjcav6c7g3ojbIbjom Fz73B/L9r3ohUeeEmjadQg0zod1F/j1PBCgUYumXO9KMyxXzGLgksY1uLC+T38ml1Cz0vNFLh+Nf7IkH7zTkozY/3TSMfunxMVU86VKvGdiuGV+zcbmf/LegVmh/1K6LxA0HyyKCskRUNHVGgqLHCUpReMW+FvpfzK0+Do2dViCxpuuFGK6bSKM6aELFPIWCFxWMUum+maxzVjQt8Xnd1m1Gq2znYbRz+m4BbJFvlKtklEDsgROSGnpE04uSV35J48BPfBY/AUPE9a54LpzCb5q4KXN8Zuq7Y=</latexit>

Separability (cont’d)

<latexit sha1_base64="RR33xt17Dmk/A8qoegjEK5GnaJI="></latexit>

Definition: f(x, y) is called separable if f(x, y) = f1(x)f2(y) for
some f1(x) and f2(y).

<latexit sha1_base64="SCm2wcXWXlbdQrvV9U0J90UtUdg="></latexit>

Exercise: For separable functions, show that f̂(ω1,ω2) = f̂1(ω1)f̂2(ω2).

<latexit sha1_base64="DH1Bzua1os2q3TADsmRUXqXw7HI="></latexit>

What is an example of a separable function?

<latexit sha1_base64="RJRHNtYXrD7kohvfPug2NWVCIq4="></latexit>

f(x, y) =

{
1, if (x, y) → [0, 1]2

0, else

<latexit sha1_base64="Hw84c7dUqxr1SBFH4Z9xh8ANe80="></latexit>

f1(x) =

{
1, if x → [0, 1]

0, else

<latexit sha1_base64="7bgidWazfkzVezh982hWPBpBTqQ="></latexit>

f(x, y) = f1(x)f1(y)

<latexit sha1_base64="8fulAjYJt8FKRc25kzPHqq6DI5w="></latexit>

“box” or “rect”
function
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<latexit sha1_base64="RJj8Lp7IHjgMajbo88odnB25vtY=">AAACMnicdZBNSxxBEIZ7NDG6Rl316CFNlhC9LDMqq0fBHDwqZteFnWXp6anRxv4Yumsiw7BHf41X/THxJl79CR7s/YIkxIKGl/etoqqfJJfCYRj+DubmP3xc+LS4VFv+vLK6Vl/f6DhTWA5tbqSx3YQ5kEJDGwVK6OYWmEokXCTXx6P84hdYJ4z+iWUOfcUutcgEZ+itQf1LnGQOrABHzyFnliVCCizpNjcav6c7g3ojbIbjom Fz73B/L9r3ohUeeEmjadQg0zod1F/j1PBCgUYumXO9KMyxXzGLgksY1uLC+T38ml1Cz0vNFLh+Nf7IkH7zTkozY/3TSMfunxMVU86VKvGdiuGV+zcbmf/LegVmh/1K6LxA0HyyKCskRUNHVGgqLHCUpReMW+FvpfzK0+Do2dViCxpuuFGK6bSKM6aELFPIWCFxWMUum+maxzVjQt8Xnd1m1Gq2znYbRz+m4BbJFvlKtklEDsgROSGnpE04uSV35J48BPfBY/AUPE9a54LpzCb5q4KXN8Zuq7Y=</latexit>

Separability (cont’d)

<latexit sha1_base64="rGqpLXnk+afVLWv5x6sPTV6dIZc="></latexit>

• 2D Gaussian

<latexit sha1_base64="nTCFZJsidjz6TAxRrI9AP+y2384="></latexit>

g(x, y) = exp

(
→x2 + y2

2

)

<latexit sha1_base64="3A9ZcKM6Lb81MoKS45HFn5zeaX4="></latexit>

= e→x2/2e→y2/2

<latexit sha1_base64="kyfQ0O0p8dQKbAuwFm9ba0VFRGA="></latexit>

=→ ĝ(ω1,ω2) = f̂(ω1)f̂(ω2)
<latexit sha1_base64="JEhsiD7UAB+GikzKtXXpgFE8n3Y="></latexit>

where f(x) = e→x2/2

<latexit sha1_base64="6Aj+gRNTFQSOsjoP1b4bkFoiIvs="></latexit>

F
<latexit sha1_base64="l+BB+bANw/rBsRGB4TipOg3wMhM="></latexit>

f̂(ω) =

∫ →

↑→
f(x)e↑ jωx dx

<latexit sha1_base64="NOMwbzJGvpCotedlBwxEjS9r4co="></latexit>

=
→
2ωe→ω2/2

<latexit sha1_base64="QUY7T4VVW6iTqibJnPgCF8mu3aw="></latexit>

=
→
2ωe→ω2

1/2 ·
→
2ωe→ω2

2/2 = 2ω exp

(
↑ε2

1 + ε2
2

2

)

<latexit sha1_base64="lw6aFuvE3Dh5n/WincqkTopGRGs="></latexit>

Fourier transform of a Gaussian is a Gaussian (just like 1D)
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<latexit sha1_base64="AfHy166NPEQ5rMYjJJL/W6MSRsA=">AAACL3icdZDLahsxFIY1btMkbtO47bJdiJpAVmbGNraXhpbQpQvxBTzGnNGcSYR1GSRNghm86dN0m75M6KZ023fIIvIN2tIeEHz8/zlH0p/kglsXht+DypOnB88Oj46rz1+cvDytvXo9srowDIdMC20mCVgUXOHQcSdwkhsEmQgcJ4sPa398g8ZyrS7dMseZhCvFM87AeWleexcnmUXD0dILv5OjoQOjczTOS/NaPWyEm6Jho9 Vrt6K2h07Y9UijnVUnuxrMaw9xqlkhUTkmwNppFOZuVoLfxgSuqnFhMQe2gCucelQg0c7KzS9W9MwrKc208Uc5ulF/nyhBWruUie+U4K7t395a/Jc3LVzWm5Vc5YVDxbYXZYWgTtN1JDTlBpkTSw/ADPdvpewaDDDng6vGBhXeMi0lqLSMM5BcLFPMoBBuVcY223PVx7XPhP4fRs1G1Gl0Pjfr/Y+74I7IW/KenJOIdEmffCIDMiSMfCFfyR35FtwF98GP4Oe2tRLsZt6QPyr49Qh5Yaso</latexit>

Fourier Properties
<latexit sha1_base64="19QpEQiU2/LEV5/8tYjw8FIiIcw="></latexit>

• Duality: f̂(x)
F→↑ (2ω)2f(↓ω)

• Symmetry: f(x) real ↔ f̂→(ω) = f̂(↓ω)

• Energy-Preservation: ↗f↗2L2
= (2ω)↑2↗f̂↗2L2

• Shift: f(x↓ x0)
F→↑ e↑ jωTx0 f̂(ω)

• Modulation: e jω
T
0xf(x)

F→↑ f̂(ω ↓ ω0)

• Scaling: f(x/ε)
F→↑ |ε|2f̂(εω)

• A!ne Transformation: f(Ax)
F→↑ | detA|↑1f̂((A↑1)Tω)

• Di”erentiation:
ϑnf(x)

ϑxn

F→↑ ( jϖ1)nf̂(ω)

ϑnf(x)

ϑyn
F→↑ ( jϖ2)nf̂(ω)

• Moments: µm,n
f =

∫ ↓

↑↓

∫ ↓

↑↓
xmynf(x, y) dx dy = jm+n ϑm+nf̂(ω)

ϑϖm
1 ϑϖn

2

∣∣∣∣∣
ω1=0,ω2=0

In particular,

∫ ↓

↑↓

∫ ↓

↑↓
f(x) dx = f̂(0) = f̂(0, 0)
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<latexit sha1_base64="m8fMfTzQWhUpT54SYeeCApQoWZA=">AAACKnicdZDNSgMxFIUz/tb6V3Xhwk2wCK7KjEp1WbAL3SnYVuiUcidzR4NJZkgyShn6NG7ry7gTtz6GC9NaQUUPBA7n3EuSL8oEN9b3X7yZ2bn5hcXSUnl5ZXVtvbKx2TZprhm2WCpSfR2BQcEVtiy3Aq8zjSAjgZ3o7nTcd+5RG56qKzvIsCfhRvGEM7Au6le2wygxqDka2uQaGD2XWS4M9itVv+ZPRP3a4cnRYXDkTN0/dp YG06pKprroV97DOGW5RGWZAGO6gZ/ZXgHaciZwWA5zgxmwO7jBrrMKJJpeMfnAkO65JKZJqt1Rlk7S7xsFSGMGMnKTEuyt+d2Nw7+6bm6Tk17BVZZbVOzzoiQX1KZ0TIPGXCOzYuAMMM3dWym7BcfBOmblUKPCB5ZKCSouwgQkF4MYE8iFHRahSb582eH6YkL/N+2DWlCv1S8Pqo3mFFyJ7JBdsk8Cckwa5IxckBZhZEgeyYg8eSPv2XvxXj9HZ7zpzhb5Ie/tA7iAqK8=</latexit>

Dirac Impulse

<latexit sha1_base64="N1iJae9NpqY3T8kHo40/TSnmmDc="></latexit>

• Properties:
<latexit sha1_base64="PL47epn2uG1wOtGIE+dLC6Qbnac="></latexit>

Normalized integral:

∫ →

↑→
ω(x) dx = 1

<latexit sha1_base64="d/PYGEJm5T5HXKLlt2pyP9IOpXA="></latexit>

Fourier transform: ω(x)
F→↑ 1

<latexit sha1_base64="v4QTD4oEwm0KFKT/fLeS0syxOug="></latexit>

Convolution: (g → ω)(x) =
∫ →

↑→
ω(u)g(x↑ u) du = g(x)

<latexit sha1_base64="eVA276wvDRoBUoW3kGLJr2Fzdww="></latexit>

Exercise: Prove these three properties using the definition.

<latexit sha1_base64="BOt02gzjjfZ8+eeZfcqoyJdVuoM="></latexit>

• Recall the 1D Dirac impulse ω(x): →f, ω↑ =
∫ →

↑→
f(x)ω(x) dx = f(0)

<latexit sha1_base64="HMBk8uEMuv8iBW5m6pgWydfJa4o="></latexit>

Normalized integral: f(x) = 1

<latexit sha1_base64="OL3L6SNxmGHRB68a0Tddg2CIGE0="></latexit>

Fourier transform: f(x) = e jωx

<latexit sha1_base64="+7M9MQObFB44BlpGvFynOhIPatI="></latexit>

Convolution: f(u) = g(x→ u)
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<latexit sha1_base64="WQtybSKNCOAwlPqd3sGregTIsps=">AAACR3icdVBNa1NBFJ0Xv2r8SnXpZjAIrsJ7bUi7LLSC7iqYtpAXwn3z7jRD5+Mxc0cbHvkj/hq39R/4K9yJCxdO0hRU9MDA4ZxzuXdO1WgVKM+/Zp1bt+/cvbd1v/vg4aPHT3rbT0+Ci17gWDjt/FkFAbWyOCZFGs8aj2AqjafVxeHKP/2APihn39OiwamBc6ukEkBJmvWGZSUDeoWBv75MC4UifuhsIB/FKsGd5DRHfqQ8CP 7WNFEHnPX6+SBfg+eD3f3hbjFMZJTvJcqLjdVnGxzPej/L2olo0JLQEMKkyBuatuBJCY3LbhkDNiAu4BwniVowGKbt+ndL/jIpNZfOp2eJr9XfJ1owISxMlZIGaB7+9lbiv7xJJLk/bZVtIqEV14tk1JwcX1XFa+VRkF4kAsKrdCsXc0g9UCq0W3q0+FE4Y8DWbSnBKL2oUULUtGzLIG94N9V10wn/PznZGRSjwejdTv/gaFPcFnvOXrBXrGB77IC9YcdszAT7xD6zK/Ylu8q+Zd+zH9fRTraZecb+QCf7Bdous7U=</latexit>

Explicit Construction of the Dirac Impulse
<latexit sha1_base64="xF5+sbV0QJx9gwwdr0wHoHrYLBU="></latexit>

• Consider any window function ω(x) such that

∫ →

↑→
ω(x) dx = 1

<latexit sha1_base64="XSwcipWodRi9c45VG1uzb+BApJQ="></latexit>

• Observe that

∫ →

↑→

1

|ω|ε
(x

ω

)
dx = 1

<latexit sha1_base64="HPTkmweLTLoQDc7AVL4GKZoiyCA="></latexit>

“integral-preserving
dilation/contraction”

<latexit sha1_base64="DaC5op3J87eSZbW9Gme8Yp96PWo="></latexit>

• ω(x) = lim
ω→0

(
1

|ε|ϑ
(x

ε

))

<latexit sha1_base64="4x3jv2OvzcycHXGwkF8uFkSfbm4="></latexit>

e.g., ω is a Gaussian, rectangle, triangle, etc.
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<latexit sha1_base64="a4iAsQnvna557whiap6PmXrTD8A=">AAACLXicdZDNSgMxFIUz/lv/qu50EyyCqzJTpbos2IXuFKwKnVLuZO5oMMkMSUYpQ8GncVtfxoUgbn0JF6a1gooeCBzOuZckX5QJbqzvP3sTk1PTM7Nz86WFxaXllfLq2rlJc82wxVKR6ssIDAqusGW5FXiZaQQZCbyIbg6H/cUtasNTdWZ7GXYkXCmecAbWRd3yRhglBjVHQ2tN2uQaGD2WWS4MdssVv+qPRP3q7sHebrDnTN 3fd5YG46pCxjrplt/DOGW5RGWZAGPagZ/ZTgHaciawXwpzgxmwG7jCtrMKJJpOMfpDn267JKZJqt1Rlo7S7xsFSGN6MnKTEuy1+d0Nw7+6dm6Tg07BVZZbVOzzoiQX1KZ0CITGXCOzoucMMM3dWym7BsfBOmylUKPCO5ZKCSouwgQkF70YE8iF7RehSb58yeH6YkL/N+e1alCv1k9rlUZzDG6ObJItskMCsk8a5IickBZh5J48kAF59Abek/fivX6OTnjjnXXyQ97bBzhWqWM=</latexit>

2D Dirac Impulse
<latexit sha1_base64="us7eWLWfgNZ7dFYj36pOk39pzwY="></latexit>

• A reasonable definition: →f, ω↑ =
∫ →

↑→

∫ →

↑→
f(x, y)ω(x, y) dx = f(0, 0)

<latexit sha1_base64="EFnZbC2aUYBd4uhTOt0Mn1uZ9zg="></latexit>

What could give us this?

<latexit sha1_base64="93z00i5pTMWqfYTe/ofhY20OvPU="></latexit>

ω(x, y) = ω(x)ω(y)
F→↑ 1 · 1 = 1

<latexit sha1_base64="FLU+oCZXijnheGPPVV2VrdnfS0k="></latexit>

The Dirac impulse is separable!

<latexit sha1_base64="NTQ9+lOcNxaoFGIlr/lPLlh2qs0="></latexit>

Exercise: Prove that this is the 2D Dirac impulse.
<latexit sha1_base64="N1iJae9NpqY3T8kHo40/TSnmmDc="></latexit>

• Properties:
<latexit sha1_base64="0IdZbXQlZcQUdrAZnnQwpDO9dtg="></latexit>

– Normalized integral:

∫

R2

ω(x) dx = 1

– Fourier transform: ω(x)
F→↑ 1

– Multiplication: f(x)ω(x↓ x0) = f(x0)ω(x↓ x0)

– Sampling: ↔f(x), ω(x↓ x0)↗ =
∫

R2

f(x)ω(x↓ x0) dx = f(x0)

– Convolution: (f ↘ ω)(x) = f(x)

– Scaling: ω(x/ε) = |ε|2ω(x)

<latexit sha1_base64="nDi9gbAySWao/OpSFsK26LPipBc="></latexit>

These properties are deduced
from the 1D Dirac properties.
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<latexit sha1_base64="9lyO6tOqblYRDgGguOJsaxRba3E=">AAACPXicdVBdSxtBFJ31o02jbaM++jIYBBEadlWijwFFfLRiVMiGcHf2rg7OzC4zd1vCkv/gr/HV/o3+AN/EV1/60EmMoKUeGDiccy/nzkkKJR2F4e9gZnZu/sPH2qf6wuLnL18bS8tnLi+twK7IVW4vEnCopMEuSVJ4UVgEnSg8T673x/75D7RO5uaUhgX2NVwamUkB5KVBYzNOModWouMH0oL4doIKCFN+6BMkWn5qwbgst9 oNGs2wFU7Aw9b23s52tONJO9z1lEdTq8mmOB40/sRpLkqNhoQC53pRWFC/AktSKBzV49JhAeIaLrHnqQGNrl9N/jTi615JuQ/2zxCfqK83KtDODXXiJzXQlfvXG4v/83olZXv9SpqiJDTiOSgrFaecjwviqbQoSA09AWGlv5WLK/DVkK+xHls0+FPkWoNJqzgDLdUwxQxKRaMqdtkLr/u6Xjrh75OzrVbUbrW/bzU7B9PiamyVrbENFrFd1mFH7Jh1mWA37JbdsV/BXXAfPASPz6MzwXRnhb1B8PQXhSSwpw==</latexit>

Dirac-Related Fourier Transforms

<latexit sha1_base64="tfNo1iTEz1K28n95C0JcwHyzz1g="></latexit>

• Constant
<latexit sha1_base64="7dX9YW1VdxL3iqAm07wUTAbgHCU="></latexit>

One-dimensional: 1
F→↑

∫ →

↑→
e↑ jωx dx =???

<latexit sha1_base64="wen364go12M54eabKbAySBU+KzY="></latexit>

= lim
A→↑

∫ A

↓A
e↓ jωx dx = 2ω ε(ϑ) <latexit sha1_base64="DNFTjqtvbRp6auKflGTaXaLy8Zo="></latexit>

(or by duality)

<latexit sha1_base64="IYJ6sD/B4ixH/ejG8VB2nwzDa48="></latexit>

• Dirac line (or “ideal” line)

<latexit sha1_base64="xda9lNOJkMTikemfpvihwvfmYF4="></latexit>

f(x, y) = ω(x) · 1 = f1(x)f2(y)

<latexit sha1_base64="gjeKej9493Q2LkuRivNo9NZG8qU="></latexit>x

<latexit sha1_base64="IGZgBUAMWtL4liW1TtSIA7BEx1w="></latexit>y

<latexit sha1_base64="qYIZJ6oimuSWIr9Wv4IsJRmq5WI="></latexit>

“infinite-amplitude line”

<latexit sha1_base64="o0ej6yT6DZgBeIQWDxKXo1FT55A="></latexit>

F→↑↑↑↓
<latexit sha1_base64="G/l8w/ZBvZ/G2mT3ekFFoO7gcBY="></latexit>

f̂(ω1,ω2) = f̂1(ω1)f̂2(ω2) = 1 · 2εϑ(ω2)

<latexit sha1_base64="M48uUUWTEcPghTYi/9G7cwTrpYI="></latexit>ω1

<latexit sha1_base64="9tINyHnZaSkmejRqpBY6PeEVScI="></latexit>ω2

<latexit sha1_base64="AWIvCvwWfCpH8YvtymZLD32THyY="></latexit>

What does this mean?

<latexit sha1_base64="FID6ZKVEXz+o+R8ZGjT1oZKn8mw="></latexit>

Two-dimensional: 1
F→↑ (2ω)2ε(ω) = (2ω)2ε(ϑ1,ϑ2)
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<latexit sha1_base64="4nPmqlKA55eaShfQwX/bFuInkBY=">AAACJHicdZDNSgMxFIUz/lv/qi7dBIvgqsxoqS4FFVwqWC10SrmTudMGk8yQZNQy9FHc6su4ExdufBIXprUFFT0Q+DjnXnI5USa4sb7/5k1Nz8zOzS8slpaWV1bXyusbVybNNcMGS0WqmxEYFFxhw3IrsJlpBBkJvI5ujof59S1qw1N1afsZtiV0FU84A+usTnk9jBKDmqOhp/cgM4GdcsWv+iNRv7p/WNsPag7q/oFDGoyjCh nrvFP+COOU5RKVZQKMaQV+ZtsFaMuZwEEpzA1mwG6giy2HCiSadjE6fUB3nBPTJNXuKUtH7veNAqQxfRm5SQm2Z35nQ/OvrJXb5LBdcJXlFhX7+ijJBbUpHfZAY66RWdF3AExzdytlPdDArGurFGpUeMdSKUHFRZiA5KIfYwK5sIMiNMmES66uSSf0f7jaqwb1av1ir3J0Mi5ugWyRbbJLAnJAjsgZOScNwsgdeSCP5Ml79J69F+/1a3TKG+9skh/y3j8BLM6mXQ==</latexit>

Example

<latexit sha1_base64="mFuJcAuh2AdMBlhVrkAULXT79ZE="></latexit>

Spatial Domain

<latexit sha1_base64="1kulhQ81opPJi/fQQzGSD0iTfo4="></latexit>

f(x, y)

<latexit sha1_base64="u/OFaGIgOq7WTEgLcMu2ixa5BY4="></latexit>

Fourier Domain

<latexit sha1_base64="M48uUUWTEcPghTYi/9G7cwTrpYI="></latexit>ω1

<latexit sha1_base64="9tINyHnZaSkmejRqpBY6PeEVScI="></latexit>ω2

<latexit sha1_base64="E6EiOLe2Wl7uhl+pH7yg13rsHJo="></latexit>

f̂(ω1,ω2)

<latexit sha1_base64="P7Dos728BSV8jZRSs+UFBvnb/R0="></latexit>

What are these two sets of lines?
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<latexit sha1_base64="4GTOw/tcWYnC+48Yw+JBQlaj6iM=">AAACNnicdVDLShxBFK2emGQc8xiTpZvCIeAmQ7fKzCwHdOEiASOODkwPcrv6thbWo6mqVppmPsCvcauf4sadZOsHuEj1OEISkgMFh3POvZc6SS64dWF4FzReLb1+87a53Fp59/7Dx/bqpyOrC8NwxLTQZpyARcEVjhx3Ase5QZCJwOPkfKf2jy/QWK7VoStznEo4VTzjDJyXTtqdOMksGo6WftcGvx4g1Fc5o9/8Rq+lKHwq7I Zz0LC7NdjeirY96YV9T2m0sDpkgf2T9lOcalZIVI4JsHYShbmbVmD8XoGzVlxYzIGdwylOPFUg0U6r+Wdm9ItXUppp459ydK7+PlGBtLaUiU9KcGf2b68W/+VNCpcNphVXeeFQsedDWSGo07RuhqbcIHOi9ASY4XUH7AwMMOf7a8UGFV4yLSWotIozkFyUKWZQCDerYpu98Jav66UT+n9ytNmNet3ej83OcHdRXJOskXWyQSLSJ0OyR/bJiDByRa7JDbkNboL74CH4+RxtBIuZz+QPBI+/AA2irV4=</latexit>

More-Realistic Line Model

<latexit sha1_base64="eDnM3pwZLWsF2cD4w9w2kEVnNf4="></latexit>

• Rectangular shape
<latexit sha1_base64="bc7YkASR0GmCpNqDymy1Vlz15K4="></latexit>

f(x, y) = rect(x/a) rect(y/A)

<latexit sha1_base64="N+c7gCZeqnHzba6BwBQCCVPD7r8=">AAAEtnicbZPtbtMwFIbTrcAIXxsg/vADq9vQkEqx07XrEJPGvtiPTSrTuk5qyuQkJ621xIkcBxpFuQHukLvgEnC/oMlw5Ojo+Hlfn/jEVuixSGL8q7S0XL53/8HKQ/3R4ydPn62uPb+KgljY0LEDLxDXFo3AYxw6kkkPrkMB1Lc86Fq3h+P17ncQEQv4pUxC6Pt0wJnLbCpV6mb1pylhJC03vQCfcQfExwyZpq5vmA6LQo8mkU </latexit>

Reminder:

rect(x) =

{
1, if x → [↑1/2, 1/2]

0, else

<latexit sha1_base64="o0ej6yT6DZgBeIQWDxKXo1FT55A="></latexit>

F→↑↑↑↓
<latexit sha1_base64="jt1G3HQ4dcAWmyixI9tK4z7JuwE="></latexit>

sinc
( ω

2ε

)
=

sin(ω/2)

ω/2

<latexit sha1_base64="o0ej6yT6DZgBeIQWDxKXo1FT55A="></latexit>

F→↑↑↑↓
<latexit sha1_base64="xKaxIyFhPGjYcPzVgpfdy+D/9J0="></latexit>

|a|sinc
(aω1

2ε

)
|A|sinc

(
Aω2

2ε

)

<latexit sha1_base64="Whfm7i6C0zZyJqU6WEk4P5PZWzQ="></latexit>a

<latexit sha1_base64="UqNQ3jGtyg0tZD7A2PcqnUxNE3s="></latexit>

A


