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<latexit sha1_base64="BB90J5nrI1RGs263OVSnI1Ojjco="></latexit>
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<latexit sha1_base64="MWZK22uPrvSHXM0+l3tgx7V1hMk="></latexit>
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<latexit sha1_base64="JUoUAHdcg1J1GsWfCnEpiHT5wKM=">AAACJHicdZBBSxtBFMdntWqaqk306GVoKHgKuyrRo6AHb41gTCAbwtvZtzo4M7vMvK2EJR/Fa/wy3qSHXvpJPDiJEdrSPhj48f+/9+bxTwolHYXhz2Bl9cPa+kbtY/3T5tb250Zz59rlpRXYE7nK7SABh0oa7JEkhYPCIuhEYT+5O5v7/e9onczNFU0KHGm4MTKTAshL40YzTjKHVqLj30qabxk3WmE7XBQP24cnR4fRkYdOeO yRR0urxZbVHTde4jQXpUZDQoFzwygsaFSBJSkUTutx6bAAcQc3OPRoQKMbVYvTp/yrV1Ke5dY/Q3yh/j5RgXZuohPfqYFu3d/eXPyXNywpOxlV0hQloRFvH2Wl4pTzeQ48lRYFqYkHEFb6W7m4BQuCfFr12KLBe5FrDSat4gy0VJMUMygVTavYZe9c93G9Z8L/D9cH7ajT7lwetE7Pl8HV2B77wvZZxI7ZKbtgXdZjgt2zBzZjj8EseAqegx9vrSvBcmaX/VHBr1dO0KZx</latexit>

Outline

<latexit sha1_base64="ykIfsOoLC9czJlqxqZMTc4NGBsk="></latexit>

• Images as Functions

– Vector-space formulation

– Two-Dimensional Systems

• 2D Fourier Transform

– Properties

– Dirac Impulse, etc.

• Characterization of LSI Systems

– Multidimensional Convolution

– Modeling of Optical Systems

– Examples of Impulse Responses
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<latexit sha1_base64="oXwqdi9EklpT+F/4HC4DPDX+pWY=">AAACMXicdZDNSgMxFIUz/tb6V3UpSLAIrspMlbZLQRGXClaFTil3Mnc0mGSGJKOUoTufxm19GXfi1ldwYVorqOiFwMc59+YmJ8oEN9b3n72p6ZnZufnSQnlxaXlltbK2fmHSXDNss1Sk+ioCg4IrbFtuBV5lGkFGAi+j28ORf3mH2vBUndt+hl0J14onnIF1Uq+yFUaJQc3R0PoRPXbXctT0XIMySaplr1L1a/64qF/ba+3vBf sOGn7TIQ0mVpVM6rRXeQ/jlOUSlWUCjOkEfma7BWjLmcBBOcwNZsBu4Ro7DhVINN1i/I8B3XFKTN1ed5SlY/X7RAHSmL6MXKcEe2N+eyPxL6+T26TVLbjKcouKfS5KckFtSkeh0JhrZFb0HQDT3L2VshvQwKyLrhxqVHjPUilBxUWYgOSiH2MCubCDIjTJF5ddXF+Z0P/hol4LGrXGWb16cDQJrkQ2yTbZJQFpkgNyQk5JmzDyQB7JkDx5Q+/Ze/FeP1unvMnMBvlR3tsHDbmrYQ==</latexit>

2D Fourier Transform

<latexit sha1_base64="R1TkGQxOJFf9vajRqr6P7Qb0t/Y="></latexit>

• Definition

• Separability

• Properties

• Dirac impulse

• Dirac related Fourier transforms

• Application: finding the orientation

• Importance of the phase
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<latexit sha1_base64="9lyO6tOqblYRDgGguOJsaxRba3E=">AAACPXicdVBdSxtBFJ31o02jbaM++jIYBBEadlWijwFFfLRiVMiGcHf2rg7OzC4zd1vCkv/gr/HV/o3+AN/EV1/60EmMoKUeGDiccy/nzkkKJR2F4e9gZnZu/sPH2qf6wuLnL18bS8tnLi+twK7IVW4vEnCopMEuSVJ4UVgEnSg8T673x/75D7RO5uaUhgX2NVwamUkB5KVBYzNOModWouMH0oL4doIKCFN+6BMkWn5qwbgst9 oNGs2wFU7Aw9b23s52tONJO9z1lEdTq8mmOB40/sRpLkqNhoQC53pRWFC/AktSKBzV49JhAeIaLrHnqQGNrl9N/jTi615JuQ/2zxCfqK83KtDODXXiJzXQlfvXG4v/83olZXv9SpqiJDTiOSgrFaecjwviqbQoSA09AWGlv5WLK/DVkK+xHls0+FPkWoNJqzgDLdUwxQxKRaMqdtkLr/u6Xjrh75OzrVbUbrW/bzU7B9PiamyVrbENFrFd1mFH7Jh1mWA37JbdsV/BXXAfPASPz6MzwXRnhb1B8PQXhSSwpw==</latexit>

Dirac-Related Fourier Transforms

<latexit sha1_base64="tfNo1iTEz1K28n95C0JcwHyzz1g="></latexit>

• Constant
<latexit sha1_base64="7dX9YW1VdxL3iqAm07wUTAbgHCU="></latexit>

One-dimensional: 1
F→↑

∫ →

↑→
e↑ jωx dx =???

<latexit sha1_base64="wen364go12M54eabKbAySBU+KzY="></latexit>

= lim
A→↑

∫ A

↓A
e↓ jωx dx = 2ω ε(ϑ) <latexit sha1_base64="DNFTjqtvbRp6auKflGTaXaLy8Zo="></latexit>

(or by duality)

<latexit sha1_base64="IYJ6sD/B4ixH/ejG8VB2nwzDa48="></latexit>

• Dirac line (or “ideal” line)

<latexit sha1_base64="xda9lNOJkMTikemfpvihwvfmYF4="></latexit>

f(x, y) = ω(x) · 1 = f1(x)f2(y)

<latexit sha1_base64="gjeKej9493Q2LkuRivNo9NZG8qU="></latexit>x

<latexit sha1_base64="IGZgBUAMWtL4liW1TtSIA7BEx1w="></latexit>y

<latexit sha1_base64="qYIZJ6oimuSWIr9Wv4IsJRmq5WI="></latexit>

“infinite-amplitude line”

<latexit sha1_base64="o0ej6yT6DZgBeIQWDxKXo1FT55A="></latexit>

F→↑↑↑↓
<latexit sha1_base64="G/l8w/ZBvZ/G2mT3ekFFoO7gcBY="></latexit>

f̂(ω1,ω2) = f̂1(ω1)f̂2(ω2) = 1 · 2εϑ(ω2)

<latexit sha1_base64="M48uUUWTEcPghTYi/9G7cwTrpYI="></latexit>ω1

<latexit sha1_base64="9tINyHnZaSkmejRqpBY6PeEVScI="></latexit>ω2

<latexit sha1_base64="AWIvCvwWfCpH8YvtymZLD32THyY="></latexit>

What does this mean?

<latexit sha1_base64="FID6ZKVEXz+o+R8ZGjT1oZKn8mw="></latexit>

Two-dimensional: 1
F→↑ (2ω)2ε(ω) = (2ω)2ε(ϑ1,ϑ2)
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<latexit sha1_base64="4nPmqlKA55eaShfQwX/bFuInkBY=">AAACJHicdZDNSgMxFIUz/lv/qi7dBIvgqsxoqS4FFVwqWC10SrmTudMGk8yQZNQy9FHc6su4ExdufBIXprUFFT0Q+DjnXnI5USa4sb7/5k1Nz8zOzS8slpaWV1bXyusbVybNNcMGS0WqmxEYFFxhw3IrsJlpBBkJvI5ujof59S1qw1N1afsZtiV0FU84A+usTnk9jBKDmqOhp/cgM4GdcsWv+iNRv7p/WNsPag7q/oFDGoyjCh nrvFP+COOU5RKVZQKMaQV+ZtsFaMuZwEEpzA1mwG6giy2HCiSadjE6fUB3nBPTJNXuKUtH7veNAqQxfRm5SQm2Z35nQ/OvrJXb5LBdcJXlFhX7+ijJBbUpHfZAY66RWdF3AExzdytlPdDArGurFGpUeMdSKUHFRZiA5KIfYwK5sIMiNMmES66uSSf0f7jaqwb1av1ir3J0Mi5ugWyRbbJLAnJAjsgZOScNwsgdeSCP5Ml79J69F+/1a3TKG+9skh/y3j8BLM6mXQ==</latexit>

Example

<latexit sha1_base64="mFuJcAuh2AdMBlhVrkAULXT79ZE="></latexit>

Spatial Domain

<latexit sha1_base64="1kulhQ81opPJi/fQQzGSD0iTfo4="></latexit>

f(x, y)

<latexit sha1_base64="u/OFaGIgOq7WTEgLcMu2ixa5BY4="></latexit>

Fourier Domain

<latexit sha1_base64="M48uUUWTEcPghTYi/9G7cwTrpYI="></latexit>ω1

<latexit sha1_base64="9tINyHnZaSkmejRqpBY6PeEVScI="></latexit>ω2

<latexit sha1_base64="E6EiOLe2Wl7uhl+pH7yg13rsHJo="></latexit>

f̂(ω1,ω2)

<latexit sha1_base64="P7Dos728BSV8jZRSs+UFBvnb/R0="></latexit>

What are these two sets of lines?
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<latexit sha1_base64="4GTOw/tcWYnC+48Yw+JBQlaj6iM=">AAACNnicdVDLShxBFK2emGQc8xiTpZvCIeAmQ7fKzCwHdOEiASOODkwPcrv6thbWo6mqVppmPsCvcauf4sadZOsHuEj1OEISkgMFh3POvZc6SS64dWF4FzReLb1+87a53Fp59/7Dx/bqpyOrC8NwxLTQZpyARcEVjhx3Ase5QZCJwOPkfKf2jy/QWK7VoStznEo4VTzjDJyXTtqdOMksGo6WftcGvx4g1Fc5o9/8Rq+lKHwq7I Zz0LC7NdjeirY96YV9T2m0sDpkgf2T9lOcalZIVI4JsHYShbmbVmD8XoGzVlxYzIGdwylOPFUg0U6r+Wdm9ItXUppp459ydK7+PlGBtLaUiU9KcGf2b68W/+VNCpcNphVXeeFQsedDWSGo07RuhqbcIHOi9ASY4XUH7AwMMOf7a8UGFV4yLSWotIozkFyUKWZQCDerYpu98Jav66UT+n9ytNmNet3ej83OcHdRXJOskXWyQSLSJ0OyR/bJiDByRa7JDbkNboL74CH4+RxtBIuZz+QPBI+/AA2irV4=</latexit>

More-Realistic Line Model

<latexit sha1_base64="eDnM3pwZLWsF2cD4w9w2kEVnNf4="></latexit>

• Rectangular shape
<latexit sha1_base64="bc7YkASR0GmCpNqDymy1Vlz15K4="></latexit>

f(x, y) = rect(x/a) rect(y/A)

<latexit sha1_base64="N+c7gCZeqnHzba6BwBQCCVPD7r8=">AAAEtnicbZPtbtMwFIbTrcAIXxsg/vADq9vQkEqx07XrEJPGvtiPTSrTuk5qyuQkJ621xIkcBxpFuQHukLvgEnC/oMlw5Ojo+Hlfn/jEVuixSGL8q7S0XL53/8HKQ/3R4ydPn62uPb+KgljY0LEDLxDXFo3AYxw6kkkPrkMB1Lc86Fq3h+P17ncQEQv4pUxC6Pt0wJnLbCpV6mb1pylhJC03vQCfcQfExwyZpq5vmA6LQo8mkU </latexit>

Reminder:

rect(x) =

{
1, if x → [↑1/2, 1/2]

0, else

<latexit sha1_base64="o0ej6yT6DZgBeIQWDxKXo1FT55A="></latexit>

F→↑↑↑↓
<latexit sha1_base64="jt1G3HQ4dcAWmyixI9tK4z7JuwE="></latexit>

sinc
( ω

2ε

)
=

sin(ω/2)

ω/2

<latexit sha1_base64="o0ej6yT6DZgBeIQWDxKXo1FT55A="></latexit>

F→↑↑↑↓
<latexit sha1_base64="xKaxIyFhPGjYcPzVgpfdy+D/9J0="></latexit>

|a|sinc
(aω1

2ε

)
|A|sinc

(
Aω2

2ε

)

<latexit sha1_base64="Whfm7i6C0zZyJqU6WEk4P5PZWzQ="></latexit>a

<latexit sha1_base64="UqNQ3jGtyg0tZD7A2PcqnUxNE3s="></latexit>

A
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<latexit sha1_base64="1agoV1JbZJftqJKdnqfBhDbcVLM=">AAACQHicdVDLSgMxFM34rPVVdekmWAQ3lhlbqriqqOBOBauFTpFM5o6GJpkhyShl6Ff4NW71K/wDd+JWXJi2U1DRC4GTc87NvTlBwpk2rvviTExOTc/MFuaK8wuLS8ulldVLHaeKQpPGPFatgGjgTELTMMOhlSggIuBwFXQPB/rVHSjNYnlhegl0BLmRLGKUGEtdl7b9INKgGGh8kNiBI34fn1pKmuEFH2vDRO4vuxV3WNitVP dqVa9mQd3dtRB7uVRGeZ1dlz79MKapsG9RTrRue25iOhlRhlEO/aKfakgI7ZIbaFsoiQDdyYbf6uNNy4Q4ipU90uAh+70jI0Lrngis0653q39rA/IvrZ2aaK+TMZmkBiQdDYpSjk2MBxnhkCmghvcsIFQxuyumt0QRamySRV+BhHsaC0FkmPkREYz3QohIyk0/83U0xkUb1zgT/D+43Kl49Ur9fKfcOMqDK6B1tIG2kId2UQOdoDPURBQ9oEf0hJ6dJ+fVeXPeR9YJJ+9ZQz/K+fgCrKuyQA==</latexit>

Application: Orientation Estimation

<latexit sha1_base64="JRk8GYKYvb2w7r9AQnkIbKsFECw="></latexit>

• Problem: Design a (real time?) system that can determine the orientation
of a (linear) pattern placed at an arbitrary location in an image.

<latexit sha1_base64="O503cfUUGRYoOb7VnFjfl0hCLoY="></latexit>

Any ideas?

<latexit sha1_base64="vSI3rGGTth/lzpdwrCCUPDNbCrQ="></latexit>

• What do we know?

<latexit sha1_base64="o0ej6yT6DZgBeIQWDxKXo1FT55A="></latexit>

F→↑↑↑↓ <latexit sha1_base64="jWpTEw9FGBwuHIrURU7uc13FxOM="></latexit>

gω(x) = f(Rωx)
<latexit sha1_base64="xUDf2/6vyDyRww0AobYJFoxHm+E="></latexit>

Rω =

[
cos ω → sin ω
sin ω cos ω

]

<latexit sha1_base64="mKsbt0Um4zY0jHklKqf/pPkmQUM="></latexit>

gω(x)
<latexit sha1_base64="o0ej6yT6DZgBeIQWDxKXo1FT55A="></latexit>

F→↑↑↑↓
<latexit sha1_base64="eObsqqTHDyGPJmhD/1df8ObuveI="></latexit>

f̂(Rωω)
<latexit sha1_base64="o0ej6yT6DZgBeIQWDxKXo1FT55A="></latexit>

F→↑↑↑↓

<latexit sha1_base64="7tJyjlDF07XNA9Lf2BbFqLo5TeU="></latexit>

We want to find the orientation in the Fourier domain with the least spread.
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<latexit sha1_base64="/CmsYBVtnLa7NwxXwF9dIzyEHvg=">AAACLXicdZBLaxsxFIU17iPJ9BGn3bUbUVPoyszYxs4y0C6ydGicBDxDuKO5kwjrMUiaBDMY8mu6Tf9MFoXSbf5EFpHtMbSlPSD4OOdeJJ2sFNy6KPoRtJ48ffZ8a3snfPHy1evd9t6bE6srw3DCtNDmLAOLgiucOO4EnpUGQWYCT7PZ52V+eoXGcq2O3bzEVMKF4gVn4Lx13n6XZIVFw9HSsdF+S9KvWlTrsBN1o5Vo1O3vD/ rxwMMwGnmkcRN1SKPxefshyTWrJCrHBFg7jaPSpTUYx5nARZhUFktgM7jAqUcFEm1ar/6woB+9k9NCG3+Uoyv3940apLVzmflJCe7S/p0tzX9l08oV+2nNVVk5VGx9UVEJ6jRdFkJzbpA5MfcAzHD/VsouwQBzvrYwMajwmmkpQeV1UoDkYp5jAZVwizqxxYZDX9emE/p/OOl142F3eNTrHHxpitsm78kH8onEZEQOyCEZkwlh5IZ8I7fke3Ab3AU/g1/r0VbQ7Lwlfyi4fwSpyKo5</latexit>

Problem Solution
<latexit sha1_base64="50hdW5RCegciSdcJoUy2105dFC0="></latexit>

• Compute the “Fourier inertia” matrix (second-moment matrix)
<latexit sha1_base64="wbX5TFDT3KE0xCVssMxuL+Gt6rs="></latexit>

M =




∫∫

ω2
1 |f̂(ω)|2 dω1 dω2

∫∫
ω1ω2|f̂(ω)|2 dω1 dω2

∫∫
ω2ω1|f̂(ω)|2 dω1 dω2

∫∫
ω2
2 |f̂(ω)|2 dω1 dω2





<latexit sha1_base64="XJwIObziutljtHU8ktInGqM+Ki8="></latexit>

Second-order moments measure spread

<latexit sha1_base64="LDFMW/bmQNdwP3rM8alFCjD8zpk="></latexit>

= (2ω)2




→εxf, εxf↑ →εxf, εyf↑

→εyf, εxf↑ →εyf, εyf↑



 <latexit sha1_base64="Dp/Rr7jVAGRQWV8qfuQ99xlhBaY="></latexit>

(fast algorithm via Parseval-Plancherel)

<latexit sha1_base64="ctghRNFZ2tDDkiqcFfHdyCauXhM="></latexit>

Which direction will have the least spread?
<latexit sha1_base64="vCPgM6ztEgfOCdv8rMXjquODzXE="></latexit>

The direction of the
smallest eigenvalue

<latexit sha1_base64="+1EqLz01QzJumO2fPFx/SWFDufs="></latexit>

=




→ jω1f̂(ω), jω1f̂(ω)↑ → jω1f̂(ω), jω2f̂(ω)↑

→ jω2f̂(ω), jω1f̂(ω)↑ → jω2f̂(ω), jω2f̂(ω)↑
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<latexit sha1_base64="1qHPKEiZYgZGXUIJ6BI1pGYk1TU=">AAACNnicdVBNSxtBGJ61rU3T1qb16GUwlNpL2I0SPQbqwWNEo0I2yLuz7+rgfCwz7yphyQ/or+lVf4oXb+K1P6CHTmIEW9oHBh6eD2bmyUolPcXxbbT04uWr5deNN823796vfGh9/HTkbeUEDoVV1p1k4FFJg0OSpPCkdAg6U3icXXyb+ceX6Ly05pAmJY41nBlZSAEUpNNWO80Kj06i5wNnQ0vzA6uqmck3hDX0Jf8aUnEnno PHnc2drc1kK5BevB0oTxZWmy0wOG39SnMrKo2GhALvR0lc0rgGR1IonDbTymMJ4gLOcBSoAY1+XM8/M+Wfg5LzwrpwDPG5+rxRg/Z+orOQ1EDn/m9vJv7LG1VU7IxracqK0IjHi4pKcbJ8tgzPpUNBahIICCfDW7k4BweCwn7N1KHBK2G1BpPXaQFaqkmOBVSKpnXqiyfeDHM9bcL/T466naTX6e132/3dxXANtsbW2QZL2Dbrsz02YEMm2Hf2g12zm+g6uovuo4fH6FK06KyyPxD9/A3jwa1D</latexit>

Problem Solution (cont’d)
<latexit sha1_base64="Gj/RQ6NhgcZ1/dxrCVsy84EEGjM="></latexit>

• Eigendecomposition of M gives us the axes of inertia

<latexit sha1_base64="q2yLCRDe+VXcSNxPi6EYQrv1Ftg="></latexit>


ω1 0

0 ω2



 =




uT
1

uT
2



M
[
u1 u2

]
<latexit sha1_base64="qRTlqjqe5PcEc4pjebKU5eRMJ5k="></latexit>

ω1 → ω2

<latexit sha1_base64="PVzrAllP/O50azLwbo6whTUvOSY="></latexit>

u1: eigenvector in the direction of the long axis
u2: eigenvector in the direction of the short axis

<latexit sha1_base64="m3BLEQHU49qRMCacXUVbY6gyjsA="></latexit>

• Pipeline:

1. Compute the Fourier inertia matrix M via the fast algorithm

2. Compute the eigendecomposition of M and store u2

3. Return the angle of u2

→ ω = arctan
u22

u21



10

<latexit sha1_base64="mupyr8tMff8TccTFuxyS4topD1M=">AAACPXicdZDLSgMxFIYz9VbrrerSTbAI4qLM2NJ2WVHBnQpWC50imcwZDU0yQ5JRytB38Gnc1tfwAdyJWzcuTC+Cih5I+Pj/c3L5g4QzbVz32cnNzM7NL+QXC0vLK6trxfWNSx2nikKLxjxW7YBo4ExCyzDDoZ0oICLgcBX0Dkf+1R0ozWJ5YfoJdAW5kSxilBgrXRf3/CDSoBhofGp3acY6PtaGiQkyiQ/opLnklt1xYbdcaV QrXtVCza1bxN7UKqFpnV0XP/wwpqmwp1JOtO54bmK6GVGGUQ6Dgp9qSAjtkRvoWJREgO5m4z8N8I5VQhzFyi5p8Fj9PpERoXVfBLbTPvRW//ZG4l9eJzVRo5sxmaQGJJ1cFKUcmxiPAsIhU0AN71sgVDH7VkxviSLU2BgLvgIJ9zQWgsgw8yMiGO+HEJGUm0Hm6+iLCzaur0zw/3C5X/Zq5dr5fql5NA0uj7bQNtpFHqqjJjpBZ6iFKHpAj2iInpyh8+K8Om+T1pwzndlEP8p5/wTKOLDJ</latexit>

Orientation Estimation in Action

<latexit sha1_base64="Q8aH4gaB7OEOWMp5MOQAmw6bjBs="></latexit>

• Image 1:
<latexit sha1_base64="cFTOxb2keX3u9kiEPgv50Esqi8o="></latexit>

Measured angle: 25→ ± 2→
<latexit sha1_base64="T6R0IHjDoJWinH07WwCho0k7eXE="></latexit>

Computed angle: 27→

<latexit sha1_base64="YobDjkrS9+RWwGo80WVQDylgJ0o="></latexit>

• Image 2:
<latexit sha1_base64="beesgihCJp+W7PpUrAVDqxc9m/w="></latexit>

Measured angle: 44→ ± 2→
<latexit sha1_base64="qi2BdQM1NDjEpQQxm09H7tCtOh4="></latexit>

Computed angle: 45.6→

<latexit sha1_base64="ckPf40zp6BL580/XXZacuLzae1k="></latexit>

This is how (pre-deep-learning-based) machine vision worked
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<latexit sha1_base64="reKYDYjfQ8/1E/W3k4Ow20SWZBU=">AAACKnicdZBLSwMxFIUzvq2vqgsXboJFcFVmVKpLQQWXCrYKnVLuZO5oMI8hyahl6K9xq3/Gnbj1Z7gwrRVU9EDg45x7SXKSXHDrwvAlGBufmJyanpmtzM0vLC5Vl1daVheGYZNpoc1lAhYFV9h03Am8zA2CTAReJDeHg/ziFo3lWp27Xo4dCVeKZ5yB81a3uhYnmUXD0dIWT1HT43uQucButRbWw6FoWN/Z392Jdj00wj2PNB pFNTLSabf6HqeaFRKVYwKsbUdh7jolGMeZwH4lLizmwG7gCtseFUi0nXL4gT7d9E5KM238UY4O3e8bJUhrezLxkxLctf2dDcy/snbhsv1OyVVeOFTs86KsENRpOmiDptwgc6LnAZjh/q2UXYMB5nxnldigwjumpQSVlnEGkoteihkUwvXL2GZfXPF1fXVC/4fWdj1q1Btn27WDo1FxM2SdbJAtEpE9ckBOyClpEkb65IE8kqfgMXgOXoLXz9GxYLSzSn4oePsAusqosA==</latexit>

Video Example

<latexit sha1_base64="9Pp4jYSOBpZIkvTphzFQ7PZUMA0="></latexit>

How do we determine the direction of the car?
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<latexit sha1_base64="fIuWcr2FaWd8xn56BCw+8QpNuPU=">AAACM3icdZDNahRBFIWro9E4JmY0SzeFQzDZDN2ZYZJlQIUsIziTwPQw3K6+nRSpn6bqtjo0s/Vp3MZ3keyCW9/AhTV/oCE5UPBxzr1U1clKJT3F8c9o7dHj9SdPN541nm9uvdhuvnw18LZyAvvCKuvOM/CopME+SVJ4XjoEnSk8y67ezfKzz+i8tOYTTUocabgwspACKFjjJk+zwqOT6PlA5mj5h6+gS4V8T1hDb/P9cbMVt+ O5eNzuHHU7STdALz4MyJNl1GJLnY6bf9LcikqjIaHA+2ESlzSqwZEUCqeNtPJYgriCCxwGNKDRj+r5T6Z8Nzg5L6wLxxCfu/9u1KC9n+gsTGqgS383m5n3ZcOKiqNRLU1ZERqxuKioFCfLZ7XwXDoUpCYBQDgZ3srFJTgQFMprpA4NfhFWazB5nRagpZrkWEClaFqnvlhxI9S16oQ/DIODdtJr9z4etI7fL4vbYK/ZG7bHEnbIjtkJO2V9Jtg39p1dsx/RdXQT3Ua/FqNr0XJnh/2n6Pdf58qrug==</latexit>

Video Example (cont’d)

<latexit sha1_base64="DIPEJql4EMVi/2+L24kgy7FNba4="></latexit>

What are the dimensions of the Fourier inertia matrix?
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<latexit sha1_base64="Pu3TOmjBxZuDcblyNZEcM3tarIo=">AAACPHicdVDLSgMxFM34tr6qLt0Ei6CbMmNLdSnoQhdCBdsKnVIymTs2mGSGJKOUod/g17it3+Henbh15cK0nYKKHggczrmvnCDhTBvXfXFmZufmFxaXlgsrq2vrG8XNraaOU0WhQWMeq5uAaOBMQsMww+EmUUBEwKEV3J2O/NY9KM1ieW36CXQEuZUsYpQYK3WLB34QaVAMNL4cOSYNARMZ4nrPTsUXMoqVyGtLbtkdA7vlyn G14lUtqblHlmIvt0ooR71b/PTDmKYCpKGcaN323MR0MqIMoxwGBT/VkBB6R26hbakkAnQnG39pgPesEmK73D5p8Fj93pERoXVfBLbSntfTv72R+JfXTk103MmYTFIDkk4WRSnHJsajfHDIFFDD+5YQqpi9FdMeUYQam2LBVyDhgcZC2IwyPyKC8X4IEUm5GWS+jqa8YOOaZoL/J83Dslcr164OSydneXBLaAfton3koSN0gs5RHTUQRY/oCQ3RszN0Xp03531SOuPkPdvoB5yPL49tsCk=</latexit>

Magnitude and Phase Information

<latexit sha1_base64="na/ADzEr2CjHqHCwO0vQLUpvuek="></latexit>

f̂(ω) =

∫

R2

f(x)e→ jωTx dx

<latexit sha1_base64="D+zjatKfCraEE49CrjzCF2gesQg="></latexit>

• The Fourier transform is complex-valued

<latexit sha1_base64="/NoPNuRTRUYnZgnkU1DnxZP4SPQ="></latexit>

= |f̂(ω)| exp (jω(ω))

<latexit sha1_base64="UQErRagEBWH+pyqhz8BcXe6UA04="></latexit>

magnitude
<latexit sha1_base64="a1SHB7uBUq+dDA+Nk0XlkU+AEBc="></latexit>

phase
<latexit sha1_base64="/7USiAZv8EI/q26Sz3b/NFSkYMM="></latexit>

• Fourier magnitude
<latexit sha1_base64="pSvP4vnCwuNhUn95vRaW95IL+ts="></latexit>

|f̂(ω)| =
(
f̂(ω) f̂→(ω)

)
=

√
(→f̂(ω))2 + (↑f̂(ω))2

<latexit sha1_base64="e8tXLhHYVg4Db7atkQJ1v7cUkxs="></latexit>

• Fourier phase
<latexit sha1_base64="v/FfxEnHHb6zIyv57RdcUr9SCZE="></latexit>

ω(ω) = arg
(
f̂(ω)

)
= arctan

(
→f̂(ω)

↑f̂(ω)

)

<latexit sha1_base64="/V3z8xHdA6LhNHy+Q57pRwr2QFo="></latexit>

Is the phase of the image spectrum important?
Can we get away with just the magnitude?
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<latexit sha1_base64="Qt/MPfoMI9f52886DxfdOA/oR7g=">AAACSnicdVDLbhNBEJw1CQSTEANHLiMspJys3cSyc4wEB7gZKXYiea2od7YnHmUeq5neIGvlT+FruIYP4De4ITgwfkQCBHUqVXVN91RRaRUoTb8mrQc7uw8f7T1uP9k/eHrYefZ8ElztBY6F085fFhBQK4tjUqTxsvIIptB4Udy8WfkXt+iDcvacFhXODFxbJZUAitJVZ5gXMqBXGPj5HPl7UzlPYAVyJ/loHl/m0nk+UaEGzU cYt1abZDftpWvwtHdy2j/J+pEM0mGkPNtaXbbF6KrzMy+dqA1aEhpCmGZpRbMGPCmhcdnO64AViBu4xmmkFgyGWbP+4JK/jkq5PkQ6S3yt/p5owISwMEWcNEDz8Le3Ev/lTWuSp7NG2aomtGKzSNaak+OrtnipPArSi0hAeBVv5WIOHgTFTtu5R4sfhTMGbNnkEozSixIl1JqWTR7kPW/Huu474f8nk+NeNugNPhx3z95ui9tjL9krdsQyNmRn7B0bsTET7BP7zO7Yl+Qu+ZZ8T35sRlvJNvOC/YHWzi/DV7Sb</latexit>

The Importance of Phase for Visual Perception

Image 1 Image 2

Magnitude(Image2), Phase(Image1) Magnitude(Image1), Phase(Image2)

<latexit sha1_base64="Vgh5uRdX5KVTd7Zi3E0mGVn6SaA="></latexit>

What’s stored in the phase?
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<latexit sha1_base64="JUoUAHdcg1J1GsWfCnEpiHT5wKM=">AAACJHicdZBBSxtBFMdntWqaqk306GVoKHgKuyrRo6AHb41gTCAbwtvZtzo4M7vMvK2EJR/Fa/wy3qSHXvpJPDiJEdrSPhj48f+/9+bxTwolHYXhz2Bl9cPa+kbtY/3T5tb250Zz59rlpRXYE7nK7SABh0oa7JEkhYPCIuhEYT+5O5v7/e9onczNFU0KHGm4MTKTAshL40YzTjKHVqLj30qabxk3WmE7XBQP24cnR4fRkYdOeO yRR0urxZbVHTde4jQXpUZDQoFzwygsaFSBJSkUTutx6bAAcQc3OPRoQKMbVYvTp/yrV1Ke5dY/Q3yh/j5RgXZuohPfqYFu3d/eXPyXNywpOxlV0hQloRFvH2Wl4pTzeQ48lRYFqYkHEFb6W7m4BQuCfFr12KLBe5FrDSat4gy0VJMUMygVTavYZe9c93G9Z8L/D9cH7ajT7lwetE7Pl8HV2B77wvZZxI7ZKbtgXdZjgt2zBzZjj8EseAqegx9vrSvBcmaX/VHBr1dO0KZx</latexit>

Outline

<latexit sha1_base64="ykIfsOoLC9czJlqxqZMTc4NGBsk="></latexit>

• Images as Functions

– Vector-space formulation

– Two-Dimensional Systems

• 2D Fourier Transform

– Properties

– Dirac Impulse, etc.

• Characterization of LSI Systems

– Multidimensional Convolution

– Modeling of Optical Systems

– Examples of Impulse Responses



16

<latexit sha1_base64="mVAWZmtxGh92C5lRW2TeVcp5bDk=">AAACQHicdZDPThRBEMZ7ABXXPyx45NJhY+LFzQyQhSOJHjTxgMICyc5mU9NTDR36z6SrRzKZ7FP4NF7xKXwDb4ar8WDvsiRqtJJOfvm+qurur6i0opCmX5Ol5ZV79x+sPuw8evzk6Vp3feOEXO0FDoXTzp8VQKiVxWFQQeNZ5RFMofG0uHw1808/oifl7HFoKhwbOLdKKgEhSpPuy7yQhF4h8bemqjUh/4BUOUtRcZK/i3vB86 OGAhqadHtpP50XT/s7+7s72W6EQboXkWcLq8cWdTjp/sxLJ2qDNggNRKMsrcK4BR+U0Djt5DVhBeISznEU0YJBGrfzb03586iUXDofjw18rv4+0YIhakwROw2EC/rbm4n/8kZ1kPvjVtmqDmjF7UWy1jw4PsuIl8qjCLqJAMKr+FYuLsCDCDHJTu7R4pVwxoAt21yCUbopUUKtw7TNSd5xJ8Z1lwn/P5xs97NBf/B+u3fwehHcKttkW+wFy9geO2Bv2CEbMsE+sc/smn1JrpNvyffk5rZ1KVnMPGN/VPLjFycIsfI=</latexit>

Impulse Responses of Linear Systems

<latexit sha1_base64="wYEqAK/aZQyAtiZEn0EyCMOXkAY="></latexit>

Setting: Consider a linear (not necessarily shift-invariant) system H.

<latexit sha1_base64="ybDjKs5SqqZg1lQWZOuRESNlz98="></latexit>

H

<latexit sha1_base64="dXpt4gpASr3VRwanf7a8ASMIduE="></latexit>

Recall: It is always that f(x) = (ω → f)(x) =
∫

R2

f(u)ω(x↑ u) du.

<latexit sha1_base64="pZ/xKTw7nDmudh75x8MSbOvoZck="></latexit>

Exercise: Show that g(x) =

∫

R2

f(u)h(x,u) du.

<latexit sha1_base64="5LuPd31aUCUh8WFhU2P1cfzUm0c="></latexit>

g(x) = H{f(x)}
<latexit sha1_base64="ticdtbzkMNG1QmgoKCYgu3pPD78="></latexit>

= H

{∫

R2

f(u)ω(x→ u) du

}

<latexit sha1_base64="1KDgcMUOBoSj3+HbSn92lHA+Y2o="></latexit>

=

∫

R2

f(u)H{ω(x→ u)} du
<latexit sha1_base64="1B9rpLRYh4po20xkioDtCiLW9OQ="></latexit>

=

∫

R2

f(u)h(x,u) du

<latexit sha1_base64="FpqayyquT1KWrMHEfeAus1qJJF0="></latexit>

(H is linear)
<latexit sha1_base64="Ct5cQmRyEJlAT+6l4HAx2GuyOo8="></latexit>

The output of a system is the input
integrated against the impulse response.

<latexit sha1_base64="xEDzrS+VH79KcioWGASTBUQkm14="></latexit>

ω(x→ u)

<latexit sha1_base64="OiYoOKOxGonf2XAqSuON5yZroNE="></latexit>

f(x)
<latexit sha1_base64="6SQQPMQjvJrbAwNa8Jn0kQ7ly34="></latexit>

g(x)

<latexit sha1_base64="b3iOxkBDxCe610i63szeBLdDimI="></latexit>

h(x,u)
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<latexit sha1_base64="0Pdk1M6FaPeD6dPVwHGj1gyDaU0="></latexit>

Definition: A linear system H is shift-invariant if and only if shifted
inputs correspond to shifted outputs.

<latexit sha1_base64="ybDjKs5SqqZg1lQWZOuRESNlz98="></latexit>

H

<latexit sha1_base64="ybDjKs5SqqZg1lQWZOuRESNlz98="></latexit>

H

<latexit sha1_base64="sdpbUgBPr56c4uuq8nxaa0LX8/I=">AAACQnicdZDPThsxEMa99B8N/ZO2x16sRkgglXQXUOCI1B6KxIEqDSBlo2jWOyYWtndlz1KtVnmMPk2v9CF4BW5VrxzqhCC1qIxk6afvm7HHX1Zq5SmOL6OlBw8fPX6y/LS18uz5i5ftV6+PfFE5gQNR6MKdZOBRK4sDUqTxpHQIJtN4nJ19nPnH5+i8KuxXqkscGTi1SioBFKRx+0OaSY9OoecH4Qpw73l/oiRt7NtzcAos8X 7tCY3nawf9/fVxuxN343nxuLu1u72VbAfoxTsBebKwOmxRh+P2dZoXojJoSWjwfpjEJY0acKSExmkrrTyWIM7gFIcBLRj0o2b+sSlfDUrOZeHCCZvM1b8nGjDe1yYLnQZo4u96M/F/3rAiuTtqlC0rQituHpKV5lTwWUo8Vw4F6ToACKfCrlxMwIGgkGUrdWjxmyiMAZs3qQSjdJ2jhErTtEm9vOVWiOs2E34/HG12k16392Wzs/dpEdwye8vesTWWsB22xz6zQzZggn1nP9gF+xldRFfRr+j3TetStJh5w/6p6PoP8TuxrA==</latexit>

Linear, Shift-Invariant Systems (LSI)

<latexit sha1_base64="i2M/2BXhZ92oYZmXKpf7j32MHR4="></latexit>

→x0 ↑ R2

<latexit sha1_base64="OiYoOKOxGonf2XAqSuON5yZroNE="></latexit>

f(x)
<latexit sha1_base64="6SQQPMQjvJrbAwNa8Jn0kQ7ly34="></latexit>

g(x)

<latexit sha1_base64="iGmRm7WEmEaGF+dSFVtPU4kQvRY="></latexit>

g(x→ x0)
<latexit sha1_base64="NZ+eaBkeveshBhs96Uc0oqtyWWg="></latexit>

f(x→ x0)

<latexit sha1_base64="ptj189DJ4sNeAUcmSPwWkm/DELQ="></latexit>

g(x) =

∫

R2

f(u)h(x,u) du
<latexit sha1_base64="DuxmcxhuXpZk6V9CH8+jtTONKaw="></latexit>

g(x→ x0) =

∫

R2

f(u)h(x→ x0,u) du
<latexit sha1_base64="A01GInr/zAAmYyi0Jh1dM82N3T4="></latexit>

g(x→ x0) =

∫

R2

f(u→ x0)h(x,u) du
<latexit sha1_base64="NEPAxB2B4TmKt+njH1UyZLqkyDQ="></latexit>

=

∫

R2

f(u)h(x,u+ x0) du

<latexit sha1_base64="TahVTqIcJ4gCrLmX/SjIMdz2BZg="></latexit>

=→ h(x↑ x0,u) = h(x,u+ x0)
<latexit sha1_base64="FDzhQD3YkrW7Zwa3EBmexieyj38="></latexit>

→x,x0,u ↑ R2

<latexit sha1_base64="DLGb0JwAQkZW+8YebR2GTa5e/3M="></latexit>

In particular, h(x→ x0,0) = h(x,x0)

<latexit sha1_base64="wJ6ZyMlu3bv2kmmnTQhZAB7XUXE="></latexit>

(set u = 0)
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<latexit sha1_base64="0Pdk1M6FaPeD6dPVwHGj1gyDaU0="></latexit>

Definition: A linear system H is shift-invariant if and only if shifted
inputs correspond to shifted outputs.

<latexit sha1_base64="ybDjKs5SqqZg1lQWZOuRESNlz98="></latexit>

H

<latexit sha1_base64="sdpbUgBPr56c4uuq8nxaa0LX8/I=">AAACQnicdZDPThsxEMa99B8N/ZO2x16sRkgglXQXUOCI1B6KxIEqDSBlo2jWOyYWtndlz1KtVnmMPk2v9CF4BW5VrxzqhCC1qIxk6afvm7HHX1Zq5SmOL6OlBw8fPX6y/LS18uz5i5ftV6+PfFE5gQNR6MKdZOBRK4sDUqTxpHQIJtN4nJ19nPnH5+i8KuxXqkscGTi1SioBFKRx+0OaSY9OoecH4Qpw73l/oiRt7NtzcAos8X 7tCY3nawf9/fVxuxN343nxuLu1u72VbAfoxTsBebKwOmxRh+P2dZoXojJoSWjwfpjEJY0acKSExmkrrTyWIM7gFIcBLRj0o2b+sSlfDUrOZeHCCZvM1b8nGjDe1yYLnQZo4u96M/F/3rAiuTtqlC0rQituHpKV5lTwWUo8Vw4F6ToACKfCrlxMwIGgkGUrdWjxmyiMAZs3qQSjdJ2jhErTtEm9vOVWiOs2E34/HG12k16392Wzs/dpEdwye8vesTWWsB22xz6zQzZggn1nP9gF+xldRFfRr+j3TetStJh5w/6p6PoP8TuxrA==</latexit>

Linear, Shift-Invariant Systems (LSI)

<latexit sha1_base64="OiYoOKOxGonf2XAqSuON5yZroNE="></latexit>

f(x)
<latexit sha1_base64="6SQQPMQjvJrbAwNa8Jn0kQ7ly34="></latexit>

g(x)

<latexit sha1_base64="lnZy09zpdjiVj9qgFfLwkI5VnDE="></latexit>

g(x) = H{f(x)} =

∫

R2

f(u)hLSI(x→ u) du = (f ↑ hLSI)(x)

<latexit sha1_base64="dx0D3aAIF3aJjtcBIC0U4imUON0="></latexit>

g(x) =

∫

R2

f(u)h(x,u) du

<latexit sha1_base64="VKs7TMM7UBl2UKTDLwrgxEC4+Bs="></latexit>

h(x→ x0,0) = h(x,x0) for any x,x0 ↑ R2

<latexit sha1_base64="0lk8rIG+U1urYaoz5eiI+CRcXkU="></latexit>

Define hLSI(x) = h(x,0)
<latexit sha1_base64="FLtA4gf6tlrkNOshdm3Xepjao/E="></latexit>

=→ h(x,u) = h(x↑ u,0) = hLSI(x↑ u)

<latexit sha1_base64="YDs6/+wwbrtJAm+O0d78occQCEM="></latexit>

LSI systems are realized
by convolutions!

<latexit sha1_base64="w7FbqDFWqftJRyuMYLbStIzfnlI="></latexit>

We will just
write h for hLSI
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<latexit sha1_base64="sdpbUgBPr56c4uuq8nxaa0LX8/I=">AAACQnicdZDPThsxEMa99B8N/ZO2x16sRkgglXQXUOCI1B6KxIEqDSBlo2jWOyYWtndlz1KtVnmMPk2v9CF4BW5VrxzqhCC1qIxk6afvm7HHX1Zq5SmOL6OlBw8fPX6y/LS18uz5i5ftV6+PfFE5gQNR6MKdZOBRK4sDUqTxpHQIJtN4nJ19nPnH5+i8KuxXqkscGTi1SioBFKRx+0OaSY9OoecH4Qpw73l/oiRt7NtzcAos8X 7tCY3nawf9/fVxuxN343nxuLu1u72VbAfoxTsBebKwOmxRh+P2dZoXojJoSWjwfpjEJY0acKSExmkrrTyWIM7gFIcBLRj0o2b+sSlfDUrOZeHCCZvM1b8nGjDe1yYLnQZo4u96M/F/3rAiuTtqlC0rQituHpKV5lTwWUo8Vw4F6ToACKfCrlxMwIGgkGUrdWjxmyiMAZs3qQSjdJ2jhErTtEm9vOVWiOs2E34/HG12k16392Wzs/dpEdwye8vesTWWsB22xz6zQzZggn1nP9gF+xldRFfRr+j3TetStJh5w/6p6PoP8TuxrA==</latexit>

Linear, Shift-Invariant Systems (LSI)

<latexit sha1_base64="ybDjKs5SqqZg1lQWZOuRESNlz98="></latexit>

H

<latexit sha1_base64="N3VSqIc0NIeKeLVZcIjp6PN5hGY="></latexit>

e j(ω1x+ω2y)
<latexit sha1_base64="ggURSv4W6mqEo3mf/s1NXthCcTY="></latexit>

ω e j(ω1x+ω2y)

<latexit sha1_base64="PY/Yfyk88kFHSZXwW9qaOiyaiL4="></latexit>

Proof: H{e jω
Tx} =

∫

R2

h(u)e jω
T(x→u)

du

<latexit sha1_base64="dHdHs00GMYH20LachTAO4GrvLSo="></latexit>

= e jω
Tx

∫

R2

h(u)e→ jωTu du

<latexit sha1_base64="eQezztbjEahOmVQT+dSgR1TejBc="></latexit>

= ĥ(ω) e jω
Tx

<latexit sha1_base64="FLj+Z6aATkn3SdTXqP+ISWXXSO0="></latexit>

Theorem: Complex exponentials e
j(ω1x+ω2y) are eigenfunctions of

the LSI system H with eigenvalue ω = ω(ε1,ε2) = ĥ(ε1,ε2).
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<latexit sha1_base64="mJssxJP3RGwwMUYmWRrHlzchXbY=">AAACLHicdZBLSwMxFIUzvq2vqitxEyyCqzJTpboUdOFSwarQKeVO5o4G8xiSjFKG4q9xq3/GjYhbf4UL01pBRQ8EPs65lyQnyQW3Lgyfg7Hxicmp6ZnZytz8wuJSdXnlzOrCMGwxLbS5SMCi4ApbjjuBF7lBkInA8+T6YJCf36CxXKtT18uxI+FS8YwzcN7qVtfiJLNoOFraOKQHWt1oUQwi263Wwno4FA3r23s729GOh2a465 FGo6hGRjruVt/jVLNConJMgLXtKMxdpwTjOBPYr8SFxRzYNVxi26MCibZTDr/Qp5veSWmmjT/K0aH7faMEaW1PJn5Sgruyv7OB+VfWLly21ym5yguHin1elBWCOk0HfdCUG2RO9DwAM9y/lbIrMMCcb60SG1R4y7SUoNIyzkBy0Usxg0K4fhnb7Isrvq6vTuj/cNaoR81686RR2z8cFTdD1skG2SIR2SX75IgckxZh5I7ckwfyGDwET8FL8Po5OhaMdlbJDwVvH2APqYo=</latexit>

2D Convolutions

<latexit sha1_base64="euoX8XLMeQUPmxYjC2AOiWm/bx4="></latexit>

• 2D Convolution integral
<latexit sha1_base64="QvSmYVoUILaakwserW5X2w5G+p4="></latexit>

(f → h)(x, y) =
∫ →

↑→

∫ →

↑→
f(u, v)h(x↑ u, y ↑ v) du dv

<latexit sha1_base64="3yyDrOxxkH2wTLGLQe3NDjhLazw="></latexit>

=

∫ →

↑→

∫ →

↑→
h(u, v)f(x→ u, y → v) du dv = (h ↑ f)(x, y)

<latexit sha1_base64="O1jkNVGjRUFMoZ2Tm1Gddd76LJk="></latexit>

• Convolution theorem

<latexit sha1_base64="qG7oonlBYvs4lQrS0uuVh8Dx3vM="></latexit>

(f → h)(x) F↑↓ f̂(ω)ĥ(ω)

<latexit sha1_base64="j/5Ulbb6qssn6r6/HHxFVRjBc9c="></latexit>

The Fourier transform converts convolutions into multiplications!
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<latexit sha1_base64="wuM4+bpKi+W41kdyPlk/OLNJMOY=">AAACPXicdVBNS1tBFJ2ntrWpbVO77GYwFIqL8J5KdCnYhcsUjAp5Idw3744ZnI/HzH2W8Mh/6K/p1v4Nf4A76babLjqJEVqxhxk4nHMud+YUlVaB0vQmWVlde/b8xfrL1quN12/ett9tngZXe4ED4bTz5wUE1MrigBRpPK88gik0nhWXR3P/7Ap9UM6e0LTCkYELq6QSQFEat7fzQgb0CgPve+ckj4cmyI+cvXK6nof4yQSdRz Nud9JuugBPu7sHe7vZXiS9dD9Sni2tDluiP27/zksnaoOWhIYQhlla0agBT0ponLXyOmAF4hIucBipBYNh1Cz+NOMfo1Jy6Xy8lvhC/XuiARPC1BQxaYAm4bE3F5/yhjXJg1GjbFUTWnG/SNaak+PzgnipPArS00hAeBXfysUEPAiKNbZyjxa/CmcM2LLJJRilpyVKqDXNmjzIB96KdT10wv9PTne6Wa/b+7LTOfy8LG6dfWBb7BPL2D47ZMeszwZMsG/sO7tmP5Lr5Da5S37eR1eS5cx79g+SX38Acmmwmw==</latexit>

Proof of the Convolution Theorem

<latexit sha1_base64="poqQGxFTMRayZ+lB6+XepkEXCWQ="></latexit>

g(x) =

∫

R2

f(u)h(x→ u) du

<latexit sha1_base64="6Aj+gRNTFQSOsjoP1b4bkFoiIvs="></latexit>

F

<latexit sha1_base64="zkVKk548ZZf5FZ1RVIv0TAHwAFI="></latexit>

ĝ(ω) =

∫

R2

(∫

R2

f(u)h(x→ u) du

)
e→ jωTx dx

<latexit sha1_base64="3gjgSxCiKYrQ+hY5CBR/B2L4yR8="></latexit>

=

∫

R2

(∫

R2

f(u)h(v)e→ jωT(u+v) du

)
dv

<latexit sha1_base64="6lTb4B4dKcnjxG89C3EWdJQn3gU="></latexit>

(change of variables v = x→ u)

<latexit sha1_base64="941EiEsbWvTqkL0Ee9KY/xvkJMg="></latexit>

=

(∫

R2

f(u)e→ jωTu du

)(∫

R2

h(v)e→ jωTv dv

)
<latexit sha1_base64="lSIt/8qhtKlvMqYJz+g0iQq4fug="></latexit>

(e→ jωT(u+v) = e→ jωTue→ jωTv)

<latexit sha1_base64="58RWxSN1ylf+Y7Cgq77096wx04k="></latexit>

= f̂(ω)ĥ(ω)
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<latexit sha1_base64="pJKVa22wkBF1cvmX5zaGqUjZV0A=">AAACP3icdZBNaxRBEIZ74lfc+LHq0UvjIuQgy0wSNjkGFIngIRo3CewsS01PddKkP8auHmUY9k/4a3KN/8Jf4C3kGsjB3s0GVLSg4eF9q6iut6i0opCmP5KlW7fv3L23fL+z8uDho8fdJ0/3ydVe4FA47fxhAYRaWRwGFTQeVh7BFBoPipPXM//gC3pSzn4KTYVjA0dWSSUgRGnSfZUXktArJP7W4+carWj4R6TKWYqak/z93j u+11BAQ5NuL+2n8+Jpf31rYz3biDBINyPybGH12KJ2J92rvHSiNmiD0EA0ytIqjFvwQQmN005eE1YgTuAIRxEtGKRxO79qyl9GpeTS+fhs4HP194kWDFFjithpIBzT395M/Jc3qoPcGrfKVnWI514vkrXmwfFZRLxUHkXQTQQQXsW/cnEMHkSIQXZyjxa/CmcM2LLNJRilmxIl1DpM25zkDXdiXDeZ8P/D/lo/G/QHH9Z6228WwS2z5+wFW2UZ22TbbIftsiET7Bs7ZWfse3KW/EzOk4vr1qVkMfOM/VHJ5S/jkbFI</latexit>

Frequency Responses of LSI Systems

<latexit sha1_base64="ybDjKs5SqqZg1lQWZOuRESNlz98="></latexit>

H

<latexit sha1_base64="OiYoOKOxGonf2XAqSuON5yZroNE="></latexit>

f(x)

<latexit sha1_base64="qXGazrX9vOZiQzlQsPJb4zRv43o="></latexit>

Linear and Shift-Invariant (LSI)

<latexit sha1_base64="V5Eb3SKFMSTUfh/SEmvI7lJOXSg="></latexit>

g(x) = H{f}(x)
<latexit sha1_base64="ij3feG6o99/oot7BwR/10/kMfZQ="></latexit>

ω(x)
<latexit sha1_base64="DINEDwGN15jVoxNlnHwfqVB9sOQ="></latexit>

h(x)
<latexit sha1_base64="HTl28iNnLzyppFVUIcUnwSseu+Y="></latexit>

e jω
Tx

<latexit sha1_base64="26aNbDmyYBiYHZekjdzNea06+3w="></latexit>

ω e jω
Tx, ω = ĥ(ω)

<latexit sha1_base64="by/FtL8k5BDU4u+J5AioC7ngTB4="></latexit>

What is the frequency response of this system?

<latexit sha1_base64="DkTTWN3doqvVaV/CC/+HVTTrQjA="></latexit>

• The frequency response is ĥ(ω)
<latexit sha1_base64="TEMet5LaAy9xgv+L8tyxZNFWkiw="></latexit>

Controls notation: H( jω) = ĥ(ω)
<latexit sha1_base64="NV6NvGnDNwFhyz9LKNxjC3Aotjg="></latexit>

H(s), s → C2, is the transfer function
<latexit sha1_base64="yDPS37lkJYVVNt8Pqxo/MTqmzS8="></latexit>

H(s) =

∫

R2

h(x)e→sTx dx
<latexit sha1_base64="KwZQpfw6qeXO9U7LFbS0lFJQq3I="></latexit>

(2D two-sided Laplace transform)

<latexit sha1_base64="hbNbEdgMGWzTn6t2EzYpQkyBiaY="></latexit>

How do we identify the frequency response of a system?



23

<latexit sha1_base64="ygArUaJxafHKv2S38bYOVZeevVU=">AAACRXicdZDLahRBFIar4y2Ol4zJ0k3hILgauidhkmXAEHQXxUkC08NwuvpUpkhd2qrTStPMe+Rp3MZX8CGyE1eC1kwmoqIHCj7+/5yqOn9RaRUoTb8ka7du37l7b/1+58HDR483uk82j4OrvcCRcNr50wICamVxRIo0nlYewRQaT4rzlwv/5AP6oJx9R02FEwNnVkklgKI07Q7yQgb0CgN/XaKlXxZ3ktMM+aHH9zVa0fC3GC pnA067vbSfLoun/e29ne1sJ8Iw3Y3Is5XVY6s6mna/56UTtYnXCw0hjLO0okkLnpTQOO/kdcAKxDmc4TiiBYNh0i53m/PnUSm5dD4eS3yp/j7RggmhMUXsNECz8Le3EP/ljWuSe5NW2aqmuN71Q7LWnBxfBMVL5VGQbiKA8Cr+lYsZeBAU4+zkHi1+FM4YsGWbSzBKNyVKqDXN2zzIG+7EuG4y4f+H40E/G/aHbwa9/YNVcOvsKXvGXrCM7bJ99oodsRET7IJ9Ypfsc3KZXCVfk2/XrWvJamaL/VHJj5+LAbQc</latexit>

Identification of the Frequency Response

<latexit sha1_base64="ybDjKs5SqqZg1lQWZOuRESNlz98="></latexit>

H

<latexit sha1_base64="OiYoOKOxGonf2XAqSuON5yZroNE="></latexit>

f(x)

<latexit sha1_base64="qXGazrX9vOZiQzlQsPJb4zRv43o="></latexit>

Linear and Shift-Invariant (LSI)

<latexit sha1_base64="V5Eb3SKFMSTUfh/SEmvI7lJOXSg="></latexit>

g(x) = H{f}(x)
<latexit sha1_base64="ij3feG6o99/oot7BwR/10/kMfZQ="></latexit>

ω(x)
<latexit sha1_base64="DINEDwGN15jVoxNlnHwfqVB9sOQ="></latexit>

h(x)
<latexit sha1_base64="HTl28iNnLzyppFVUIcUnwSseu+Y="></latexit>

e jω
Tx

<latexit sha1_base64="26aNbDmyYBiYHZekjdzNea06+3w="></latexit>

ω e jω
Tx, ω = ĥ(ω)

<latexit sha1_base64="F1ay02guwart38vV91YKYfEkGr8="></latexit>

• Method 1: Eigenfunction property

<latexit sha1_base64="Il2+pb86OsksiJpsZApl7Mv9ggc="></latexit>

• Method 2: From the impulse response

<latexit sha1_base64="IzzFOcW5WNYJHn2KFaCP/+K6lqw="></latexit>

• Method 3: From an arbitrary input and output

<latexit sha1_base64="UgaN0ZEWUa/EycefQPepZpZXFI4="></latexit>

ĥ(ω) = ω =
H{e jωTx}
e jω

Tx

<latexit sha1_base64="3xUDgifqPUFJWY3s4yKBESicqaE="></latexit>

Excite the system with
a pure frequency

<latexit sha1_base64="feQSTbOk2ptVtAgOq7Eqy6b9bpQ="></latexit>

Excite the system with
an impulse

<latexit sha1_base64="V2T6IXOBUfim3MqD+viG6r9GF/o="></latexit>

Excite the system with
an arbitrary input

<latexit sha1_base64="drzOfSXkoLBjDEavVJDQJu0s3uM="></latexit>

ĥ(ω) = ⊋H{ω}(ω)

<latexit sha1_base64="hhtjRRr//CRxJFICu7UFfisQyPU="></latexit>

g(x) = (f → h)(x) =↑ ĝ(ω) = f̂(ω)ĥ(ω)
<latexit sha1_base64="esJehGT3U6gERcm7Gat+iefLCQs="></latexit>

=→ ĥ(ω) =
ĝ(ω)

f̂(ω)
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<latexit sha1_base64="JUoUAHdcg1J1GsWfCnEpiHT5wKM=">AAACJHicdZBBSxtBFMdntWqaqk306GVoKHgKuyrRo6AHb41gTCAbwtvZtzo4M7vMvK2EJR/Fa/wy3qSHXvpJPDiJEdrSPhj48f+/9+bxTwolHYXhz2Bl9cPa+kbtY/3T5tb250Zz59rlpRXYE7nK7SABh0oa7JEkhYPCIuhEYT+5O5v7/e9onczNFU0KHGm4MTKTAshL40YzTjKHVqLj30qabxk3WmE7XBQP24cnR4fRkYdOeO yRR0urxZbVHTde4jQXpUZDQoFzwygsaFSBJSkUTutx6bAAcQc3OPRoQKMbVYvTp/yrV1Ke5dY/Q3yh/j5RgXZuohPfqYFu3d/eXPyXNywpOxlV0hQloRFvH2Wl4pTzeQ48lRYFqYkHEFb6W7m4BQuCfFr12KLBe5FrDSat4gy0VJMUMygVTavYZe9c93G9Z8L/D9cH7ajT7lwetE7Pl8HV2B77wvZZxI7ZKbtgXdZjgt2zBzZjj8EseAqegx9vrSvBcmaX/VHBr1dO0KZx</latexit>

Outline

<latexit sha1_base64="ykIfsOoLC9czJlqxqZMTc4NGBsk="></latexit>

• Images as Functions

– Vector-space formulation

– Two-Dimensional Systems

• 2D Fourier Transform

– Properties

– Dirac Impulse, etc.

• Characterization of LSI Systems

– Multidimensional Convolution

– Modeling of Optical Systems

– Examples of Impulse Responses
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<latexit sha1_base64="FhskJKeNMSzMRb5vEOiB6jsbNss=">AAACOHicdVBNaxRBFOyJRuOa6EaPXposgZyWmSRscgzEg5dgRDcJ7CzLm57Xmyb9MXS/UYZhf4G/xmvyS7x5E6+ePdi72UAULWgoquq97q6i0ipQmn5NVh48XH30eO1J5+n6xrPn3c0XZ8HVXuBQOO38RQEBtbI4JEUaLyqPYAqN58XV8dw//4g+KGc/UFPh2MDUKqkEUJQm3e28kAG9wsBPXDlfM+VO8rcVxYjm75tAaMKk20 v76QI87e8d7u9l+5EM0oNIeba0emyJ00n3V146URu0JDSEMMrSisYt+LhW46yT1wErEFcwxVGkFgyGcbv4zoxvR6Xk0vl4LPGFen+iBRNCY4qYNECX4W9vLv7LG9UkD8etslVNaMXtRbLWnByfd8NL5VGQbiIB4VV8KxeX4EFQbLCTe7T4SThjwJZtLsEo3ZQoodY0a/Mg73gn1nXXCf8/OdvtZ4P+4N1u7+j1srg19optsR2WsQN2xN6wUzZkgn1mX9g1u0muk2/J9+THbXQlWc68ZH8g+fkbOyyugQ==</latexit>

Modeling of Optical Systems

<latexit sha1_base64="OiYoOKOxGonf2XAqSuON5yZroNE="></latexit>

f(x)
<latexit sha1_base64="9MQl20VRx6Do3ZSowkOSmCU4tBw="></latexit>

g(x) = (h → f)(x)

<latexit sha1_base64="SgOEzY/qjrZS2ozLd/OGx3bN0zU="></latexit>

Di!raction-limited optics = LSI system

<latexit sha1_base64="qxsuMXFsgE4z6t31c5LvKAoLQlA="></latexit>

h(x) = h(x, y): Point Spread Function (PSF)
<latexit sha1_base64="Kyysth0t39EWkLSdn0i+gWQeXLM="></latexit>

microscopes,
telescopes,
cameras, etc.

<latexit sha1_base64="FsrZWD/4WuJiqitPVOwY7wZvk1U="></latexit>

• Aberation-free point spread function

<latexit sha1_base64="k3ggo1Fn44iUgRh1coGnjg3Y9ag="></latexit>

Radial Profile
<latexit sha1_base64="119Rt/KTZkX0BJMtTysstsemKQQ="></latexit>

Airy Disk

<latexit sha1_base64="4K+NZ5JlKxjEp6a+BxXLqgy345Q="></latexit>

“ideal”
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<latexit sha1_base64="FhskJKeNMSzMRb5vEOiB6jsbNss=">AAACOHicdVBNaxRBFOyJRuOa6EaPXposgZyWmSRscgzEg5dgRDcJ7CzLm57Xmyb9MXS/UYZhf4G/xmvyS7x5E6+ePdi72UAULWgoquq97q6i0ipQmn5NVh48XH30eO1J5+n6xrPn3c0XZ8HVXuBQOO38RQEBtbI4JEUaLyqPYAqN58XV8dw//4g+KGc/UFPh2MDUKqkEUJQm3e28kAG9wsBPXDlfM+VO8rcVxYjm75tAaMKk20 v76QI87e8d7u9l+5EM0oNIeba0emyJ00n3V146URu0JDSEMMrSisYt+LhW46yT1wErEFcwxVGkFgyGcbv4zoxvR6Xk0vl4LPGFen+iBRNCY4qYNECX4W9vLv7LG9UkD8etslVNaMXtRbLWnByfd8NL5VGQbiIB4VV8KxeX4EFQbLCTe7T4SThjwJZtLsEo3ZQoodY0a/Mg73gn1nXXCf8/OdvtZ4P+4N1u7+j1srg19optsR2WsQN2xN6wUzZkgn1mX9g1u0muk2/J9+THbXQlWc68ZH8g+fkbOyyugQ==</latexit>

Modeling of Optical Systems

<latexit sha1_base64="OiYoOKOxGonf2XAqSuON5yZroNE="></latexit>

f(x)
<latexit sha1_base64="9MQl20VRx6Do3ZSowkOSmCU4tBw="></latexit>

g(x) = (h → f)(x)
<latexit sha1_base64="qxsuMXFsgE4z6t31c5LvKAoLQlA="></latexit>

h(x) = h(x, y): Point Spread Function (PSF)
<latexit sha1_base64="Km1Wlq/lfc9kK62qiqNqgId/g0U="></latexit>

• E!ect of misfocus

Point source
x

y

output
x

y

(in focus)

x

y

(defocus)

z

x

in 
foc

us

(longitudinal section)

de
foc

us

<latexit sha1_base64="6g3Ldu/bM8deXJ/E/AvtBbpQMLQ="></latexit>

Need to be mindful of the focal length of your optical system
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<latexit sha1_base64="9ydOSIwGjxLWFkOFNpzevEOaGto=">AAACPnicdZDPahRBEMZ7YtRk/beaYy5NFkEQlpkkbHIMqOBFiNFNAjvLUtNTnTTpP0NXj8kw7EP4NF6Tx/AFvIlXDx7Su9mAihY0/Pr7qqjur6i0opCmX5OlO8t3791fWe08ePjo8ZPu02eH5GovcCicdv64AEKtLA6DChqPK49gCo1HxdmrmX/0CT0pZz+GpsKxgROrpBIQojTpvswLSegVEn/nPPI3F2AqHW9O8g8NBTT8AK lylpAm3V7aT+fF0/7W7vZWth1hkO5E5NnC6rFF7U+6v/LSidqgDUID0ShLqzBuwQclNE47eU1YgTiDExxFtGCQxu38U1P+PColl87HYwOfq79PtGCIGlPETgPhlP72ZuK/vFEd5O64VbaqA1pxs0jWmgfHZwnxUnkUQTcRQHgV38rFKXgQIebYyT1aPBfOGLBlm0swSjclSqh1mLY5yVvuxLhuM+H/h8PNfjboD95v9vZeL4JbYetsg71gGdthe+wt22dDJthn9oVdsqvkMvmWfE9+3LQuJYuZNfZHJT+vAUSSsQM=</latexit>

More Examples of System Responses

<latexit sha1_base64="JqbgxnfBUoU3bMXoaQ7Oa5SnDIg="></latexit>

• CCD (= digital) camera

<latexit sha1_base64="yuXogd00A1tGeQu/dB1NJ8FKRdM="></latexit>

Impulse response = sampling aperature = photosite = pixel integration area

<latexit sha1_base64="dHYfADP6qB/3eveB6bc0zsMKfgk="></latexit>x

<latexit sha1_base64="E9V8VqfXBxI7gN7y2wUu2hfHzRI="></latexit>y

<latexit sha1_base64="Ti4fbyIYqiVeJ948rhPOf/xZkEU="></latexit>

L

<latexit sha1_base64="+NN8RUzguWdoX3mmtlrp8U4LuKQ="></latexit>

h(x, y) =
1

L2
rect

( x

L

)
rect

( y

L

)

<latexit sha1_base64="6Aj+gRNTFQSOsjoP1b4bkFoiIvs="></latexit>

F

<latexit sha1_base64="5sd9/HdLnqX8hnXVjAFgzrPv9nI="></latexit>

ĥ(ω1,ω2) = sinc

(
Lω1

2ε

)
sinc

(
Lω2

2ε

)

<latexit sha1_base64="7H3/0rzQAkxG5A/O1kG2Q1TJBwk="></latexit>

This system takes local averages over L→ L squares

<latexit sha1_base64="RkirNC4K7DzRHCFkwD/IZKRLs+A="></latexit>

The resolution of CCD cameras is L→ L



<latexit sha1_base64="gxy+Wz4EhKa8sETUFas6rm53ZeA="></latexit>

What is the impulse response?
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<latexit sha1_base64="9ydOSIwGjxLWFkOFNpzevEOaGto=">AAACPnicdZDPahRBEMZ7YtRk/beaYy5NFkEQlpkkbHIMqOBFiNFNAjvLUtNTnTTpP0NXj8kw7EP4NF6Tx/AFvIlXDx7Su9mAihY0/Pr7qqjur6i0opCmX5OlO8t3791fWe08ePjo8ZPu02eH5GovcCicdv64AEKtLA6DChqPK49gCo1HxdmrmX/0CT0pZz+GpsKxgROrpBIQojTpvswLSegVEn/nPPI3F2AqHW9O8g8NBTT8AK lylpAm3V7aT+fF0/7W7vZWth1hkO5E5NnC6rFF7U+6v/LSidqgDUID0ShLqzBuwQclNE47eU1YgTiDExxFtGCQxu38U1P+PColl87HYwOfq79PtGCIGlPETgPhlP72ZuK/vFEd5O64VbaqA1pxs0jWmgfHZwnxUnkUQTcRQHgV38rFKXgQIebYyT1aPBfOGLBlm0swSjclSqh1mLY5yVvuxLhuM+H/h8PNfjboD95v9vZeL4JbYetsg71gGdthe+wt22dDJthn9oVdsqvkMvmWfE9+3LQuJYuZNfZHJT+vAUSSsQM=</latexit>

More Examples of System Responses

<latexit sha1_base64="Db6BRp8SoVm3rUVDBu1aQflMB/c="></latexit>

• Motion blur
<latexit sha1_base64="MsTl2wChmRIZ1c/rjaKEiPKu8Fk="></latexit>

Hypothesis: “system” comes from the motion of the camera: x0(t)

<latexit sha1_base64="pmv5kJf55eACgpFkgljaTU1pRkw="></latexit>

time-varying
position

<latexit sha1_base64="Raz23TMcEnJOG0QZSctzOr/pEPA="></latexit>

g(x) =
1

T

∫ T

0
f(x→ x0(t)) dt

<latexit sha1_base64="qOqmVpiX13U/EBnKIms0FurvdLI="></latexit>

Is this system shift-invariant?

<latexit sha1_base64="I7YSF2d7Z6wCjayUMCl1hTUrytk="></latexit>

Shift-invariant, but not time-invariant

<latexit sha1_base64="F2QISHPNXNvPjvJ4YZt7NIeHUpo="></latexit>

h(x) =
1

T

∫ T

0
ω(x→ x0(t)) dt

<latexit sha1_base64="cIHQNRLUEkd2MlncnqfWeyw3/BM="></latexit>

What is the frequency response?

<latexit sha1_base64="vSPEeWRWae/1DqiNyHfqXn3ofAA="></latexit>

ĥ(ω) =
1

T

∫ T

0
e→ jωTx0(t) dt

<latexit sha1_base64="6Aj+gRNTFQSOsjoP1b4bkFoiIvs="></latexit>

F
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<latexit sha1_base64="9Mw8KRpGxgkNlFvD1IBT250fPNk=">AAACMHicdZBPaxNBGMZnU60xrW3UowiDodBT2E1LkmPQCr0IFUxSyIbw7uy7ydD5s8zMqmHJqZ+m1/pl7Em8+hk8OPkHVuwDAz+e532ZmSfJBbcuDO+Cys6jx7tPqk9re/vPDg7rz18MrC4Mwz7TQpvLBCwKrrDvuBN4mRsEmQgcJlfvlvnwMxrLtfrk5jmOJUwVzzgD561J/XWcZBYNR0s/6KVF34rC0PdfQeYCJ/VG2AxXom HzpHt6Ep16aIcdjzTaRA2y0cWk/jtONSskKscEWDuKwtyNSzCOM4GLWlxYzIFdwRRHHhVItONy9Y0FPfJOSjNt/FGOrty/N0qQ1s5l4icluJn9N1ua/8tGhcu645KrvHCo2PqirBDUabrshKbcIHNi7gGY4f6tlM3AAHO+uVpsUOEXpqUElZZxBpKLeYoZFMItythmW675urad0Idh0GpG7Wb7Y6vRO9sUVyWvyBtyTCLSIT1yTi5InzByTW7ILfkW3Abfgx/Bz/VoJdjsvCT3FPz6A4gWqyA=</latexit>

Motion Blur Example

<latexit sha1_base64="wCnYssOU2YCovc/ATtSoNc3FD4Q="></latexit>

• Uniform motion x0(t) = (t/T, 0)
<latexit sha1_base64="x6nDkTRMZ5QDiALJviWU0LDvYSQ="></latexit>

h(x, y) =
1

T

∫ T

0
ω

(
x→ t

T
, y

)
dt

<latexit sha1_base64="x9p0aK/jDLUv2J5fGD7jp4flwpk="></latexit>

=
1

T

∫ T

0
ω

(
x→ t

T

)
ω(y) dt

<latexit sha1_base64="jZKU2LPuHI/IY9Axc79hdLVHlX4="></latexit>

= ω(y)
1

T

∫ T

0
ω

(
x→ t

T

)
dt

<latexit sha1_base64="UMFCo18tCyPBoLltiZ3TUOeYa+Q="></latexit>

= ω(y)
1

T

∫ →

↑→
rect

(
t

T
→ 1

2

)
ω

(
x→ t

T

)
dt

<latexit sha1_base64="N2mJgxM1i9QG/WrL5Rbo/Ca9RWM="></latexit>

= rect

(
x→ 1

2

)
ω(y)

<latexit sha1_base64="GbJ5xg/1TZ9+ioyBc6VsNK0/ER0="></latexit>

ĥ(ω1,ω2) = e→ jω1/2 sinc
(ω1

2ε

)<latexit sha1_base64="6Aj+gRNTFQSOsjoP1b4bkFoiIvs="></latexit>

F

<latexit sha1_base64="uVB3o+DqH/hfba+ANXU/PbSMn3Y="></latexit>

The impulse response is a “windowed” ideal line

<latexit sha1_base64="dHYfADP6qB/3eveB6bc0zsMKfgk="></latexit>x

<latexit sha1_base64="E9V8VqfXBxI7gN7y2wUu2hfHzRI="></latexit>y

<latexit sha1_base64="A4ygFd5vW3N59UFZEeD51g359sc="></latexit>

0
<latexit sha1_base64="h7j5ZuGnkiodoPKQo5tiGOg0oy8="></latexit>

1
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<latexit sha1_base64="9Mw8KRpGxgkNlFvD1IBT250fPNk=">AAACMHicdZBPaxNBGMZnU60xrW3UowiDodBT2E1LkmPQCr0IFUxSyIbw7uy7ydD5s8zMqmHJqZ+m1/pl7Em8+hk8OPkHVuwDAz+e532ZmSfJBbcuDO+Cys6jx7tPqk9re/vPDg7rz18MrC4Mwz7TQpvLBCwKrrDvuBN4mRsEmQgcJlfvlvnwMxrLtfrk5jmOJUwVzzgD561J/XWcZBYNR0s/6KVF34rC0PdfQeYCJ/VG2AxXom HzpHt6Ep16aIcdjzTaRA2y0cWk/jtONSskKscEWDuKwtyNSzCOM4GLWlxYzIFdwRRHHhVItONy9Y0FPfJOSjNt/FGOrty/N0qQ1s5l4icluJn9N1ua/8tGhcu645KrvHCo2PqirBDUabrshKbcIHNi7gGY4f6tlM3AAHO+uVpsUOEXpqUElZZxBpKLeYoZFMItythmW675urad0Idh0GpG7Wb7Y6vRO9sUVyWvyBtyTCLSIT1yTi5InzByTW7ILfkW3Abfgx/Bz/VoJdjsvCT3FPz6A4gWqyA=</latexit>

Motion Blur Example

<latexit sha1_base64="CVQ96p/g2D2ISzdQFjaX5EPv0IQ="></latexit>

Can we use this to understand photographing a moving car?

<latexit sha1_base64="25iYCA/g2bSSLF2sEj0/y8hLZyQ="></latexit>

Change the frame of reference to the car

<latexit sha1_base64="9cewwVQRa0FjnmUJHzV0jQeW/hI="></latexit>

This is how motion blurs are implemented in Photoshop, GIMP, etc.
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<latexit sha1_base64="hWXB9MWOoK6GL5h8WiFFS1ya5HM=">AAACJHicdZBLSwMxFIUzvq2vqks3wSK4KjMq1aWgC5eK9gGdUu5k7mgwyQxJRhmG/hS3+mfciQs3/hIXprUFFT0Q+DjnXnI5USa4sb7/5k1Nz8zOzS8sVpaWV1bXqusbLZPmmmGTpSLVnQgMCq6wabkV2Mk0gowEtqPbk2HevkNteKqubJFhT8K14glnYJ3Vr66HUWJQczT0MpcSdNGv1vy6PxL16/tHB/vBgYOGf+iQBuOoRs Y671c/wjhluURlmQBjuoGf2V4J2nImcFAJc4MZsFu4xq5DBRJNrxydPqA7zolpkmr3lKUj9/tGCdKYQkZuUoK9Mb+zoflX1s1tctQrucpyi4p9fZTkgtqUDnugMdfIrCgcANPc3UrZDWhg1rVVCTUqvGepa0TFZZiA5KKIMYFc2EEZmmTCFVfXpBP6P7T26kGj3rjYqx2fjotbIFtkm+ySgBySY3JGzkmTMHJPHsgjefIevWfvxXv9Gp3yxjub5Ie8909mR6Z/</latexit>

Summary

<latexit sha1_base64="DR04AmXWBc7vV2OcOBBf8dnPFzY="></latexit>

• Analog images are modeled as functions f(x, y) of the two spatial variables x and y.

• These functions are assumed to have finite energy: f → L2
(R2

). It is convenient to view them as
points in a vector space with an inner product.

• An image-processing operator (or system) is a mapping H : L2
(R2

) ↑ L2
(R2

).

• The complex exponentials e
jωTx are the eigenfunctions of LSI systems. They are (2ω/↓ω↓2)-

periodic plane waves that propagate in the direction ω.

• The 2D Fourier transform of an image reveals its spatial frequency content. The Fourier phase
contains the most relevant perceptual information (contours).

• The 2D Fourier transform is very similar to the 1D one and therefore inherits essentially the same
properties.

• The 2D Fourier transform of a separable image f(x, y) = f1(x)f2(y) is determined using 1D
transforms only.

• LSI systems are realized by convolutions.

• Analog LSI systems are completely characterized by their impulse response (point-spread func-
tion or sampling aperature) h(x, y) = H{ε}(x, y), or, equivalently, by their frequency response
ĥ(ϑ1,ϑ2).


