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<latexit sha1_base64="BB90J5nrI1RGs263OVSnI1Ojjco="></latexit>
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<latexit sha1_base64="CJu+s5smm981La0ZDzEy+iHkDeU="></latexit>

ECE 172A: Introduction to Image Processing
Sampling and Acquisition of Images: Part I
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<latexit sha1_base64="JUoUAHdcg1J1GsWfCnEpiHT5wKM=">AAACJHicdZBBSxtBFMdntWqaqk306GVoKHgKuyrRo6AHb41gTCAbwtvZtzo4M7vMvK2EJR/Fa/wy3qSHXvpJPDiJEdrSPhj48f+/9+bxTwolHYXhz2Bl9cPa+kbtY/3T5tb250Zz59rlpRXYE7nK7SABh0oa7JEkhYPCIuhEYT+5O5v7/e9onczNFU0KHGm4MTKTAshL40YzTjKHVqLj30qabxk3WmE7XBQP24cnR4fRkYdOeO yRR0urxZbVHTde4jQXpUZDQoFzwygsaFSBJSkUTutx6bAAcQc3OPRoQKMbVYvTp/yrV1Ke5dY/Q3yh/j5RgXZuohPfqYFu3d/eXPyXNywpOxlV0hQloRFvH2Wl4pTzeQ48lRYFqYkHEFb6W7m4BQuCfFr12KLBe5FrDSat4gy0VJMUMygVTavYZe9c93G9Z8L/D9cH7ajT7lwetE7Pl8HV2B77wvZZxI7ZKbtgXdZjgt2zBzZjj8EseAqegx9vrSvBcmaX/VHBr1dO0KZx</latexit>

Outline

<latexit sha1_base64="anXCQpx50Jy0zc4MQ1ekWvOWLQk="></latexit>

• Sampling Theory

– Review 1D Sampling Theory

– Sampling in Two Dimensions

• Acquisition Systems

– Real Acquisition Systems

– Aliasing Problems

• Image Quantization

– Uniform Quantizer

– Minimum-Error (Lloyd-Max) Quantizer

– Grayscale vs. Spatial Resolution Tradeo!
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<latexit sha1_base64="Udm7Hafflg+9K6dlQidqzVphIcQ=">AAACLHicdZDPSxtBFMdnrbVpbHVtT6WXwVDoKeyqRI+BeuhRaaJCNoS3s2+TwfmxzMxWliX0r/Gq/4yXUrz6V3joJFmhlvbBwIfv9z3em29aCG5dFP0M1l6sv9x41Xrd3nzzdms73Hl3ZnVpGA6ZFtpcpGBRcIVDx53Ai8IgyFTgeXr5ZeGff0djuVYDVxU4ljBVPOcMnJcm4YckzS0ajpZ+A+k3qikdzFCbahJ2om60LBp194 8O9uMDD73o0CONG6tDmjqZhI9JplkpUTkmwNpRHBVuXINxnAmct5PSYgHsEqY48qhAoh3Xyy/M6SevZDTXxj/l6FL9c6IGaW0lU98pwc3s395C/Jc3Kl1+NK65KkqHiq0W5aWgTtNFHjTjBpkTlQdghvtbKZuBAeZ8au3EoMIrpqUEldVJDpKLKsMcSuHmdWLzJ277uJ4yof+Hs71u3Ov2Tvc6/eMmuBb5SHbJZxKTQ9InX8kJGRJGfpBrckNug5vgLvgV3K9a14Jm5j15VsHDb7EPqbc=</latexit>

Sampling Theory

<latexit sha1_base64="+STsPGo+wgFDj1hy6fIDczGPdSU="></latexit>

• Review 1D Sampling Theory

• Sampling in Fourier Domain

• Sampling and Aliasing

• Shannon’s Sampling Theorem

• Sampling in 2D
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<latexit sha1_base64="6Eo5GJNx70eCCGgTvTmd/VivYvg=">AAACOXicdZA9TxtBEIb3yJfjkOCEMs0KK4jKugNkKJHiIiUBbJB8ljW3N2uv2I/T7h7odPI/yK9JS/5ISroobVoK1saWIEpGWunR+85oZt+skML5OP4ZrT17/uLlq8br5pv1t+82Wu8/DJwpLcM+M9LYiwwcSqGx74WXeFFYBJVJPM8uP8/98yu0Thh95qsCRwomWnDBwAdp3NpOM+7QCnT0BK8EXlPDadKjp6DCej2hZ1M0th q32nEnXhSNO3uH+3vJfoBufBCQJkurTZZ1PG7dpblhpULtmQTnhklc+FEN1gsmcdZMS4cFsEuY4DCgBoVuVC/+M6OfgpJTbmx42tOF+niiBuVcpbLQqcBP3d/eXPyXNyw9PxzVQhelR80eFvFSUm/oPByaC4vMyyoAMCvCrZRNwQLzIcJmalHjNTNKgc7rlIMSssqRQyn9rE4dX3EzxLXKhP4fBrudpNvpft1tH/WWwTXIR7JFdkhCDsgR+UKOSZ8w8o18JzfkR3QT3Ua/ot8PrWvRcmaTPKnozz0Kl65V</latexit>

Review of 1D Sampling Theory

<latexit sha1_base64="R4FIaNeBn2+DcsmsRIFHmQ+q6Fw="></latexit>

• Ideal sampling = multiplication with a Dirac comb

<latexit sha1_base64="vEFe0mIl10qLd7tyWVaiH37qTCA="></latexit>

XT (x) =
∑

k→Z
ω(x→ kT ) <latexit sha1_base64="FA8Nk26uUoOETCVeJUFKJ7cOpCo="></latexit>

T

<latexit sha1_base64="Pi/tKkbW4QiVOKRkGTUqv67Qqbc="></latexit>

fT (x) = f(x)XT (x)

<latexit sha1_base64="iRonqRMAPezlD+700FzOXFlNZdQ="></latexit>

= f(x)
∑

k→Z
ω(x→ kT )

<latexit sha1_base64="jDiNB7HuZX4q/CGvJfEl39wNKtM="></latexit>

=
∑

k→Z
f(x)ω(x→ kT )

<latexit sha1_base64="VBpsQ9HASNeVJIQ+VYc2ZToCJFQ="></latexit>

=
∑

k→Z
f(kT )ω(x→ kT )

<latexit sha1_base64="O2tLGA6lgnFoYxhznbb1jW3G9hw="></latexit>x

<latexit sha1_base64="prrriLN8/qC/wpYzW1FYoWOVZq4="></latexit>

f(x)

<latexit sha1_base64="O2tLGA6lgnFoYxhznbb1jW3G9hw="></latexit>x
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<latexit sha1_base64="R4FIaNeBn2+DcsmsRIFHmQ+q6Fw="></latexit>

• Ideal sampling = multiplication with a Dirac comb
<latexit sha1_base64="prrriLN8/qC/wpYzW1FYoWOVZq4="></latexit>

f(x)

<latexit sha1_base64="gyiaECRV2OiO7oLPmqZAmdGlZ90=">AAACQnicdZDLbhNBEEV7Eh7BvAws2bSwEGFjZpLIyTISWbAMECeRPJZV01Ntt9KPUXdNotHIn5GvYRs+gl9gh9hmQdtxJEBQUktH91apqm9RaRUoTb8la+t37t67v/Gg8/DR4ydPu8+eHwdXe4FD4bTzpwUE1MrikBRpPK08gik0nhRn7xf+yTn6oJw9oqbCsYGpVVIJoChNuu/yQgb0CgP/hOcKL7iTPDvgn8HE9XbKj2bofM M3hbP0pnw76fbSfrosnva393a2s50Ig3Q3Is9WVo+t6nDSvc5LJ2qDloSGEEZZWtG4BU9KaJx38jpgBeIMpjiKaMFgGLfLj83566iUXDofnyW+VH+faMGE0JgidhqgWfjbW4j/8kY1yb1xq2xVE1pxs0jWmpPji5R4qTwK0k0EEF7FW7mYgQdBMctO7tHihXDGgC3bXIJRuilRQq1p3uZB3nInxnWbCf8/HG/1s0F/8HGrt3+wCm6DvWSv2CbL2C7bZx/YIRsywS7ZF3bFviZXyffkR/LzpnUtWc28YH9Ucv0LZiyxXw==</latexit>

Review of 1D Sampling Theory (cont’d)

<latexit sha1_base64="q0PutBogmwI9DKPuJFnYigjlhyQ="></latexit>

fT (x) =
∑

k→Z
f(kT )ω(x→ kT )

<latexit sha1_base64="NSJHJn1haZ7lRf3VQhTjPyVmctU="></latexit>

• Sampling periodizes the Fourier domain
<latexit sha1_base64="d7QFcf6W2zwU5O77Nvdc6xyHKC0="></latexit>

f̂T (ω) =

∫ →

↑→
fT (x)e

↑ jωx dx

<latexit sha1_base64="7bcYAihKlyAQQ2LKhkBRqAZNlfo="></latexit>

=

∫ →

↑→

∑

k↓Z
f(kT )ω(x→ kT )e↑ jωx dx

<latexit sha1_base64="tO82b8HxdEB6rFVZwUaU0yfe/8g="></latexit>

=
∑

k→Z
f(kT )

∫ ↑

↓↑
ω(x→ kT )e↓ jωx dx

<latexit sha1_base64="qvwzPkWH4VpmH82vfARZ4rdqVFE="></latexit>

This is a (2ω/T )-periodic function in ε

<latexit sha1_base64="GMf3HTMgDHnBuUYPFrp5bHHdgVE="></latexit>

=
∑

k→Z
f(kT )e↑ jωkT

<latexit sha1_base64="O2tLGA6lgnFoYxhznbb1jW3G9hw="></latexit>x
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<latexit sha1_base64="FA8Nk26uUoOETCVeJUFKJ7cOpCo="></latexit>

T

<latexit sha1_base64="o0ej6yT6DZgBeIQWDxKXo1FT55A="></latexit>

F→↑↑↑↓
<latexit sha1_base64="vEFe0mIl10qLd7tyWVaiH37qTCA="></latexit>

XT (x) =
∑

k→Z
ω(x→ kT )

<latexit sha1_base64="vS4E/19+Xye3jHXeEUQWImNMKnk="></latexit>

???

<latexit sha1_base64="tCWBGJtAKuvT3Z67QS7xuzRo/lk="></latexit>

fT (x) =
∑

n→Z
cne

jnω0x with cn =
1

T

∫ T/2

↑T/2
fT (x)e

↑ jnω0x dx, ω0 =
2ε

T

<latexit sha1_base64="awAVO7zPzSNlJV7bUkMgRkgjYIs="></latexit>

• T -periodic functions can be specified by their Fourier series

<latexit sha1_base64="RGAt0hQQXGGDkNbUoylVmEamwrc="></latexit>

XT (x) =
∑

n→Z

(
1

T

∫ T/2

↑T/2
XT (x)e

↑ jnω0x dx

)
e jnω0x

<latexit sha1_base64="3w0qP2j09QnWa5K2MZFBw2A4+rY="></latexit>

=
∑

n→Z

(
1

T

∫ T/2

↑T/2
ω(x)e↑ jnω0x dx

)
e jnω0x

<latexit sha1_base64="+rx+6vokakjhaSds7ypzkbni9rU="></latexit>

=
∑

n→Z

1

T
e jnω0x

<latexit sha1_base64="Zo0T1yVeSeAnVRHmwcxUKVJoqrs="></latexit>

with ω0 =
2ε

T

<latexit sha1_base64="8V4eKzNPHJ14BTI3pRIcnMTeAms=">AAACOXicdZDLSgMxFIYz3q23qks3waK4KjMq1aWgiEsFq0KnlDOZMxrMZUgyShn6Bj6NW30Rl+7ErVsXprWCih4IfPz/OTnJn+SCWxeGT8HI6Nj4xOTUdGVmdm5+obq4dGZ1YRg2mRbaXCRgUXCFTcedwIvcIMhE4Hlyvd/3z2/QWK7Vqevm2JZwqXjGGTgvdarrcZJZNBwtPeAGGN3XMqGH/nqOhp4aUDbTRnaqtbAeDoqG9a 3d7a1o20Mj3PFIo6FVI8M67lTf41SzQqJyTIC1rSjMXbsE4zgT2KvEhcUc2DVcYsujAom2XQ7+06NrXkmp3+uPcnSgfp8oQVrblYnvlOCu7G+vL/7ltQqX7bZLrvLCoWKfi7JCUKdpPxyacoPMia4HYIb7t1J2BT4W5yOsxAYV3jItJai0jDOQXHRTzKAQrlfGNvviio/rKxP6P5xt1qNGvXGyWds7GAY3RVbIKtkgEdkhe+SIHJMmYeSO3JMH8hg8BM/BS/D62ToSDGeWyY8K3j4Av9yuvw==</latexit>

Dirac Comb Fourier Transform

<latexit sha1_base64="O2tLGA6lgnFoYxhznbb1jW3G9hw="></latexit>x
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<latexit sha1_base64="FA8Nk26uUoOETCVeJUFKJ7cOpCo="></latexit>

T

<latexit sha1_base64="o0ej6yT6DZgBeIQWDxKXo1FT55A="></latexit>

F→↑↑↑↓
<latexit sha1_base64="vEFe0mIl10qLd7tyWVaiH37qTCA="></latexit>

XT (x) =
∑

k→Z
ω(x→ kT )

<latexit sha1_base64="vS4E/19+Xye3jHXeEUQWImNMKnk="></latexit>

???

<latexit sha1_base64="tf/ZT8+b2hhhnp1stmvfrbPtLcs=">AAACQnicdZDLSiNBFIardS6auUVn6aaYMIyzyXSrxCwDirh0wKiQDuF09WktrEtTdVoJTR7Dp5mt8xDzCu7ErQsrMcKMOAcKfv7/nKpTX1Yq6SmO/0QLi69ev3m7tNx49/7Dx0/NldUjbysnsC+ssu4kA49KGuyTJIUnpUPQmcLj7Hxnmh9foPPSmkMalzjUcGpkIQVQsEbNH2lWeHQSPd+VDgTfsTrje+F6iY4fOjC+sE7zdW ENfcu/j5qtuB3Pisftze7WZrIVRCfeDpIn86jF5nUwat6nuRWVRkNCgfeDJC5pWIMjKRROGmnlsQRxDqc4CNKARj+sZx+b8K/ByXlYIBxDfOb+PVGD9n6ss9Cpgc7882xqvpQNKiq6w1qasiI04vGholKcLJ9S4rl0KEiNgwDhZNiVizMIfCiwbKQODV4KqzWYvE4L0FKNcyygUjSpU1886UbA9cSE/18cbbSTTrvzc6PV252DW2Jr7AtbZwnbZj22zw5Ynwl2xX6xa/Y7uo5uotvo7rF1IZrPfGb/VHT/AB86sck=</latexit>

Dirac Comb Fourier Transform (cont’d)

<latexit sha1_base64="+rx+6vokakjhaSds7ypzkbni9rU="></latexit>

=
∑

n→Z

1

T
e jnω0x

<latexit sha1_base64="pPCNyHuueyEtFutyyLN+2JFw7ls="></latexit>

e jnω0x
<latexit sha1_base64="o0ej6yT6DZgBeIQWDxKXo1FT55A="></latexit>

F→↑↑↑↓
<latexit sha1_base64="3mDqdgAy60BV7B5hd29DRF3Wlrg="></latexit>

2ωε(ϑ → nϑ0)
<latexit sha1_base64="VOtHcHiVscHcTF1eH2GIV91MtF0="></latexit>

(by duality)

<latexit sha1_base64="YjPpUSruJM3IP3ZGeiM1uN3Uj0o="></latexit>

XT (x) =
∑

n→Z

1

T
e jnω0x

<latexit sha1_base64="o0ej6yT6DZgBeIQWDxKXo1FT55A="></latexit>

F→↑↑↑↓
<latexit sha1_base64="iMklcP1/SnDrtjmZ/VPVnvY/Y7A="></latexit>∑

n→Z

1

T
2ωε(ϑ → nϑ0)

<latexit sha1_base64="hJhOu6PGn2LtgtkFS+FEfbZdD8c="></latexit>

=
2ω

T

∑

n→Z
ε

(
ϑ → 2ω

T
n

)

<latexit sha1_base64="A6ZwUybWliSI8TNAyYXtYxsqrYs="></latexit>

The Fourier transform of a Dirac comb is a Dirac comb

<latexit sha1_base64="O2tLGA6lgnFoYxhznbb1jW3G9hw="></latexit>x

<latexit sha1_base64="VMjtFRkxKfrUOgtIOTum5vMY7YA="></latexit>

2ω

T

<latexit sha1_base64="HPXAnGrLVbmr29pOlkn9AtvHFSg="></latexit>ω
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<latexit sha1_base64="UOtbHUbE4i66gUBERqjXe+hDw58=">AAACO3icdVDLahtBEJy183CUl5wccxkiAj6JXVvIPgosQo42iR6gFaZ3tlcaPI9lptdGLPqFfE2u9n/knFvI1bccMpIlSEJSMFBUdVM9lZVKeorjr9HO7oOHjx7vPWk8ffb8xcvm/quht5UTOBBWWTfOwKOSBgckSeG4dAg6UzjKLk9X/ugKnZfWfKJFiVMNMyMLKYCCdNE8SLPCo5Po+UfQIdHMuDSc5sjfhwyJjvetBhlGW3 E7XoPH7aOTzlHSCaQbHwfKk43VYhucXTR/prkVlUZDQoH3kyQuaVqDIykULhtp5bEEcQkznARqQKOf1usfLfm7oOS8sC48Q3yt/r5Rg/Z+obMwqYHm/m9vJf7Lm1RUnExracqK0Ij7oKJSnCxf1cNz6VCQWgQCwslwKxdzcCAolNhIHRq8FlZrMHmdFqClWuRYQKVoWae+2PJGqGvbCf8/GR62k267e37Y6vU3xe2xN+wtO2AJO2Y99oGdsQET7DP7wm7YbXQTfYu+Rz/uR3eizc5r9geiu19L/K9+</latexit>

Sampling in the Fourier Domain

<latexit sha1_base64="Fr6o9ioap0WIxpA9p9g+v1ugHEU="></latexit>

• Sampling formula
<latexit sha1_base64="9kqx+616Urc3b5vQA3CSwLeD2qc="></latexit>

fT (x) = f(x) ·
∑

k→Z
ω(x→ kT )

<latexit sha1_base64="o0ej6yT6DZgBeIQWDxKXo1FT55A="></latexit>

F→↑↑↑↓
<latexit sha1_base64="q2Ts/DojW7r6vk3i1wFStDQd0r8="></latexit>

1

2ω

(
f̂(ε) → 2ω

T

∑

n→Z
ϑ

(
ε ↑ 2ωn

T

))

<latexit sha1_base64="GMf3HTMgDHnBuUYPFrp5bHHdgVE="></latexit>

=
∑

k→Z
f(kT )e↑ jωkT

<latexit sha1_base64="hPJ8V49NXH1QsMDkMEgCdazo2oE="></latexit>

f̂T (ω) =
1

T

∑

n→Z
f̂

(
ω → 2εn

T

)

<latexit sha1_base64="YJeBGg7Y3XKt9v4/UVgEGJ027R8="></latexit>

• Sampling periodizes the spectrum
<latexit sha1_base64="9V1bjbHDQN1FFjdfqxmLfO5pziU="></latexit>

f̂(ω): Fourier transform of f(x)
(continuous-domain function)

<latexit sha1_base64="T6UbDJAYcmGBwYSBB7zAmu4Dc1o="></latexit>ωmax

<latexit sha1_base64="eNG8qWBXvVl7RFEmjxaozSN7Vm4="></latexit>

f̂T (ω): (2ε/T )-periodization of f̂(x)
(continuous-domain function)

<latexit sha1_base64="ikIL97eo9R3nv3JNgbyMd712p0c="></latexit>

0
<latexit sha1_base64="YCUZZD4QV9TSEfPfi25twwcH2SY="></latexit>

ω0 =
2ε

T

<latexit sha1_base64="x0SvkxN575eS877dqV1pZTBrpw8="></latexit>

f̂(ω)

<latexit sha1_base64="HPXAnGrLVbmr29pOlkn9AtvHFSg="></latexit>ω

<latexit sha1_base64="Y+GRhAXK/U6J/H4kC3Bw1XMiI70="></latexit>

f̂T (ω)

<latexit sha1_base64="HPXAnGrLVbmr29pOlkn9AtvHFSg="></latexit>ω
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<latexit sha1_base64="UOtbHUbE4i66gUBERqjXe+hDw58=">AAACO3icdVDLahtBEJy183CUl5wccxkiAj6JXVvIPgosQo42iR6gFaZ3tlcaPI9lptdGLPqFfE2u9n/knFvI1bccMpIlSEJSMFBUdVM9lZVKeorjr9HO7oOHjx7vPWk8ffb8xcvm/quht5UTOBBWWTfOwKOSBgckSeG4dAg6UzjKLk9X/ugKnZfWfKJFiVMNMyMLKYCCdNE8SLPCo5Po+UfQIdHMuDSc5sjfhwyJjvetBhlGW3 E7XoPH7aOTzlHSCaQbHwfKk43VYhucXTR/prkVlUZDQoH3kyQuaVqDIykULhtp5bEEcQkznARqQKOf1usfLfm7oOS8sC48Q3yt/r5Rg/Z+obMwqYHm/m9vJf7Lm1RUnExracqK0Ij7oKJSnCxf1cNz6VCQWgQCwslwKxdzcCAolNhIHRq8FlZrMHmdFqClWuRYQKVoWae+2PJGqGvbCf8/GR62k267e37Y6vU3xe2xN+wtO2AJO2Y99oGdsQET7DP7wm7YbXQTfYu+Rz/uR3eizc5r9geiu19L/K9+</latexit>

Sampling in the Fourier Domain

<latexit sha1_base64="GMf3HTMgDHnBuUYPFrp5bHHdgVE="></latexit>

=
∑

k→Z
f(kT )e↑ jωkT

<latexit sha1_base64="hPJ8V49NXH1QsMDkMEgCdazo2oE="></latexit>

f̂T (ω) =
1

T

∑

n→Z
f̂

(
ω → 2εn

T

)

<latexit sha1_base64="9V1bjbHDQN1FFjdfqxmLfO5pziU="></latexit>

f̂(ω): Fourier transform of f(x)
(continuous-domain function)

<latexit sha1_base64="pB2t4UGbCr1npiKkbJVgXe0n0i0="></latexit>

• Normalized sampling step (T = 1)
<latexit sha1_base64="GA5xI1VUW0+5bnb4STQPJzvkjxw="></latexit>

f̂T=1(ω) =
∑

n→Z
f̂(ω → 2εn) =

∑

k→Z
f(k)e↑ jωk

<latexit sha1_base64="grqr5Q2q34djnbBUc3vr8dw9/Qc="></latexit>

• Define the discrete sequence f [k] = f(k), k → Z

<latexit sha1_base64="BL+Nnw6b888Em7PrwA+RhsQTWZ4="></latexit>

f̂T=1(ω): Discrete-time Fourier
transform of f [k]

<latexit sha1_base64="KARMeL9hYMf58LDhIv4Py9VomqA="></latexit>

F (e jω) =
∑

k→Z
f [k]e↑ jωk

<latexit sha1_base64="BgnywiHPCJ5sAIaNq7FnFaEbaQY="></latexit>

Poisson
summation
formula

<latexit sha1_base64="jJrbijIL6SRjalMYN72YrYX/5ts="></latexit>space

<latexit sha1_base64="ikIL97eo9R3nv3JNgbyMd712p0c="></latexit>

0

<latexit sha1_base64="kCnUYmVOIPEiQO1d49kGx+uioqw="></latexit>

F (e jω)

<latexit sha1_base64="nQpfJW6cP/kznlRLBAtzmfl4rsY="></latexit>

2ω

<latexit sha1_base64="HPXAnGrLVbmr29pOlkn9AtvHFSg="></latexit>ω

<latexit sha1_base64="x0SvkxN575eS877dqV1pZTBrpw8="></latexit>

f̂(ω)

<latexit sha1_base64="T6UbDJAYcmGBwYSBB7zAmu4Dc1o="></latexit>ωmax

<latexit sha1_base64="HPXAnGrLVbmr29pOlkn9AtvHFSg="></latexit>ω
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<latexit sha1_base64="V6hizZZLDuhezXh11jFToa7WQCo=">AAACMnicdZDNSgMxFIUz/tb6V3XpwmARXJUZleqyoguXilaFTil3MndqMMkMSUYpQ5c+jVt9GN2JWx/BhWmtoKIXAl/OuZebnCgT3Fjff/LGxicmp6ZLM+XZufmFxcrS8rlJc82wyVKR6ssIDAqusGm5FXiZaQQZCbyIrg8G/sUNasNTdWZ7GbYldBVPOAPrpE5lLYwSg5qjoacg3UbVpaBiui84GHfpVKp+zR8W9WvbezvbwY 6Dur/rkAYjq0pGddypvIdxynKJyjIBxrQCP7PtArTlTGC/HOYGM2DX0MWWQwUSTbsYfqRPN5wS0yTV7ihLh+r3iQKkMT0ZuU4J9sr89gbiX14rt8leu+Aqyy0q9rkoyQW1KR2kQmOukVnRcwBMc/dWyq5AA7Muu3KoUeEtS6V00RRhApKLXowJ5ML2i9AkX1x2cX1lQv+H861aUK/VT7aqjcNRcCWyStbJJgnILmmQI3JMmoSRO3JPHsij9+A9ey/e62frmDeaWSE/ynv7ACpTq/M=</latexit>

Sampling and Aliasing

<latexit sha1_base64="IbMG+0WVDFZhm2qqJMuu1E5gKGk="></latexit>

• Sampled signal
<latexit sha1_base64="7clfXOxjawrFPJvGPEiYExxjGJs="></latexit>

f̂T (ω) =
1

T

∑

n→Z
f̂

(
ω → 2εn

T

)
<latexit sha1_base64="SlJDRJwkeuc+lfiWL8k4MIodIUw="></latexit>

fT (x) =
∑

k→Z
f(kT )ω(x→ kT )

<latexit sha1_base64="o0ej6yT6DZgBeIQWDxKXo1FT55A="></latexit>

F→↑↑↑↓

<latexit sha1_base64="xHNbjTf3KN0yDzQVccwHo0OEwKw="></latexit>

T
<latexit sha1_base64="4IK7tTerwAUidcuKmuubDYQCJ68="></latexit>

2T
<latexit sha1_base64="T6UbDJAYcmGBwYSBB7zAmu4Dc1o="></latexit>ωmax

<latexit sha1_base64="T6UbDJAYcmGBwYSBB7zAmu4Dc1o="></latexit>ωmax
<latexit sha1_base64="uTyKoq5co+5gBkJsgQXpNzKGIY0="></latexit>

ω0 > 2ωmax

<latexit sha1_base64="YCUZZD4QV9TSEfPfi25twwcH2SY="></latexit>

ω0 =
2ε

T

<latexit sha1_base64="PlCizJszLJcUjYnU72gDulfabFU="></latexit>

T → <latexit sha1_base64="MEYz50Jeo5xR9zFfbBSR193zFaI="></latexit>

2T → <latexit sha1_base64="qPmbfnoBS6fVBzix+8KPA5r2Jm4="></latexit>

ω→
0 < 2ωmax

<latexit sha1_base64="X6BLAFSxOuZAMMm9mskcMXEAXFU="></latexit>

ω→
0 =

2ε

T →

<latexit sha1_base64="/V+rQt25YHmzYt9pF6PzZBabDfw="></latexit>

“undersampling”

<latexit sha1_base64="7GvINlraLtY/CmwbAi7UKO5Ik1w="></latexit>

Undersampling causes aliasing which destroys the spectrum

<latexit sha1_base64="x0SvkxN575eS877dqV1pZTBrpw8="></latexit>

f̂(ω)

<latexit sha1_base64="HPXAnGrLVbmr29pOlkn9AtvHFSg="></latexit>ω

<latexit sha1_base64="u+1lU+1YlKlYOPdIYlUp6d+ovyk="></latexit>

f̂T →(ω)

<latexit sha1_base64="HPXAnGrLVbmr29pOlkn9AtvHFSg="></latexit>ω

<latexit sha1_base64="Y+GRhAXK/U6J/H4kC3Bw1XMiI70="></latexit>

f̂T (ω)

<latexit sha1_base64="HPXAnGrLVbmr29pOlkn9AtvHFSg="></latexit>ω

<latexit sha1_base64="prrriLN8/qC/wpYzW1FYoWOVZq4="></latexit>

f(x)

<latexit sha1_base64="O2tLGA6lgnFoYxhznbb1jW3G9hw="></latexit>x

<latexit sha1_base64="prrriLN8/qC/wpYzW1FYoWOVZq4="></latexit>

f(x)

<latexit sha1_base64="O2tLGA6lgnFoYxhznbb1jW3G9hw="></latexit>x
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<latexit sha1_base64="CRVsUBIy+2DHnRrCz60s84/Ti40=">AAACOHicdVDLShxBFK1WE83k4RiXbgoHIauhW2V0KZhFlj4yKkwPcrv69lhYj6bqtjI08wV+Tbb6Je7ciVvXWaTmIWhIDhQczjmXe+tkpZKe4vg+mptfePd+celD4+Onz1+WmytfT7ytnMCusMq6sww8KmmwS5IUnpUOQWcKT7PL/bF/eoXOS2t+0rDEvoaBkYUUQEE6b26kWeHRSfT8GHTYaAYcTM6PUFjjyVVimmvF7XgCHr e3dre3ku1AOvFOoDyZWS02w8F583eaW1FpNCQUeN9L4pL6NTiSQuGokVYeSxCXMMBeoAY0+n49+c6IbwQl54V14RniE/X1RA3a+6HOQlIDXfi/vbH4L69XUbHbr6UpK0IjpouKSnGyfNwNz6VDQWoYCAgnw61cXIADQaHBRurQ4LWwWoeC6rQALdUwxwIqRaM69cULb4S6Xjrh/ycnm+2k0+4cbrb2vs+KW2JrbJ19YwnbYXvsBztgXSbYDfvFbtlddBs9RI/R0zQ6F81mVtkbRM9/AO1Qruk=</latexit>

Sampling and Reconstruction

<latexit sha1_base64="/U0oqvKZfYJ1oqySIAynj5GfmKE="></latexit>

• Continuous-domain input signal f(x)
<latexit sha1_base64="x0SvkxN575eS877dqV1pZTBrpw8="></latexit>

f̂(ω)

<latexit sha1_base64="HPXAnGrLVbmr29pOlkn9AtvHFSg="></latexit>ω
<latexit sha1_base64="KzqVGFugQBEM8JqH0G9KMbemFGk="></latexit>

• Sampling
<latexit sha1_base64="7clfXOxjawrFPJvGPEiYExxjGJs="></latexit>

f̂T (ω) =
1

T

∑

n→Z
f̂

(
ω → 2εn

T

)
<latexit sha1_base64="HPXAnGrLVbmr29pOlkn9AtvHFSg="></latexit>ω

<latexit sha1_base64="Y+GRhAXK/U6J/H4kC3Bw1XMiI70="></latexit>

f̂T (ω)

<latexit sha1_base64="mv9Yk8amgmU28RIrVf51lW8JH+k="></latexit>

• Ideal low-pass filtering
<latexit sha1_base64="tGWEXEd2gO35KmtLNCeDsdRcXP4="></latexit>

f̂LP(ω) = f̂T (ω)T rect

(
ωT

2ε

)

<latexit sha1_base64="d+SVzmSG2/ugRRF2f9iN+j77Nx0="></latexit>

=






∑

n→Z
f̂

(
ω → 2εn

T

)
, |ω| < ω

T

0, else

<latexit sha1_base64="Ra+kz+mXr4cEhM4tMtNZyEBmjtE="></latexit>

When does f̂LP = f̂?

<latexit sha1_base64="wfCPfVyRogYI6C2tHnu9jllDFas="></latexit>

When do we have
perfect recovery?

<latexit sha1_base64="T6UbDJAYcmGBwYSBB7zAmu4Dc1o="></latexit>ωmax

<latexit sha1_base64="T6UbDJAYcmGBwYSBB7zAmu4Dc1o="></latexit>ωmax

<latexit sha1_base64="HPXAnGrLVbmr29pOlkn9AtvHFSg="></latexit>ω

<latexit sha1_base64="hS72gGxApN1rCo2VvFz21gdbhb0="></latexit>

f̂LP(ω)

<latexit sha1_base64="T6UbDJAYcmGBwYSBB7zAmu4Dc1o="></latexit>ωmax
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<latexit sha1_base64="DeGTiv/SsrQXw3QDm2y7RycE5Y8=">AAACaXicdVBNaxRBEK0dv+L6kY25iF4aF0EQlpkkbHIM6MGTRMwmgZ0l1PTW7Dbpj7G7J2EY9p/5R7x6jT/Bg7WbDahoNVW8eq+K7n5FpVWIafqtk9y5e+/+g42H3UePnzzd7G09Owmu9pJG0mnnzwoMpJWlUVRR01nlCU2h6bS4eLfUTy/JB+XscWwqmhicWVUqiZEp13sLORRQQgACD4prAAEfoYEvUHMfIIpt+AxzQLB8HK fgHsFABZonLMyYOeYJYtVzNdA97/XTQboKkQ52D/Z2sz0Gw3SfocjWUh/WcXTe+5lPnawN2Sg1hjDO0ipOWvRRSU2Lbl4HqlBe4IzGDC0aCpN29f+FeM3MVJTOc9ooVuzvGy2aEBpT8KTBOA9/a0vyX9q4juXBpFW2qiNZeXNRWWsRnViaKabKk4y6YYDSK36rkHP0KCNb3s09WbqSzhi00zYv0SjdTKnEWsdFm4fyFi/tuvVE/B+c7Ayy4WD4aad/+H5t3Aa8hFfwBjLYh0P4AEcwAglf4Ttcw4/OdbKVPE9e3IwmnfXONvwRSf8XRZauig==</latexit>

Nyquist–Shannon Sampling Theorem
<latexit sha1_base64="79m+uFOatOOjlf2uFTKkevHrL1k="></latexit>

(Whittaker–Nyquist–Kotelnikov–Shannon Sampling Theorem)
<latexit sha1_base64="sspIvpMlbbl8jv7d58FnRi4hesk="></latexit>

• Ideal Reconstruction Process

<latexit sha1_base64="ObgsWySeUWoYefqhTZ5N09K1q3w="></latexit>

Ideal low-pass
filter

<latexit sha1_base64="OSQxExRiTTg7BGmokFVgBIrTr5Y="></latexit>

ω(x)

<latexit sha1_base64="z/aAA7RTJ0qP7dKx2uwlXi4sV+U="></latexit>

sinc
( x

T

)

<latexit sha1_base64="s7/5f8Dae8aJEJPphCJvBjEDcFQ="></latexit>∑

k→Z
f(kT ) ω(x→ kT )

<latexit sha1_base64="o0ej6yT6DZgBeIQWDxKXo1FT55A="></latexit>

F→↑↑↑↓ <latexit sha1_base64="GtWuCEri8jr1oq9GulEW928k4TQ="></latexit>

???

<latexit sha1_base64="c3FY6mZVOZywBvzVx+hWKTnmvB0="></latexit>

Exercise:

<latexit sha1_base64="gmIcjm0b3gcLt/wjrw/gmCOcVZY="></latexit>

sinc(x)
F→↑ rect

( ω

2ε

)

<latexit sha1_base64="fw94hmgRaeKTptiiy89yc8Xlc7I="></latexit>

f
( x

T

)
F→↑ T f̂(Tω)

<latexit sha1_base64="v0GNklSlt13rUfuFK4upXHP9+j8="></latexit>

sinc
( x

T

)
F→↑ T rect

(
Tω

2ε

)

<latexit sha1_base64="UmRsvKFKJY6lVmIKuFPJVttO9b4="></latexit>

fLP(x) =
∑

k→Z
f(kT ) sinc

(
x→ kT

T

)

- 4 - 2 0 2 4

0.8 
0.6 
0.4 
0.2 

- 0.2

1



13

<latexit sha1_base64="DeGTiv/SsrQXw3QDm2y7RycE5Y8=">AAACaXicdVBNaxRBEK0dv+L6kY25iF4aF0EQlpkkbHIM6MGTRMwmgZ0l1PTW7Dbpj7G7J2EY9p/5R7x6jT/Bg7WbDahoNVW8eq+K7n5FpVWIafqtk9y5e+/+g42H3UePnzzd7G09Owmu9pJG0mnnzwoMpJWlUVRR01nlCU2h6bS4eLfUTy/JB+XscWwqmhicWVUqiZEp13sLORRQQgACD4prAAEfoYEvUHMfIIpt+AxzQLB8HK fgHsFABZonLMyYOeYJYtVzNdA97/XTQboKkQ52D/Z2sz0Gw3SfocjWUh/WcXTe+5lPnawN2Sg1hjDO0ipOWvRRSU2Lbl4HqlBe4IzGDC0aCpN29f+FeM3MVJTOc9ooVuzvGy2aEBpT8KTBOA9/a0vyX9q4juXBpFW2qiNZeXNRWWsRnViaKabKk4y6YYDSK36rkHP0KCNb3s09WbqSzhi00zYv0SjdTKnEWsdFm4fyFi/tuvVE/B+c7Ayy4WD4aad/+H5t3Aa8hFfwBjLYh0P4AEcwAglf4Ttcw4/OdbKVPE9e3IwmnfXONvwRSf8XRZauig==</latexit>

Nyquist–Shannon Sampling Theorem
<latexit sha1_base64="79m+uFOatOOjlf2uFTKkevHrL1k="></latexit>

(Whittaker–Nyquist–Kotelnikov–Shannon Sampling Theorem)
<latexit sha1_base64="sspIvpMlbbl8jv7d58FnRi4hesk="></latexit>

• Ideal Reconstruction Process

<latexit sha1_base64="ObgsWySeUWoYefqhTZ5N09K1q3w="></latexit>

Ideal low-pass
filter

<latexit sha1_base64="OSQxExRiTTg7BGmokFVgBIrTr5Y="></latexit>

ω(x)

<latexit sha1_base64="z/aAA7RTJ0qP7dKx2uwlXi4sV+U="></latexit>

sinc
( x

T

)

<latexit sha1_base64="s7/5f8Dae8aJEJPphCJvBjEDcFQ="></latexit>∑

k→Z
f(kT ) ω(x→ kT )

<latexit sha1_base64="o0ej6yT6DZgBeIQWDxKXo1FT55A="></latexit>

F→↑↑↑↓
<latexit sha1_base64="UmRsvKFKJY6lVmIKuFPJVttO9b4="></latexit>

fLP(x) =
∑

k→Z
f(kT ) sinc

(
x→ kT

T

)

<latexit sha1_base64="r3nh19trZKCW9ykj6pCgGRIEdg8="></latexit>

T rect

(
Tω

2ε

)

<latexit sha1_base64="ULsDzVmXoghCqL+P0Mgvldv4wzo="></latexit>

Sampling Theorem
<latexit sha1_base64="fpoTjTFtOjoD6L6LNQ7Q0Ne+wRI="></latexit>

A function f(x) that is bandlimited to ωmax can be reconstructed
exactly from its equidistant samples provided that the sampling
step T < ε/ωmax. Specifically,

f(x) =
∑

k→Z
f(kT )sinc

(
x→ kT

T

)

where sinc(x) =
sin(εx)

εx
F↑↓ rect

( ω

2ε

)
.
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<latexit sha1_base64="iHgivz5i5DmRi5QYtwug9Gr8Thc=">AAACLHicdZBNSwMxEIazflu/qp7ES7AInspuleqxYA8eFa0K3VJms7M1mGSXJKuUpfhrvOqf8SLi1V/hwbRWUNGBwMP7zjCTN8oEN9b3n72Jyanpmdm5+dLC4tLySnl17dykuWbYYqlI9WUEBgVX2LLcCrzMNIKMBF5E14dD/+IGteGpOrP9DDsSeoonnIF1Ure8EUaJQc3R0FOQbqPqUa5orVnqlit+1R8V9au7B3u7wZ6Dur /vkAZjq0LGddwtv4dxynKJyjIBxrQDP7OdArTlTOCgFOYGM2DX0MO2QwUSTacYfWFAt50S0yTV7ilLR+r3iQKkMX0ZuU4J9sr89obiX147t8lBp+Aqyy0q9rkoyQW1KR3mQWOukVnRdwBMc3crZVeggVmXWinUqPCWpVKCioswAclFP8YEcmEHRWiSLx7G9ZUJ/R/Oa9WgXq2f1CqN5ji4ObJJtsgOCcg+aZAjckxahJE7ck8eyKP34D15L97rZ+uEN55ZJz/Ke/sA+0Oosw==</latexit>

Sampling in 2D

<latexit sha1_base64="l7g6ioz+07SL2HE9QL0UEyM7Cn0="></latexit>

How do we sample in 2D?

<latexit sha1_base64="y+YXhuzOFHfyWAmcmPxDYfSuS7A="></latexit>

• 2D Dirac comb
<latexit sha1_base64="o0ej6yT6DZgBeIQWDxKXo1FT55A="></latexit>

F→↑↑↑↓
<latexit sha1_base64="Pi/FEgX31Ak1KOR4lyChRw3Obz4="></latexit>

(2ω)2

T1T2

∑

(m,n)→Z2

ε

(
ϑ1 →

2ωm

T1
,ϑ2 →

2ωn

T2

)

<latexit sha1_base64="Ng3d5wSKy3HwMkTFnAgR9wslw4o="></latexit>

• 2D sampling formula

<latexit sha1_base64="DmRA/C4Riu3h+htAn2dpfFffJW4="></latexit>

f̂T1,T2(ω1,ω2) =
1

T1T2

∑

(m,n)→Z2

f̂

(
ω1 →

2εm

T1
,ω2 →

2εn

T2

)
<latexit sha1_base64="o0ej6yT6DZgBeIQWDxKXo1FT55A="></latexit>

F→↑↑↑↓

<latexit sha1_base64="SLTSZ7pM7bmUiO91YAfWMqD5h7o="></latexit> ∑

(k,l)→Z2

ω(x→ kT1, y → lT2)

<latexit sha1_base64="6Xn1nhRJLGOlrC2tp/yKbPTUugU="></latexit>

fT1,T2(x, y) = f(x, y)
∑

(k,l)→Z2

ω(x→ kT1, y → lT2)
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<latexit sha1_base64="pUH6sqEdnHrvXwhgXSKDdYdcXxA=">AAACPXicdVDLSgMxFM34rPVVdekmWARxUWasVJeCLlz6qgqdIncyd2owyQxJRilD/8GvcVt/ww9wJ27duDCtFVT0QOBwzr25nBNlghvr+0/e2PjE5NR0aaY8Oze/sFhZWj43aa4ZNlkqUn0ZgUHBFTYttwIvM40gI4EX0c3+wL+4RW14qs5sN8O2hI7iCWdgnXRV2QyjxKDmaOgpSHdRdSiomJ5myKwGQU8w4+7f4XDVr/lDUL 9W392uB9uONPwdR2kwsqpkhKOrynsYpyyXqCwTYEwr8DPbLkBbzgT2ymFuMAN2Ax1sOapAomkXw0w9uu6UmCapdk9ZOlS/bxQgjenKyE1KsNfmtzcQ//JauU122wVXWW5Rsc9DSS6oTemgIBpz7aKLriPAtEvOKLsGDcy6GsuhRoV3LJXStVSECUguujEmkAvbK0KTfPGyq+urE/o/Od+qBY1a43iruncwKq5EVska2SAB2SF75JAckSZh5J48kD559Pres/fivX6OjnmjnRXyA97bB6/xsL4=</latexit>

Sampling and Spectral Repitition

<latexit sha1_base64="tW+Bt1w0Cxan1LnCYqdXn1R95Fg="></latexit>

f̂(ω)

<latexit sha1_base64="As4W3Nk+CD45g8vEiYRmwrrkRNA="></latexit>ω1

<latexit sha1_base64="apH1WuyYWeaVeloWKpmbNM1QrX8="></latexit>ω2

<latexit sha1_base64="rxH//lQXGaPPI9H8OMT5pq1rFPQ="></latexit>

2ωmax

<latexit sha1_base64="blWsYzaXxeiPIXuD0UHXCiXJMow="></latexit>

spectral support

<latexit sha1_base64="DmRA/C4Riu3h+htAn2dpfFffJW4="></latexit>

f̂T1,T2(ω1,ω2) =
1

T1T2

∑

(m,n)→Z2

f̂

(
ω1 →

2εm

T1
,ω2 →

2εn

T2

)

<latexit sha1_base64="As4W3Nk+CD45g8vEiYRmwrrkRNA="></latexit>ω1

<latexit sha1_base64="apH1WuyYWeaVeloWKpmbNM1QrX8="></latexit>ω2

<latexit sha1_base64="5LM3IO2/hGJOp740PBe22t4Zw7Y="></latexit>

2ω

T1

<latexit sha1_base64="OZm8xRfLlV82YGDGTajFPnnSQkY="></latexit>

2ω

T2
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<latexit sha1_base64="RIW/Iv70xEVjdDMlalEWqejIhjo=">AAACK3icdZBNSwMxEIazflu/ql4EL8EieCq7VarHgj14VLQqdEuZzc7WYJJdkqxSlvprvOqf8aR49V94MK0VVHQg8PC+M8zkjTLBjfX9Z29icmp6ZnZuvrSwuLS8Ul5dOzdprhm2WCpSfRmBQcEVtiy3Ai8zjSAjgRfR9eHQv7hBbXiqzmw/w46EnuIJZ2Cd1C1vhFFiUHM09BSk26h6lCtaa3bLFb/qj4r61d2Dvd1gz0Hd33 dIg7FVIeM67pbfwzhluURlmQBj2oGf2U4B2nImcFAKc4MZsGvoYduhAommU4x+MKDbTolpkmr3lKUj9ftEAdKYvoxcpwR7ZX57Q/Evr53b5KBTcJXlFhX7XJTkgtqUDuOgMdfIrOg7AKa5u5WyK9DArAutFGpUeMtSKUHFRZiA5KIfYwK5sIMiNMkXl1xcX5nQ/+G8Vg3q1fpJrdJojoObI5tki+yQgOyTBjkix6RFGLkj9+SBPHoP3pP34r1+tk5445l18qO8tw+8haif</latexit>

Sampling in 2D
<latexit sha1_base64="esJC4hKXRSAJAJwELT6xQ2mGgfQ=">AAAEX3icbZPNThsxEMcNpIWmLQ3tqerFCiBRaRXZmw/gUInyfQApRQmhIlHk9XoTC683sr0t0Wqfrc/RYw+90leokyxVstQrS7Mzv/94xiN7I8G1Qejn0vJK4dnz1bUXxZevXq+/KW28vdZRrChr00hE6sYjmgkuWdtwI9jNSDESeoJ1vLujSbzzjSnNI9ky4xHrhWQgecApMdbVL33dOY0UlJGZ/hMBNQ/tuZSbsQMFM3Cr1c </latexit>

(For notational simplicity, let T1 = T2, i.e., the sampling grid is regular)
<latexit sha1_base64="rc+y2cXT++H50JgnN1X9fzcc4sY=">AAAEcHicbVNNT9tAEF0gbWn6AbSXSj10G4RUVRHadXCAG+X7AFJKCUGKI7Rej5Mt67Vlrwup5f/Ya/9EDz302m4SgxLTsUYaz7w3+zzjdSMpEk3Iz7n5hcqjx08Wn1afPX/xcml55dVFEqYxhzYPZRhfuiwBKRS0tdASLqMYWOBK6LjXe6N65xvEiQjVuR5G0AtYXwlfcKZN6mr5q+NCX6hMaAjEd8ir2Jgzeus6Gm71+IRsV6 </latexit>

• Sampling function in two dimensions
<latexit sha1_base64="o0ej6yT6DZgBeIQWDxKXo1FT55A="></latexit>

F→↑↑↑↓
<latexit sha1_base64="fNi4F5qkhDZ/5JB7uB84AzLkOJs="></latexit>

XT (x) =
∑

k→Z2

ω(x→ kT )

<latexit sha1_base64="DDL/3L4rjnNnkSEC8PacJbLAah4="></latexit>

X̂T (ω) =
(2ω)2

T 2

∑

n→Z2

ε

(
ω → 2ωn

T

)

<latexit sha1_base64="TnfXwxJmfzPZmrkF8kL0rWwi1jQ="></latexit>

fT (x) = f(x)XT (x)
<latexit sha1_base64="o0ej6yT6DZgBeIQWDxKXo1FT55A="></latexit>

F→↑↑↑↓
<latexit sha1_base64="Eunw027nGvBoNpvY6l9Ol2s55bc="></latexit>

f̂T (x) =
1

(2ω)2
(f̂ → X̂T )(ω)

<latexit sha1_base64="stvkFNpESrTmipS9bJOVgEjXY1Y="></latexit>

=→ f̂T (x) =
1

T 2

∑

n→Z2

f̂

(
ω ↑ 2ωn

T

)

<latexit sha1_base64="DTfpjSQqznY82CZRaS6k/lfRLFk=">AAAEjnicbVNtT9swEE5Zt7HurWz7Nm2yipCY1CEnpQU+TGOUtw8gdYhSpKZCjnNpLWwncpxBF+X7/uL+BL9hbhtQG3aRpcvd89yL7+xFnMUa47+lpSflp8+eL7+ovHz1+s3b6sq7izhMFIUuDXmoLj0SA2cSupppDpeRAiI8Dj3vuj3x936Bilkoz/U4goEgQ8kCRok2pqvqH9eDIZMp0yDYb8gqyIg7+eu7Gm71NEO6xxPI0q </latexit>

• Condition for perfect recovery (two-dimensional sampling theorem)

<latexit sha1_base64="vVi9urzpPwoCd8aJ2EctXaQHc1M=">AAAEbXicbVNdT9swFDXQbaz7gk172jRZRWh7KMhuaYE3xvcDSB2iFKmpkOPctBa2EyXOoIvyE/cD9ie2h71u0tw2oDbsRle6vvec6xNf2w2liA0hP+bmF0qPHj9ZfFp+9vzFy1dLy68v4iCJOLR5IIPo0mUxSKGhbYSRcBlGwJQroeNe743qna8QxSLQ52YYQk+xvha+4MzY1NVS33GhL3QqDCjxDbIytuaMVl3HwK0Z75Duyg </latexit>

• Two-dimensional sampling formula

<latexit sha1_base64="BfJpkWHjiElryol+99wE31RzoY8="></latexit>

ωmax <
ε

T

<latexit sha1_base64="1zvtQzuCJQSzCtSbvgJMV70MQ9U="></latexit>

f(x) =
∑

k→Z2

f(kT ) sinc

(
x→ kT

T

)

<latexit sha1_base64="ln+IutqFKJxANpCpxyozQk1WPUg="></latexit>

with sinc(x) = sinc(x1)sinc(x2)



17

<latexit sha1_base64="9h3DM8urOD4ql5ZQgGY/6Znaq6E="></latexit>

• Cartesian lattice: Z2

<latexit sha1_base64="Er+Ef2xYAywwZt+J4eAia7byaBg="></latexit>

Are there other options
for sampling lattices?

<latexit sha1_base64="ak9weLdPjm0zj8khDmXSkvojFFY="></latexit>

t1

<latexit sha1_base64="SnKIJidNlfX/4Ny4wSfaVZ3MuPo="></latexit>

t2

<latexit sha1_base64="tqrzxzRF3TGiFVGLc8eBKUSkjoE="></latexit>

A lattice is completely determined
by two vectors: lattice vectors

<latexit sha1_base64="r6O41GnuUW8/TC+nGP7ltD4Wclk="></latexit>

• General lattice

<latexit sha1_base64="qgK1j4gmctU0EWLZDSc/vtCPIGk="></latexit>

What are the lattice vectors
of the Cartesian grid?

<latexit sha1_base64="wJZckbiiBklKRi2qL40WD3bMvYA="></latexit>

t1 =

[
1
0

] <latexit sha1_base64="qKjNXBR3GUGlD1/1OKgg7UUeTPQ="></latexit>

t2 =

[
0
1

]

<latexit sha1_base64="yL6hZTcJLUUhbb9qPep4zLIX//4=">AAACLnicdZDBSiNBEIZ71HU17mpcj14aw4KnMKMSPQruYQ8esmhUyIRQ01MTG7t7hu6alTDk4NPsNb6M4EG87kN4sBMj6OIWNHz8f1VX958USjoKw/tgbn7h0+LnpeXaypevq2v19W9nLi+twI7IVW4vEnCopMEOSVJ4UVgEnSg8T66OJv75b7RO5uaUhgX2NAyMzKQA8lK/vhknmUMr0fET0H6jGfBjIJICXb/eCJvhtHjY3D 3Y2432PLTCfY88mlkNNqt2v/4Up7koNRoSCpzrRmFBvQqsv07hqBaXDgsQVzDArkcDGl2vmn5ixL97JeVZbv0xxKfq24kKtHNDnfhODXTp/vUm4kdet6TsoFdJU5SERrwsykrFKeeTRHgqLQpSQw8grPRv5eISLAjyudViiwavRa41mLSKM9BSDVPMoFQ0qmKXvXLNx/WaCf8/nO00o1az9WuncfhjFtwS22RbbJtFbJ8dsp+szTpMsBv2h43ZbTAO7oKH4PGldS6YzWywdxX8fQZOcqqJ</latexit>

Sampling Lattices
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<latexit sha1_base64="DdVWT16Q4oickv7Hmb2lbAAEGy4=">AAACN3icdZC/ThtBEMb3IARwQjChTLOKiQKNdQfIUCKRIkUKosSA5LOsub05s2L/nHbniKyTX4CnoSVvQpUO0dKnyNoYKYlgpJV++r6Znd0vK5X0FMc30dz8i4WXi0vLjVevV96sNtfeHntbOYFdYZV1pxl4VNJglyQpPC0dgs4UnmTnhxP/5AKdl9Z8p1GJfQ1DIwspgII0aG6kWeHRSfT8G+iw0Qz5FyCSIiibwhr6mG8Nmq 24HU+Lx+2d/d2dZDdAJ94LyJOZ1WKzOho0f6e5FZVGQ0KB970kLqlfgwv3Khw30spjCeIchtgLaECj79fT34z5h6DkvLAuHEN8qv49UYP2fqSz0KmBzvz/3kR8yutVVOz3a2nKitCIh0VFpThZPomG59KhIDUKAMLJ8FYuzsCBoBBgI3Vo8IewWoPJ67QALdUoxwIqReM69cUjN0Jcj5nw5+F4u5102p2v262DT7Pgltg79p5tsoTtsQP2mR2xLhPskl2xa/Yzuo5+RbfR3UPrXDSbWWf/VHT/B4rzrZM=</latexit>

Sampling Lattices (cont’d)

<latexit sha1_base64="ZyAggzt1ZdgI8oBAoD3fYt6XlYU="></latexit>

• Lattice matrix: T =
[
t1 t2

]
→ R2→2, with lattice vectors t1, t2

<latexit sha1_base64="4ncpEQm6JgdpPh2n0CeEPp8L0Kw="></latexit>

How do we use this matrix to define a lattice?

<latexit sha1_base64="qTNfOkRq+gvThCnPATO2+9b7fkM="></latexit>

What is the lattice matrix of the Cartesian lattice?

<latexit sha1_base64="KPwEFZmMFrI/Zow2n0GAqqCi1g8="></latexit>

Cartesian lattice =→ T =

[
1 0
0 1

]
= I (identity matrix)

<latexit sha1_base64="n8eHtaAzQbPTaHExjAcJXyk7TYE="></latexit>

Cartesian lattice =→ Z2

<latexit sha1_base64="nWEXrviiB0Y3PYqsKRUNOvWUjt0="></latexit>

• A general lattice is of the form TZ2 =

{
T

[
m
n

]
:

[
m
n

]
→ Z2

}

<latexit sha1_base64="ak9weLdPjm0zj8khDmXSkvojFFY="></latexit>

t1

<latexit sha1_base64="SnKIJidNlfX/4Ny4wSfaVZ3MuPo="></latexit>

t2
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<latexit sha1_base64="DdVWT16Q4oickv7Hmb2lbAAEGy4=">AAACN3icdZC/ThtBEMb3IARwQjChTLOKiQKNdQfIUCKRIkUKosSA5LOsub05s2L/nHbniKyTX4CnoSVvQpUO0dKnyNoYKYlgpJV++r6Znd0vK5X0FMc30dz8i4WXi0vLjVevV96sNtfeHntbOYFdYZV1pxl4VNJglyQpPC0dgs4UnmTnhxP/5AKdl9Z8p1GJfQ1DIwspgII0aG6kWeHRSfT8G+iw0Qz5FyCSIiibwhr6mG8Nmq 24HU+Lx+2d/d2dZDdAJ94LyJOZ1WKzOho0f6e5FZVGQ0KB970kLqlfgwv3Khw30spjCeIchtgLaECj79fT34z5h6DkvLAuHEN8qv49UYP2fqSz0KmBzvz/3kR8yutVVOz3a2nKitCIh0VFpThZPomG59KhIDUKAMLJ8FYuzsCBoBBgI3Vo8IewWoPJ67QALdUoxwIqReM69cUjN0Jcj5nw5+F4u5102p2v262DT7Pgltg79p5tsoTtsQP2mR2xLhPskl2xa/Yzuo5+RbfR3UPrXDSbWWf/VHT/B4rzrZM=</latexit>

Sampling Lattices (cont’d)

<latexit sha1_base64="1ctJUILp4xk9vjjor5yd34iUQx4="></latexit>

What would be the Dirac comb for a general lattice?

<latexit sha1_base64="AErghJFdCWBFEiyuOFerJGnDdYQ="></latexit>

• Dirac comb for Z2

<latexit sha1_base64="Vdb35z3nq+tu8QTZehRitHMaciM="></latexit> ∑

k→Z2

ω(x→ k)
<latexit sha1_base64="teCFbfBn4pPPlN7EY9bwLqoTzs8="></latexit>

(2ω)2
∑

n→Z2

ε(ω → 2ωn)
<latexit sha1_base64="o0ej6yT6DZgBeIQWDxKXo1FT55A="></latexit>

F→↑↑↑↓

<latexit sha1_base64="hbwtbF8LonmVszv0S9+Q6Tu2Cms="></latexit>

• Dirac comb for TZ2

<latexit sha1_base64="oEZ3nOIzFw4OotIGb+3ygqDLpsg="></latexit> ∑

k→Z2

ω(x→Tk)
<latexit sha1_base64="o0ej6yT6DZgBeIQWDxKXo1FT55A="></latexit>

F→↑↑↑↓

<latexit sha1_base64="Kdw5M57AQex/Izi9dj7K0rWdouk="></latexit>

A!ne transformation: f(Tx)
F→↑ 1

| det(T)| f̂(T
→Tω)

<latexit sha1_base64="mnmIF5dejEy1+MxyuwwA8dG0i3I="></latexit>

(2ω)2

| det(T)|
∑

n→Z2

ε(ω → 2ωT↑Tn)

<latexit sha1_base64="/LqPbD0ZfI/mCFEswCx09SKP1lM="></latexit>

TZ2
<latexit sha1_base64="94Vz0JmRez/zJYdQ3flITkINATY="></latexit>

2ωT→TZ2
<latexit sha1_base64="+EFT/49IeaK59rv6n8Cam8r2NM4="></latexit>

“dual” or “reciprocal”
lattice
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<latexit sha1_base64="DdVWT16Q4oickv7Hmb2lbAAEGy4=">AAACN3icdZC/ThtBEMb3IARwQjChTLOKiQKNdQfIUCKRIkUKosSA5LOsub05s2L/nHbniKyTX4CnoSVvQpUO0dKnyNoYKYlgpJV++r6Znd0vK5X0FMc30dz8i4WXi0vLjVevV96sNtfeHntbOYFdYZV1pxl4VNJglyQpPC0dgs4UnmTnhxP/5AKdl9Z8p1GJfQ1DIwspgII0aG6kWeHRSfT8G+iw0Qz5FyCSIiibwhr6mG8Nmq 24HU+Lx+2d/d2dZDdAJ94LyJOZ1WKzOho0f6e5FZVGQ0KB970kLqlfgwv3Khw30spjCeIchtgLaECj79fT34z5h6DkvLAuHEN8qv49UYP2fqSz0KmBzvz/3kR8yutVVOz3a2nKitCIh0VFpThZPomG59KhIDUKAMLJ8FYuzsCBoBBgI3Vo8IewWoPJ67QALdUoxwIqReM69cUjN0Jcj5nw5+F4u5102p2v262DT7Pgltg79p5tsoTtsQP2mR2xLhPskl2xa/Yzuo5+RbfR3UPrXDSbWWf/VHT/B4rzrZM=</latexit>

Sampling Lattices (cont’d)

<latexit sha1_base64="v71E6IXJEYxi/Y2L/tHkB4RY4zI="></latexit>

• Adapted Poisson summation formula

<latexit sha1_base64="vfOFNLgXZ+VHqyvgwNDe7iX0NMM="></latexit> ∑

k→Z2

f(Tk)e↑ jωTTx =
1

| det(T)|
∑

n→Z2

f̂(ω → 2ωT↑Tn)

<latexit sha1_base64="/CJodoOBvjc6F+YlU6fWDxBRCtk="></latexit>

What is a “good” choice of 2D lattice?

<latexit sha1_base64="0vNpOeeqiAPG0pwxdMCd9K6NqaQ="></latexit>

2D “sphere packing” corresponds
to what lattice?

<latexit sha1_base64="8deA8wIrvxm0fe+JYbeWmGUbQS8="></latexit>

Hexagonal lattice
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<latexit sha1_base64="YsdIsnk4IdzSPjdLlW8he778k3o=">AAACNnicdVDLShxBFK32EXWMcWKWbgqHYFZDt8roUkgIWYgoOCpMD3K7+rYWU4+m6rYyNPMB+Zps9VPcZBfc+gEurBlHSEJyoOBwzrm3uCcrlfQUx/fRzOzc/JuFxaXG8tuVd6vN92un3lZOYFdYZd15Bh6VNNglSQrPS4egM4Vn2eDz2D+7RuelNSc0LLGv4dLIQgqgIF00W2lWeHQSPT8Eqhxuev4Vrq2ThPwAiKTAkIrb8Q Q8bm/v7WwnO4F04t1AeTK1WmyKo4vmU5pbUWk0JBR430vikvo1uLBN4aiRVh5LEAO4xF6gBjT6fj05ZsQ/BiXnhXXhGeIT9feJGrT3Q52FpAa68n97Y/FfXq+iYq9fS1NWhEa8fFRUipPl42Z4Lh0KUsNAQIT7peDiChwICv01UocGb4TVGkxepwVoqYY5FlApGtWpL155I9T12gn/Pzndaieddud4q7X/ZVrcIltnG+wTS9gu22ff2BHrMsG+sx/slt1Ft9HP6Ff08BKdiaYzH9gfiB6fAWjrrZQ=</latexit>

Nature’s Favorite Lattice
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<latexit sha1_base64="4v+iJuAyTEOToebNy4lTL+KVh/k=">AAACLnicdZA9TxtBEIb3IB/G+TKkpFnFipTKugPLUCJBQZGCSBiQfJY1tzdnVuzHaXcuwTq54NfQmj+DlCKi5UekYG2MRKJkpJUeve/M7O6blUp6iuOf0crqi5evXjfWmm/evnv/obW+ceJt5QT2hVXWnWXgUUmDfZKk8Kx0CDpTeJpd7M/90+/ovLTmmCYlDjWMjSykAArSqLWZZoVHJ9HzQ7yEsTWg+FcgkgJHrXbciRfF48 72bnc76QboxTsBebK02mxZR6PW7zS3otJoSCjwfpDEJQ1rcGGbwmkzrTyWIC5gjIOABjT6Yb34xJR/DkrOC+vCMcQX6vOJGrT3E52FTg107v/25uK/vEFFxe6wlqasCI14vKioFCfL54nwXDoUpCYBQDgZ3srFOTgQFHJrpg4N/hBWazB5nRagpZrkWEClaFqnvnjiZojrKRP+fzjZ6iS9Tu/bVnvvYBlcg22yT+wLS9gO22OH7Ij1mWBX7JrN2E00i26jX9HdY+tKtJz5yP6o6P4BJ32qcg==</latexit>

Hexagonal Lattice

<latexit sha1_base64="ak9weLdPjm0zj8khDmXSkvojFFY="></latexit>

t1

<latexit sha1_base64="SnKIJidNlfX/4Ny4wSfaVZ3MuPo="></latexit>

t2

<latexit sha1_base64="Lib2meKv5K3o0+aiok9ISFVSpl8="></latexit>

Exercise: Determine the
lattice matrix.

<latexit sha1_base64="sj32M2dTs4TU4117/bqGHN9zuGs="></latexit>

Exercise: Determine the
reciprocal lattice.

<latexit sha1_base64="JNdoSFhb0+DDO9xNXsHs4TnFpdw="></latexit>

T =

[
1 1/2
0

→
3/2

] <latexit sha1_base64="LaAQzt/EEHDG8kU1d8SX+4y0sDE="></latexit>

2ωT→T = 2ω

[
1 0

→
↑
3/3 2

↑
3/3

]

<latexit sha1_base64="oxDd3P4JlIBV8hQdWuATm+5HLE0="></latexit>

t̂1

<latexit sha1_base64="roSW1CLgiQfL2Gq/AQkirSTGv1M="></latexit>

t̂2

<latexit sha1_base64="se3/OGCWnZFC6ncQEbsc+ooXbYM="></latexit>

The reciprocal lattice of a hexagonal lattice is a hexagonal lattice
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<latexit sha1_base64="WoLyDyALjhvfTKLdeSX90VP5TN0=">AAACMHicdZBPSxxBEMV7NH/M5t8mOYZAk0XwtMyorB6VePCoJKvCzrLU9NRoY3fPpKsmYRj25Kfxql/GnEKufoYc0ruukITkQcPjvSqK/mWV0cRx/C1aWn7w8NHjlSedp8+ev3jZffX6iMraKxyq0pT+JANCox0OWbPBk8oj2MzgcXb+YdYff0FPunSfuKlwbOHU6UIr4BBNuu/SrCD0Gknuqs+1Jj3L5ceGGC1Nur24H88l4/ 7G9uZGshnMIN4KViaLqicWOph0f6Z5qWqLjpUBolESVzxuwbNWBqedtCasQJ3DKY6CdWCRxu38G1O5GpJcFqUPz7Gcp79vtGCJGpuFSQt8Rn93s/Bf3ajmYnvcalfVjE7dHSpqI7mUMyYy1x4VmyYYUD4QUFKdgQfFgVwn9ejwqyqtBZe3aQFWmybHAmrD0zal4t53Aq57JvL/5mi9nwz6g8P13s7eAtyKeCveizWRiC2xI/bFgRgKJS7EpbgS19FVdBN9j37cjS5Fi5034g9Ft78AdH2rqg==</latexit>

Acquisition Systems

<latexit sha1_base64="wsApDe9Wp2lpxFaCXrOrDJmEi60="></latexit>

• Real Acquisition Systems

• Acquisition Models

• Aliasing Problems
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<latexit sha1_base64="XVTdki8GgxBt36TrsCgcxF+dCAo=">AAACNXicdZBPSxxBEMV7zD+z+eOaHHNpXAI5LTMqq0clOeRoTFaFnWWp6anRxu6eSVeNMgx7z6fJ1XyVHLxJrn4BD/auKyQhedDweK+Kon9ZZTRxHP+Mlh48fPT4yfLTzrPnL16udFdfHVBZe4VDVZrSH2VAaLTDIWs2eFR5BJsZPMxO38/6wzP0pEv3hZsKxxaOnS60Ag7RpLuWZgWh10hyH8HIXfW11qRnpfzcEKOlSbcX9+ O5ZNzf2N7cSDaDGcRbwcpkUfXEQnuT7k2al6q26FgZIBolccXjFjxrZXDaSWvCCtQpHOMoWAcWadzO/zKVb0OSy6L04TmW8/T3jRYsUWOzMGmBT+jvbhb+qxvVXGyPW+2qmtGpu0NFbSSXcgZG5tqjYtMEA8oHAkqqE/CgOODrpB4dnqvSWnB5mxZgtWlyLKA2PG1TKu59J+C6ZyL/bw7W+8mgP/i03tv5sAC3LN6INfFOJGJL7IiPYk8MhRLfxHdxIX5EF9FldBX9uhtdihY7r8Ufiq5vAScarYA=</latexit>

Real Acquisition Systems

<latexit sha1_base64="YfbJ30LImoMa8ZLAocGxGHFlgP8="></latexit>

Analog image
<latexit sha1_base64="DjpQ1rJPDNn/q6wdp1br83Wx6rs="></latexit>

Discrete image

<latexit sha1_base64="Vqf4soBTRIXM50FMW86NuTubcUQ="></latexit>

In practice, sampling is not ideal

<latexit sha1_base64="In3GYe9Hum4t9etNV4TY1g4dSPk="></latexit>

• Pixel measurement process

<latexit sha1_base64="RQcr0Rm27AxRFBhyZwgIbe1m1UY="></latexit>

p[k]: pixel value at location k = (k1, k2) → Z2

<latexit sha1_base64="J+JrncQSddwL1JNDsW945Z+egws="></latexit>

ωa: sampling aperture (or integration window)
<latexit sha1_base64="Cdtp+E8C2BRM8KsDSRNtNxzl/qI="></latexit>

Typically:

∫

R2

ωa(x) dx = 1 (normalized intensity)

<latexit sha1_base64="OU5bqsrCDcfjMfF2ABEHXc9l6Qw="></latexit>

• Example: CCD camera
<latexit sha1_base64="9DBPvR2U5KgcElanu95Qug+SzZA="></latexit>

ωa(x, y) =
1

T 2
rect

( x

T

)
rect

( y

T

)

<latexit sha1_base64="nD5e/D8N9ozQ+3cfMVnyG6Y307g="></latexit>

p[k] =

∫

R2

ωa(y → kT )f(y) dy
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<latexit sha1_base64="twiEhLcx7fEoPmnLW3yilKqmR/c=">AAACP3icdZDLShxBFIarNRedXBx16abIEMgiDN0qo0tBBTfCCBkVpofhdPVpLaxLpy7q0MxL+DRu9S18AnfiVnCR6nGEJCQHCj7+/5yqU39WCm5dHN9FM7Nv3r57Pzff+PDx0+eF5uLSodXeMOwxLbQ5zsCi4Ap7jjuBx6VBkJnAo+xsu/aPztFYrtUPNypxIOFE8YIzcEEaNr+nWWHRcLR096fn5yBQOdrllyjoPoL1BmWt7O scxbDZitvxpGjcXttcX0vWA3TijYA0mVotMq3usPmc5pr5+gYmwNp+EpduUIFxnAkcN1JvsQR2BifYD6hAoh1Uk1+N6deg5LTQJpywwUT9faICae1IZqFTgju1f3u1+C+v712xOai4Kr1DxV4eKrygTtM6Ippzg8yJUQBghoddKTsFA8yFIBupQYUXTEsJKq/SAiQXoxwL8MKNq9QWr9wIcb1mQv8Ph6vtpNPuHKy2tnamwc2RFfKFfCMJ2SBbZI90SY8wckWuyQ25jW6i++ghenxpnYmmM8vkj4qefgFp4LGW</latexit>

Equivalent Pixel Measurement Model

<latexit sha1_base64="FRW6mlNEOFzVUzJg26sS2a4gjKo="></latexit>

f(x)
<latexit sha1_base64="KAktmy+mUvlm83I4gl+XltymJZg="></latexit>

ωa(→x)

<latexit sha1_base64="ltUrjh/esAszGrw8JtNYS5LQahE="></latexit>

g(x)
<latexit sha1_base64="lqFyOvAthWLbOGfcd9uHAzsbICg="></latexit>→

<latexit sha1_base64="w38wtF2RI57pqkGWfE60m5IU8L0="></latexit> ∑

k→Z2

ω(x→ kT )

<latexit sha1_base64="KOSLTyJ6iInSy4BvspUecfwhihg="></latexit>

pT (x) =
∑

k→Z2

p[k]ω(x→ kT )

<latexit sha1_base64="4D+1gf+jZUQEUsfPpbBYXDZhS7g="></latexit>

Exercise: Show that this system implements
the pixel measurement process.

<latexit sha1_base64="HDjJilkChJWqat7X6PtIHPV8cKM="></latexit>

How does this system recover ideal sampling?

<latexit sha1_base64="nD5e/D8N9ozQ+3cfMVnyG6Y307g="></latexit>

p[k] =

∫

R2

ωa(y → kT )f(y) dy

<latexit sha1_base64="+N4txb1ywBIeDVSZqPoDd9u8AQg="></latexit>

ωa(x) = ε(x)

<latexit sha1_base64="RSR1I3LgpSHPp6mtMbUPAul1Goo="></latexit>

“prefiltering”
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<latexit sha1_base64="eVINCnaYI/OvJbcFyPfN4JH9874=">AAACP3icdZDLahRBFIar4y2Ot1GXbgoHwYUM3UmYZBlRwY0QL5MEpofhdPXppEhd2jqnI00zL+HTuI1v4RO4E7eCC2smE1DRHwo+/v8cDvUXtdHEafolWbt0+crVa+vXezdu3rp9p3/33j75JigcK298OCyA0GiHY9Zs8LAOCLYweFCcPFvkB6cYSHv3jtsapxaOnK60Ao7WrP8kLyrCoJHki1N08pUPKN8gGPlUvW806cWYfN sSo6VZf5AO06VkOtzc2drMtiKM0u2IMltFA7HS3qz/My+9aiw6VgaIJlla87SDwFoZnPfyhrAGdQJHOInowCJNu+Wv5vJRdEpZ+RCfY7l0f9/owBK1toiTFviY/s4W5r+yScPVzrTTrm4YnTo/VDVGspeLimSpAyo2bQRQITagpDqGAIpjkb08oMMPylsLruzyCqw2bYkVNIbnXU7VBfdiXRedyP/D/sYwGw1HrzcGu89Xxa2LB+KheCwysS12xUuxJ8ZCiY/ikzgTn5Oz5GvyLfl+PrqWrHbuiz+U/PgF0i2xRQ==</latexit>

Even More Real Acquisition Systems

<latexit sha1_base64="FRW6mlNEOFzVUzJg26sS2a4gjKo=">AAAED3icbZPdTtswFMcN3QfrvmC73E1UQGJSheyUFJB2wfi+AKlDlCI1FXIcp7Wwnch2NqooD7GL3W6Psbtpt3uEvcSeYaYNUxN2oiMdnfP7nxzbOkHCmTYQ/p6brz14+OjxwpP602fPX7xcXHp1oeNUEdolMY/VZYA15UzSrmGG08tEUSwCTnvB9d5tvfeRKs1ieW7GCR0IPJQsYgQbm+qvRGt+ILKb/O3K1eIyXIcTc+4HqA </latexit>

f(x)
<latexit sha1_base64="pgDq9/2891++YnZO6wederDAmxQ="></latexit>

2D
Sampler

<latexit sha1_base64="RyEuDJr0Gt8GPmMkwSW5qxKh3yI="></latexit>

pixel values: p[k]
<latexit sha1_base64="KAktmy+mUvlm83I4gl+XltymJZg="></latexit>

ωa(→x)
<latexit sha1_base64="xygKwKQxZm5jLqE5dQaefWVJwcc="></latexit>

ω0(x)

<latexit sha1_base64="9Rj+UQirljCnQjZgOOo9ZLhjeRA="></latexit>

optics
<latexit sha1_base64="Yu4cwjku5SKxcjV8rUIse4drFHw="></latexit>

sampling
aperature

<latexit sha1_base64="gpaacv56ULSMrC5aG6vPkTICEmI="></latexit>

kT , k → Z2

(or other lattice)

<latexit sha1_base64="pphXqP73x9IZkxrXorURL+xLBlQ="></latexit>

+

<latexit sha1_base64="8dgFPagpjbmOvFh0X/Wsu6RuCjI="></latexit>

measurement
noise

<latexit sha1_base64="IQEwx0xS8whChwrzo/oBevmFxfU="></latexit>

Equivalent impulse response: h(x)
<latexit sha1_base64="bsFyCVax3GpnORdPyyR91kDlDCw="></latexit>

• Complete image-acquisition model:

<latexit sha1_base64="ulbimZn0c6Qac/3sRwCLmEYNXm4="></latexit>

p[k] = (h → f)(kT ) + n[k]

<latexit sha1_base64="uUK1wKqnj28FcHleieB2gulEtOs="></latexit>

– ω0(x): point-spread function (image formation)

– ωa(x): sampling aperature (sensors)

– h(x) = (ω→
a → ω0)(x): equivalent LSI system (ω→

a (x) = ωa(↑x))

– n[k]: additive measurement noise

[source: dvinfo.net]
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<latexit sha1_base64="c4LKwmzZxVXVIcqsbYy4nvKZt74=">AAACLnicdZBPSysxFMUz/nlqnz6rLt0EywNXZUZLdanowmUFq0KnlDuZOzWYP0OSUcrQhZ/GrX4ZwYW49UO4MK0VVPRA4Mc595LkJLng1oXhYzA1PTP7Z25+ofJ3cenfcnVl9dTqwjBsMy20OU/AouAK2447gee5QZCJwLPk8mCUn12hsVyrEzfIsSuhr3jGGThv9arrcZJZNBwt3RccLFd92jLar0vbq9bCejgWDevbu43tqO GhGe54pNEkqpGJWr3qa5xqVkhUjgmwthOFueuWYBxnAoeVuLCYA7uEPnY8KpBou+X4E0P63zspzbTxRzk6dj9vlCCtHcjET0pwF/Z7NjJ/yjqFy3a7JVd54VCx94uyQlCn6agRmnKDzImBB2CG+7dSdgEGmPO9VWKDCq+ZlhJUWsYZSC4GKWZQCDcsY5t9cMXX9dEJ/R1Ot+pRs9483qrtHU6KmyfrZINskojskD1yRFqkTRi5IbfkjtwHd8FD8BQ8v49OBZOdNfJFwcsbQBaqgQ==</latexit>

Aliasing Problems

<latexit sha1_base64="wrmbdstqPz8TObrttttqLEMnUOY="></latexit>

• Aliasing = Spectral overlap induced by sampling

<latexit sha1_base64="tW+Bt1w0Cxan1LnCYqdXn1R95Fg="></latexit>

f̂(ω)

<latexit sha1_base64="As4W3Nk+CD45g8vEiYRmwrrkRNA="></latexit>ω1

<latexit sha1_base64="apH1WuyYWeaVeloWKpmbNM1QrX8="></latexit>ω2

<latexit sha1_base64="rxH//lQXGaPPI9H8OMT5pq1rFPQ="></latexit>

2ωmax

<latexit sha1_base64="As4W3Nk+CD45g8vEiYRmwrrkRNA="></latexit>ω1

<latexit sha1_base64="apH1WuyYWeaVeloWKpmbNM1QrX8="></latexit>ω2

<latexit sha1_base64="dkYZ/h6bpH4iiwTpv73oZTzpi+s="></latexit>

– Alias-free condition: f must be bandlimited with ωmax <
ε

T

<latexit sha1_base64="0K1fmLVgTxkVwHOEf/r/nnI0ouU="></latexit>

• Practical solutions?
<latexit sha1_base64="QXRsSwRuwGVTrWKgjs33+2a9WuI="></latexit>

– Adapt the sampling step to the frequency content
<latexit sha1_base64="6U/oJR9UPeEV/U1ZOxfa7ekbFnI="></latexit>

– Low-pass filtering prior to sampling (implicitly or explicitly)
<latexit sha1_base64="sb1RcSowGpNPhSiigvc5eQm9OAs="></latexit>

via ω0: imaging system;
ωa: sampling aperature
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<latexit sha1_base64="VFysWpxHB0Mt8cj5UVhTgxKd+2E=">AAACNXicdVBNSxtBGJ71qzFVm9qjl8FQ6CnsqkSPSivUmwWjQjaEd2ff0cH5WGZm1bDk3l/jNf4VD97Eq3/AQycxgpb2gYGH53m/5skKKZyP47toZnZufuFDbbH+cWl55VPj8+qxM6Vl2GFGGnuagUMpNHa88BJPC4ugMokn2cX3sX9yidYJo4/8oMCegjMtuGDgg9RvrKcZd2gFOrp/DaqQSA2ne1KEmTk9CNXYbzTjVjwBjV ubO1ubyVYg7Xg7UJpMrSaZ4rDfeE5zw0qF2jMJznWTuPC9CqwXTOKwnpYOC2AXYXY3UA0KXa+a/GVIv5bjxdzY8LSnE/VtRwXKuYHKQqUCf+7+9sbiv7xu6flOrxK6KD1q9rKIl5J6Q8fB0FxYZF4OAgFmRbiVsnOwwHyIr55a1HjFjFKg8yrloIQc5MihlH5YpY6/8nqI6zUT+n9yvNFK2q32r43m7o9pcDWyRtbJN5KQbbJLfpJD0iGM/CY3ZERuo1F0Hz1Ejy+lM9G05wt5h+jpD//DrNI=</latexit>

Example of Aliased Image

<latexit sha1_base64="HMTZUe54K4kyCpYJ8/vfgyQWvGA="></latexit>

original “analog” image
(high-resolution digital image)

<latexit sha1_base64="PpseoA9G2Hmgl4gRXzZadohpZWw="></latexit>

What will aliasing look like?

<latexit sha1_base64="EVxs8PiXMyEm1Mkqm+kls65TufQ="></latexit>

How do we simulate sampling?

<latexit sha1_base64="IT5rfaScSCR9RNbW4mU1khuAFNM="></latexit>

sampled image
(2→ 2 downsampling)

<latexit sha1_base64="89B1JMZTzc5OuuShfpc/Z9x9R8Q="></latexit>

prefiltered then sampled image
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<latexit sha1_base64="ARwWCPPDzZm5WGnOHssJlgQmNI0=">AAACMnicdZBLSyNBFIWrfY3Gx2R06cLCILoK3SrRpY6zcCMoGBXSId6uvh0L69FUVY+EJsv5NW71x8zsBrf+BBdWYgQVPVDwcc69VNVJcsGtC8O/wdj4xOTUt+mZyuzc/ML36o/FM6sLw7DJtNDmIgGLgitsOu4EXuQGQSYCz5Prg0F+/huN5Vqdul6ObQldxTPOwHmrU12Jk8yi4WjpkTZILy9/Qrq+TvcFB8tVt1OthfVwKB rWt3a3t6JtD41wxyONRlGNjHTcqT7FqWaFROWYAGtbUZi7dgnGcSawX4kLizmwa+hiy6MCibZdDj/Sp2veSWmmjT/K0aH7dqMEaW1PJn5SgruyH7OB+VnWKly22y65yguHir1clBWCOk0HrdCUG2RO9DwAM9y/lbIrMMCc764SG1R4w7SUoNIyzkBy0Usxg0K4fhnb7JUrvq7XTujXcLZZjxr1xslmbe/XqLhpskxWyQaJyA7ZI4fkmDQJI3/ILbkj98Fd8C/4Hzy8jI4Fo50l8k7B4zPUKKst</latexit>

More “Bad” Aliasing

<latexit sha1_base64="uyyoK9Jb+zd/jxbZcT4UGM7B1+U="></latexit>

Especially a problem in printing applications
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etching with diamond to make cells 
with varying size and/or depth 

Commonly used for mass-printed materials

<latexit sha1_base64="bTIcgZh0mIQlaObpovABqSjBOSk=">AAACOnicdZDNThsxFIU9lLaQ/pDCko1FVLWrdAZQYIkEi3YXEAGkTBTd8dwZLPwzsu9QRaM8Qp+mW3iQbtlV3XbZRZ0QpFK1R7L06Zx7ZftklZKe4vhbtPRk+emz5yurrRcvX71ea79ZP/O2dgIHwirrLjLwqKTBAUlSeFE5BJ0pPM+uDmf5+TU6L605pUmFIw2lkYUUQMEat9+lWeHRSfT8xJItHVzXDj98MgSlkpb3nTQkTT lud+JuPBePuzv7uzvJboBevBeQJ4uowxbqj9u/0tyKWqMhocD7YRJXNGrAkRQKp6209liBuIIShwENaPSjZv6hKX8bnJwX1oVjiM/dPzca0N5PdBYmNdCl/zubmf/KhjUV+6NGmqomNOL+oqJWnCyftcNz6VCQmgQA4WR4KxeX4EBQ6LCVOjT4WVitweRNWoCWapJjAbWiaZP64oFboa6HTvj/4Wy7m/S6vePtzsHRorgVtsm22HuWsD12wD6yPhswwb6wr+yG3UY30V30PfpxP7oULXY22CNFP38D1jGv3g==</latexit>

Rotogravure/Intaglio Printing

<latexit sha1_base64="ruJISB+nXE+DXf9RHiF7KVkFwrM="></latexit>

This is how banknotes, passports, and stamps are printed today
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<latexit sha1_base64="8J+Hl4B9zIRPBDJNBY7Hci45wqM=">AAACNXicdZDNbhMxFIU9AUpIaRtgycZKhNJVNJNWaZaBIMGySCSplInSO547qVX/jGwPKBplz9OwLa/Cgh1iywuwwPmTaFWOZOnTOffK9klywa0Lw+9B5cHDR3uPq09q+08PDo/qz56PrC4MwyHTQpuLBCwKrnDouBN4kRsEmQgcJ9eDVT7+hMZyrT66RY5TCXPFM87AeWtWb8RJZtFwtPS14GC5mtMBKPoG6eXlO63TVmtWb4 btcC0atk96pyfRqYdueOaRRtuoSbY6n9X/xKlmhUTlmABrJ1GYu2kJxnEmcFmLC4s5sGuY48SjAol2Wq7/sqSvvJPSTBt/lKNr99+NEqS1C5n4SQnuyt7NVuZ92aRwWW9acpUXDhXbXJQVgjpNV8XQlBtkTiw8ADPcv5WyKzDAnK+vFhtU+JlpKUGlZZyB5GKRYgaFcMsyttmOa76uXSf0/zDqtKNuu/uh0+y/3RZXJS9JgxyTiJyRPnlPzsmQMPKFfCU35FtwE/wIfga/NqOVYLvzgtxS8Psvus6sEw==</latexit>

Aliasing Can Be “Good”

https://www.youtube.com/watch?v=lvvcRdwNhGM

