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<latexit sha1_base64="BB90J5nrI1RGs263OVSnI1Ojjco="></latexit>
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<latexit sha1_base64="sk+vNa5LmzSSOCt9haoE5BUdN3o="></latexit>
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<latexit sha1_base64="JUoUAHdcg1J1GsWfCnEpiHT5wKM=">AAACJHicdZBBSxtBFMdntWqaqk306GVoKHgKuyrRo6AHb41gTCAbwtvZtzo4M7vMvK2EJR/Fa/wy3qSHXvpJPDiJEdrSPhj48f+/9+bxTwolHYXhz2Bl9cPa+kbtY/3T5tb250Zz59rlpRXYE7nK7SABh0oa7JEkhYPCIuhEYT+5O5v7/e9onczNFU0KHGm4MTKTAshL40YzTjKHVqLj30qabxk3WmE7XBQP24cnR4fRkYdOeO yRR0urxZbVHTde4jQXpUZDQoFzwygsaFSBJSkUTutx6bAAcQc3OPRoQKMbVYvTp/yrV1Ke5dY/Q3yh/j5RgXZuohPfqYFu3d/eXPyXNywpOxlV0hQloRFvH2Wl4pTzeQ48lRYFqYkHEFb6W7m4BQuCfFr12KLBe5FrDSat4gy0VJMUMygVTavYZe9c93G9Z8L/D9cH7ajT7lwetE7Pl8HV2B77wvZZxI7ZKbtgXdZjgt2zBzZjj8EseAqegx9vrSvBcmaX/VHBr1dO0KZx</latexit>

Outline

<latexit sha1_base64="anXCQpx50Jy0zc4MQ1ekWvOWLQk="></latexit>

• Sampling Theory

– Review 1D Sampling Theory

– Sampling in Two Dimensions

• Acquisition Systems

– Real Acquisition Systems

– Aliasing Problems

• Image Quantization

– Uniform Quantizer

– Minimum-Error (Lloyd-Max) Quantizer

– Grayscale vs. Spatial Resolution Tradeo!
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<latexit sha1_base64="vAY4ojwkgiSCxS0NEmeoheaLFrU=">AAACQnicdVDLShxBFK3WRM0k6miW2RQZAq7GbpXRpaBCluYxKkwPcrv61lhYj6YeytDMZ/g1bs1H5BfcSbYuUvMQYtADBYfzoKpOUUnhfJr+Tubm37xdWFx613j/YXlltbm2fuJMsAy7zEhjzwpwKIXGrhde4lllEVQh8bS4PBj7p1donTD6px9W2Fcw0IILBj5K583NvOAOrUBHjzhH5qnh9DuWgQk9oD+qGAMZBWdkmDZaaT udgKbt7b2d7Wwnkk66GynNZlaLzHB83nzMS8OCQu2ZBOd6WVr5fg3WCyZx1MiDwwrYJQywF6kGha5fTz42ol+iUlJubDza04n6b6MG5dxQFTGpwF+4/72x+JLXC57v9Wuhq+BRs+lFPEjqDR2vREth4xZyGAkwK+JbKbsAC8zHLRu5RY3XzCgFuqxzDkrIYYkcgvSjOnf8iTfiXE+b0NfJyVY767Q737Za+4ez4ZbIJ/KZbJCM7JJ98pUcky5h5IbckjvyK7lL7pOH5M80OpfMOh/JMySPfwFzyLKS</latexit>

E!ect of Reducing Spatial Resolution

128×128 64×64 32×32

256×256

<latexit sha1_base64="xiU/mUYOTYbi/YXWYPhhvrbvKbQ="></latexit>

There is a trade-o! between number of gray levels and resolution
<latexit sha1_base64="YUrbrwGm0E7BETIO0MGUQlK7Dtg="></latexit>

Quantization
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<latexit sha1_base64="UVyMFU6f/gWNOlrUkqSU1aRVnLw=">AAACL3icdZBNS+RAEIY76voxfs26Rz00Dgt7GhKV0aOwHtybgqPCZJBKp7I2dndCd0UZw1z8NV71z8helr3uf/BgzxhBRQsaXt6niqp+k0JJR2H4J5iYnPoyPTM715hfWFxabn5dOXZ5aQV2Ra5ye5qAQyUNdkmSwtPCIuhE4Uly8XPETy7ROpmbIxoU2Nfw28hMCiBvnTXX4iRzaCU6/ssj5IclGJLXNW6F7XBcPGxv7mxtRl tedMJtL3lUoxar6+Cs+RinuSg1GhIKnOtFYUH9CixJoXDYiEuHBYgLv6jnpQGNrl+NfzHk372T8iy3/hniY/f1RAXauYFOfKcGOnfv2cj8iPVKynb6lTRFSWjE86KsVJxyPoqEp9KiIDXwAoSV/lYuzsGCIB9cI7Zo8ErkWoNJqzgDLdUgxQxKRcMqdtmLbvi4XjLhn4vjjXbUaXcON1q7e3Vws2yVrbMfLGLbbJftswPWZYLdsFt2x+6Du+Ah+Bv8e26dCOqZb+xNBf+fAEK0qwk=</latexit>

Image Quantization

<latexit sha1_base64="StVA96RphZQlWnioioIZP+mk4No="></latexit>

• Quantizer Specification

• Histogram

• Uniform Quantization

• Minimum-Error (Lloyd-Max) Quantizer

• Grayscale vs. Spatial Resolution Tradeo!

• Dithering
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<latexit sha1_base64="tTSzRHYMPwvBt0QWkxsCYFWWeBg=">AAACNHicdZDBaxNBFMZnq9YYbRv16GU0CJ7CbhKSHAN68NiiaQPZUN7Ovk2GzMwuM28t6ZKzf43X+rcI3kqv/gUenKQJVKkfDPz4vveYmS8plHQUhj+CvQcPH+0/rj2pP312cHjUeP7i1OWlFTgSucrtOAGHShockSSF48Ii6EThWbJ4v87PvqB1MjefaVngVMPMyEwKIG+dN17HSebQSnT8pARD8hIt/1SguDPTDFvhRjxsdQ bdTtT10Av7Hnm0jZpsq+Pzxu84zUWp0ZBQ4NwkCguaVmBJCoWrelw6LEAsYIYTjwY0umm1+cqKv/VOyrPc+mOIb9y7GxVo55Y68ZMaaO7+zdbmfdmkpGwwraQpSkIjbi/KSsUp5+teeCotClJLDyCs9G/lYg4WBPn26rFFgxci1xpMWsUZaKmWKWZQKlpVsct2XPd17Trh/4fTdivqtXon7ebww7a4GnvF3rB3LGJ9NmQf2TEbMcG+sm/sin0ProKfwXVwczu6F2x3XrK/FPz6A8OSrVU=</latexit>

Quantizer Specification

<latexit sha1_base64="FDyLtE1HxfDEKqUF1YWsKKEu7O0="></latexit>

What even is a quantizer?

<latexit sha1_base64="buFgNpfdsqnc70wBBC17cPCDa4U="></latexit>

• Images have real-valued intensity values f = f(x) → R

<latexit sha1_base64="Ul1kISwV4u0YHjTCzQdkzuxhaXk="></latexit>

Q

<latexit sha1_base64="JAB15cnaAoRM2RmAVy1zIbnaP7w="></latexit>

quantizer

<latexit sha1_base64="BdW8PaK5fbJgecIi7A/25EwJME4="></latexit>

f
<latexit sha1_base64="vRaqmy6i+Rr5r0o4VCyxfcaIreU="></latexit>

f̃
<latexit sha1_base64="YyAaofm/d+DpOHzsn1wTMkwCv7U="></latexit>

→ {r0, r1, . . . , rK→1}
<latexit sha1_base64="5gQjPiMfspUWG7W5AJSIajfmNRI="></latexit>

K intensity levels <latexit sha1_base64="9mljH96XraZFqN3/D8f8M0ICJKY="></latexit>

tk
<latexit sha1_base64="ldfToHWy206PG4tV5Q1cwFJDA0s="></latexit>

tk+1

<latexit sha1_base64="CsSXG6NtHyW1Wm3mCu0i8Ya1Aos="></latexit>rk

<latexit sha1_base64="P48mTo0sqwRPP+fK33OQ7VPWikQ="></latexit>

f

<latexit sha1_base64="UePYIdTMXzZlyv2iyNfW8vBVMfc="></latexit>

f̃ = Q(f)

<latexit sha1_base64="wiZM7RhGluzuUx4ERBZpKzUIdcE="></latexit>

• Quantization thresholds: tk
<latexit sha1_base64="LgSbzN88Y7m5U+cK6gIsC4Od1vM="></latexit>

• Quantized output: rk
<latexit sha1_base64="ALYE0QBBox+oTkRZLefJH/uQoGQ="></latexit>

f̃ = Q(f) = rk →↑ f ↓ [tk, tk+1)
<latexit sha1_base64="fNjAbxsD8bSP5XWYyAYH6twjjLM="></latexit>

Exercise: Come up with a 256 gray-level quantizer
for images with grayscale intensity values f → [0, 1].

<latexit sha1_base64="wWBn2kWZ2g10t1qbEV6roaIgVH8="></latexit>

k = 0, . . . ,K
<latexit sha1_base64="2yocAhYS3XCBocK1e4S/9ui5xw8="></latexit>

k = 0, . . . ,K → 1
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<latexit sha1_base64="uSPUbHwp/6asOrh9mDuSdiVbLmQ=">AAACQnicdVDLSiNBFK1WZ4yZh1GXbgrDwKwy3SpRXEWchcsIJgrpEG5X346F9WiqqpXQ5DP8Grf6Ef7C7MStC6tjhJlBDxQczrmvOkkuuHVh+BAsLC59+rxcW6l/+frt+2pjbb1vdWEY9pgW2pwnYFFwhT3HncDz3CDIROBZcnlU+WdXaCzX6tRNchxKGCuecQbOS6PGrzjJLBqOlh77bXpsQNoDeki7RieQ8OoEzmif43WuuX KjRjNshTPQsLWzv7sT7XrSDvc8pdHcapI5uqPGc5xqVkhUjgmwdhCFuRuWYPxYgdN6XFjMgV3CGAeeKpBoh+XsY1P6wyspzbTxTzk6U//uKP2xdiITXynBXdj/vUp8zxsULtsfllzlhUPFXhdlhaBO0yolmnKDzImJJ8AMryJgF2CAOZ9lPTao8JppKUGlZZyB5GKSYgaFcNMyttkbr/u43jKhH5P+ditqt9on283O73lwNbJJtshPEpE90iHHpEt6hJEbckvuyH1wF/wJHoOn19KFYN6zQf5B8PwC0IayxQ==</latexit>

Histograms: A Probabilistic Viewpoint

<latexit sha1_base64="FLEsP43tZR593jEALp+OjWYB/+k="></latexit>

How do we know how to quantize?

<latexit sha1_base64="Q+VMPEVTgbyi7V952ih3JQAR2tc="></latexit>

Look at the
distribution
of gray levels

<latexit sha1_base64="zWEcVS0Poa2qDu5AskNI0UMtK5c="></latexit>

• Gray-level probability density function (p.d.f.)

<latexit sha1_base64="88PjP/X0pt9aHpuz2+zYuNsvUZk="></latexit>

p(f) = lim
!→0

{
1

!

# of pixels with gray level → [f, f +!)

# of total pixels

}
<latexit sha1_base64="5UNt6MawgiNlAlI09s4KkHuR2eo="></latexit>→ 0

<latexit sha1_base64="BdW8PaK5fbJgecIi7A/25EwJME4="></latexit>

f

<latexit sha1_base64="DkP3ZU/PdGWoM1sEUjtOyr+Ji1M="></latexit>

p(f)

<latexit sha1_base64="Epe08R03ru3hW5OO+e7Xb/4F97U="></latexit>

Pk

<latexit sha1_base64="N9+ymfn3hO7wL8zhhuX1/rJGiWc="></latexit>

– Normalization:

∫ →

↑→
p(f) df = 1

<latexit sha1_base64="Tt/GU4l6RTV3y4V2bDK9GDl+2Jo="></latexit>

– Mean: µ = E[F ] =

∫ →

↑→
f p(f) df , F → p(f)

<latexit sha1_base64="K6sGElqA4CtaHiArdFEDibJkb5A="></latexit>

tk
<latexit sha1_base64="QJA4KG1NGG0YHehpnry/bMtyHeI="></latexit>

tk+1

<latexit sha1_base64="iJKM9SZ/o2/86/lLvfNZEwO9b4s="></latexit>

What is the probability that a gray level is in [tk, tk+1)?

<latexit sha1_base64="hN4Cs8We4ukxEtuHYGf9C/rf99g="></latexit>

– Variance: ω2 = E[(F → µ)2] =

∫ →

↑→
(f → µ)2 p(f) df , F ↑ p(f)
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<latexit sha1_base64="oxy/MWvDKzt5GRB+knWvvNm6AxA=">AAACS3icdVBNSxtBGJ5N1drYatRjL0ODaC9hVyUGT0o9eEzBRCEbwruz78Yh87HMzFbCkr/ir+lV7/0d3sRDZ2MEW/SFgYfneT+eeZJccOvC8E9Q+7C0vPJx9VN97fOX9Y3G5lbf6sIw7DEttLlKwKLgCnuOO4FXuUGQicDLZPKj0i9/obFcqws3zXEoYax4xhk4T40anTjJLBqOlp77a3psQNpjekq7RieQ8MoCZ7TP8SbXXD m6x7Ryu+n3UaMZtsJ50bB10Dk8iA49aIdHHtJoITXJorqjxlOcalZIVI4JsHYQhbkblmD8foGzelxYzIFNYIwDDxVItMNy/sMZ3fFMSjNt/PMm5uzridK7tlOZ+E4J7tr+r1XkW9qgcFlnWHKVFw4Vez6UFYI6Tau4aMoNMiemHgAzvMqCXYMB5nyo9digwhumpQSVlnEGkotpihkUws3K2GYvuO7jesmEvg/6+62o3Wr/3G+enC2CWyVfyTeyRyJyRE7IOemSHmHklvwmd+Q+uAsegsfg6bm1Fixmtsk/VVv+C1CUtNA=</latexit>

Histograms: A Probabilistic Viewpoint (cont’d)

<latexit sha1_base64="WhjJOhKYPpy5wQZbejjCKsQvG9E="></latexit>

• Quantized histogram

<latexit sha1_base64="BdW8PaK5fbJgecIi7A/25EwJME4="></latexit>

f

<latexit sha1_base64="DkP3ZU/PdGWoM1sEUjtOyr+Ji1M="></latexit>

p(f)

<latexit sha1_base64="Epe08R03ru3hW5OO+e7Xb/4F97U="></latexit>

Pk

<latexit sha1_base64="K6sGElqA4CtaHiArdFEDibJkb5A="></latexit>

tk
<latexit sha1_base64="QJA4KG1NGG0YHehpnry/bMtyHeI="></latexit>

tk+1

<latexit sha1_base64="tUnciOvpQ4qA8HWrqol5Ev11+No="></latexit>

p(f) → pQ(f̃)

<latexit sha1_base64="mBpqZSwfwGJWMA0blP7QshopfSI="></latexit>

Given a quantizer Q, what is the
corresponding quantized histogram?

<latexit sha1_base64="b29xMl9ESW9nCXmTqvunIPR6Jpo="></latexit>

If F → p(f), what is the probability
distribution of F̃ = Q(F )?

<latexit sha1_base64="WHbB9366uZ/84A/2kM2o56EzE5A="></latexit>

=
K→1∑

k=0

Pk ω(f̃ → rk)

<latexit sha1_base64="a2PIztHKT09uaEQIZT488XcI0tc="></latexit>

where Pk = P(f → bink) =

∫ tk+1

tk

p(f) df

<latexit sha1_base64="IGf+PDBgCubnKCiW0ivhwINgVcI="></latexit>

pQ(f̃)
<latexit sha1_base64="Epe08R03ru3hW5OO+e7Xb/4F97U="></latexit>

Pk

<latexit sha1_base64="ryUzpodWjmKxBBRNgteFxwBOvNo="></latexit>rk

<latexit sha1_base64="vRaqmy6i+Rr5r0o4VCyxfcaIreU="></latexit>

f̃

<latexit sha1_base64="d7nMBzRs+Uz5Flt9zrf4jidxpQU="></latexit>

equivalent to a probability
mass function (p.m.f.)

<latexit sha1_base64="EmLGAQElnyYgZK0hiN93xVJcuac="></latexit>

How can we measure the

performance of a quantizer?

<latexit sha1_base64="VZ4bZ/jrZ0epc5crAAXv3wfUDD8="></latexit>

Mean-squared error:
E[(F → F̃ )2], F ↑ p(f)
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<latexit sha1_base64="oxy/MWvDKzt5GRB+knWvvNm6AxA=">AAACS3icdVBNSxtBGJ5N1drYatRjL0ODaC9hVyUGT0o9eEzBRCEbwruz78Yh87HMzFbCkr/ir+lV7/0d3sRDZ2MEW/SFgYfneT+eeZJccOvC8E9Q+7C0vPJx9VN97fOX9Y3G5lbf6sIw7DEttLlKwKLgCnuOO4FXuUGQicDLZPKj0i9/obFcqws3zXEoYax4xhk4T40anTjJLBqOlp77a3psQNpjekq7RieQ8MoCZ7TP8SbXXD m6x7Ryu+n3UaMZtsJ50bB10Dk8iA49aIdHHtJoITXJorqjxlOcalZIVI4JsHYQhbkblmD8foGzelxYzIFNYIwDDxVItMNy/sMZ3fFMSjNt/PMm5uzridK7tlOZ+E4J7tr+r1XkW9qgcFlnWHKVFw4Vez6UFYI6Tau4aMoNMiemHgAzvMqCXYMB5nyo9digwhumpQSVlnEGkotpihkUws3K2GYvuO7jesmEvg/6+62o3Wr/3G+enC2CWyVfyTeyRyJyRE7IOemSHmHklvwmd+Q+uAsegsfg6bm1Fixmtsk/VVv+C1CUtNA=</latexit>

Histograms: A Probabilistic Viewpoint (cont’d)

<latexit sha1_base64="P48mTo0sqwRPP+fK33OQ7VPWikQ="></latexit>

f<latexit sha1_base64="9mljH96XraZFqN3/D8f8M0ICJKY="></latexit>

tk
<latexit sha1_base64="ldfToHWy206PG4tV5Q1cwFJDA0s="></latexit>

tk+1

<latexit sha1_base64="CsSXG6NtHyW1Wm3mCu0i8Ya1Aos="></latexit>rk

<latexit sha1_base64="UePYIdTMXzZlyv2iyNfW8vBVMfc="></latexit>

f̃ = Q(f)

<latexit sha1_base64="BdW8PaK5fbJgecIi7A/25EwJME4="></latexit>

f

<latexit sha1_base64="DkP3ZU/PdGWoM1sEUjtOyr+Ji1M="></latexit>

p(f)

<latexit sha1_base64="Epe08R03ru3hW5OO+e7Xb/4F97U="></latexit>

Pk

<latexit sha1_base64="K6sGElqA4CtaHiArdFEDibJkb5A="></latexit>

tk
<latexit sha1_base64="QJA4KG1NGG0YHehpnry/bMtyHeI="></latexit>

tk+1

<latexit sha1_base64="IGf+PDBgCubnKCiW0ivhwINgVcI="></latexit>p
Q
(f̃
)

<latexit sha1_base64="Epe08R03ru3hW5OO+e7Xb/4F97U="></latexit>

P
k

<latexit sha1_base64="ryUzpodWjmKxBBRNgteFxwBOvNo="></latexit>r
k

<latexit sha1_base64="vRaqmy6i+Rr5r0o4VCyxfcaIreU="></latexit>

f̃
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<latexit sha1_base64="Yba+kTn7CqOLDpG+SOgnX/jMoPo=">AAACQnicdVDLShxBFK1WE83k4WiW2RQOgawm3SqjS4MGsgkoyagwPQy3q287hfVoqm4rnWY+w69xaz4iv5BdyNZFasYRNCQHCg7nnMu9dbJSSU9x/CNaWFx68nR55Vnr+YuXr1bba+vH3lZOYF9YZd1pBh6VNNgnSQpPS4egM4Un2fn+1D+5QOelNV+pLnGo4czIQgqgII3a79Os8Ogkev75y0f+wYCqvfTcFpzGyPsha53mRx UYkt/QjdqduBvPwOPu1u72VrIdSC/eCZQnc6vD5jgctW/T3IpKoyGhwPtBEpc0bMCRFAonrbTyWII4hzMcBGpAox82s49N+Nug5DxcEJ4hPlMfTjSgva91FpIaaOz/9qbiv7xBRcXusJGmrAiNuFtUVIqT5dOWeC4dClJ1ICCcDLdyMQYHgkKXrdShwUthtQaTN2kBWqo6xwIqRZMm9cU9b4W67jvh/yfHm92k1+0dbXb2DubFrbA3bIO9YwnbYXvsEztkfSbYFbtmN+x7dBP9jH5Fv++iC9F85jV7hOj2D99Vsj8=</latexit>

MSE Analysis of the Uniform Quantizer

<latexit sha1_base64="FMnHyp5zm8UUCgZmLgz+5YNIojE="></latexit>

• Setup
<latexit sha1_base64="NZTbF2QxBkSGtJzLE2SIfnEVPSg="></latexit>

rk = k!+ r0

<latexit sha1_base64="pGz5iMXrom8xdRiQZg/wL27BY4Y="></latexit>

tk =
rk + rk→1

2
<latexit sha1_base64="QdNeiR7AAoYfz9eGzDse6Dl7r9Y="></latexit>

Typically:
0-255 (256 gray levels)
0-1 (binary)

<latexit sha1_base64="BZHz3nzo729W2Hc8s8ObejSyGcU="></latexit>

Pixel budget:
8 bits
1 bit

<latexit sha1_base64="qmW28d0eN2C9pSJnUzn5tRs4plk="></latexit>

Exercise: Estimate the quantization error E[(F → F̃ )2], F ↑ p(f)
<latexit sha1_base64="6EGzaAGMO5DYUoIhI8RFYt70w68="></latexit>

(You may assume that K is large)

<latexit sha1_base64="ZaLFovgINu0TBNRUdXr+5le8WZI="></latexit>

Human visual system can only distinguish about 60 gray levels (allegedly)

<latexit sha1_base64="SkKSLtZleO/RQbaJ7uKT5I+aRpA="></latexit>

E[(F → F̃ )2] =
K→1∑

k=0

∫ tk+1

tk

(f → rk)
2p(f) df

<latexit sha1_base64="iDAyzI3KEBcMO3n8FX+qHYFxJjU="></latexit>

=
!2

12

<latexit sha1_base64="6aELSqj7M4cGsN2L+73OelniP60="></latexit>

→
K→1∑

k=0

∫ !/2

→!/2
e2

Pk

!
de

<latexit sha1_base64="7T+t337QOnSSli0zv6BXDyfhsAI="></latexit>

large K hypothesis
(high gray-level resolution)



10

<latexit sha1_base64="Wut+B+Njah2/EebCahi/QLnqe7E="></latexit>

Can we do something better?

<latexit sha1_base64="UV7TnBTR9GzXk5h1cWmTOXMHEkY=">AAACPHicdVBNaxNRFH3TWm1ja2NdunkYBLsJM01JuyxYwWULpglkQrjz5k776PsY3rujxiG/wV/Tbf0d7t2JW1dd+JJOQEUPPDiccy73vpOVSnqK46/R2vqDjYePNrdaj7d3nuy2n+5deFs5gQNhlXWjDDwqaXBAkhSOSoegM4XD7Pr1wh++R+elNe9oVuJEw6WRhRRAQZq299Os8Ogkev7mI+hSIbcFH4SIdZqfV2BIfmqynb gbL8Hjbu/4sJccBtKPjwLlSWN1WIOzafsuza2oNBoSCrwfJ3FJkxocSaFw3korjyWIa7jEcaAGNPpJvfzSnL8MSs7DEeEZ4kv194katPcznYWkBrryf3sL8V/euKLieFJLU1aERtwvKirFyfJFPzyXDgWpWSAgnAy3cnEFDgSFFlupQ4MfhNUaTF6nBWipZjkWUCma16kvVrwV6lp1wv9PLg66Sb/bPz/onJw2xW2y5+wFe8USdsRO2Ft2xgZMsM/sht2yL9Ft9C36Hv24j65Fzcwz9gein78A/FiwaQ==</latexit>

Example of Uniform Quantization

256 levels 16 levels

4 levels 2 levels

8 bits 4 bits

2 bits 1 bit

<latexit sha1_base64="HG6LRcx0Yvw4rpr6t8aUbqqg4sY="></latexit>

Nonuniform
quantization?

<latexit sha1_base64="sXC4ddbttd8AhF6EgKzctbjAYPs="></latexit>

Minimize the
MSE directly?
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<latexit sha1_base64="k8Hd/u9YooGfYo5m7aYXngkpGNg=">AAACRXicdVBNaxRBFOyJUeMm6qpHL02WQE7LzCZscgzEgydJMJsEdpbwpufNpkl/DN2vlc2w/8Nf4zX+BX+EN/EkaO9mAlG0oKGoqtf9uopaSU9p+jVZebD68NHjtSed9Y2nz553X7w89TY4gSNhlXXnBXhU0uCIJCk8rx2CLhSeFVeHC//sAzovrTmhWY0TDVMjKymAonTRHeRF5dFJ9PydNSFa1ml+HMCQvF5mOJiSv8epRk PtUC/tp0vwtL+zv7uT7UYyTPci5Vlr9ViLo4vuz7y0IiwuEAq8H2dpTZMGHEmhcN7Jg8caxBVMcRypAY1+0iz/NudbUSl53CoeQ3yp3p9oQHs/00VMaqBL/7e3EP/ljQNV+5NGmjoQGnH7UBUUJ8sXRfFSOhSkZpGAcDLuysUlOBAU6+zkDg1+FFbrWE+TV6ClmpVYQVA0b3Jf3fFOrOuuE/5/cjroZ8P+8HjQO3jTFrfGXrNNts0ytscO2Ft2xEZMsE/sM7thX5Kb5FvyPflxG11J2plX7A8kv34DVR60jg==</latexit>

Nonuniform Quantization and Segmentation

<latexit sha1_base64="OecgvM/gQ6YKMWO+LTBnR8Wo9XQ="></latexit>

Search for the “optimal” threshold values to segment images

<latexit sha1_base64="72a8XTPyw7jAp7U/FZCHvl5SAho="></latexit>

K = 2
<latexit sha1_base64="Mx9MtQjwL93prSSRx9mCuyI5dVA="></latexit>

K = 4

<latexit sha1_base64="qA463FyUypAXKY+wuJJHJWewmsY="></latexit>

Minimum mean squared
error solutions:

<latexit sha1_base64="JUokKrsY0x6AzLxmBSiv+DAVJjo="></latexit>

For a given K, find the MMSE thresholds = Lloyd-Max quantizer
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<latexit sha1_base64="VBo7lu2hejzzx7bjRMURYedDiS8=">AAACOHicdZBLSxxBFIWrzctMHk6SZTaFg5BNJt0qo0shCWSRAcWMCtOD3K6+rYX1aKpuJ+k08wvya7I1vyQ7d+LWtQtrxhaSkBwo+DjnXqrqZKWSnuL4V7Rw5+69+w8WH3YePX7ydKn77Pmet5UTOBJWWXeQgUclDY5IksKD0iHoTOF+dvJ2lu9/RuelNZ+oLnGi4cjIQgqgYB12V9Ks8Ogkej4c7r5/81HZOn89hK98pwJD8l s714v78Vw87q9trq8l6wEG8UZAnrRRj7XaPuxepbkVlUZDQoH34yQuadKAIykUTjtp5bEEcQJHOA5oQKOfNPPvTPlKcHJeWBeOIT53f99oQHtf6yxMaqBj/3c2M/+VjSsqNieNNGVFaMTNRUWlOFk+64bn0qEgVQcA4WR4KxfH4EBQaLCTOjT4RVitweRNWoCWqs6xgErRtEl9ccudUNdtJ/z/sLfaTwb9wc5qb+tdW9wie8mW2SuWsA22xT6wbTZign1nP9gp+xmdRmfReXRxM7oQtTsv2B+KLq8BteeuOA==</latexit>

MMSE/Lloyd-Max Quantization

<latexit sha1_base64="vfmTvRoQsRQRu6EAg05V7uikt4g="></latexit>

Goal: For a fixed K, minimize
<latexit sha1_base64="ZSm/T09W66e/pvCwKsKMSLd2lhs="></latexit>

ω2 = E[(F → F̃ )2]
<latexit sha1_base64="FuAQQqrQUAoVODEXBU0QcjBYBgg="></latexit>

=

∫ tK

t0

(f → f̃)2p(f) df =
K→1∑

k=0

∫ tk+1

tk

(f → rk)
2p(f) df

<latexit sha1_base64="j20jEvZzP2kJ5pYV21VJZ/zwXjw="></latexit>

over tk and rk.

<latexit sha1_base64="WmDPSJkh/HweMgauVeJ0jr8XfXQ="></latexit>

How do we do this?

<latexit sha1_base64="Nvv+WhsO6t29hfhc6JFnqBm1jBs="></latexit>

Take the partial derivatives w.r.t. tk and
rk, set them equal to 0, and solve

<latexit sha1_base64="glR3+dEVUNZw1mzu3VKwRs++NAI=">AAAE8nichZPdbtMwFMfTUWCUrw0uubG6TeqkbrLTpeuQkMa+uotNKtW6TlpK5SROa81xguOwRlEu4DG4Q9zyQrwD4hlw22xqMyYcWTk55/c/Po59rIDRUEL4q7DwoPjw0ePFJ6Wnz56/eLm0/Oo89CNhk47tM19cWDgkjHLSkVQychEIgj2Lka51tT+Odz8TEVKfn8k4ID0PDzh1qY2lcvWXfpue5Y+SY8rlW7BqOjQMGI5DGT </latexit>

Hint:

∫ b

a
g(x) dx =

∫ b

→↑
g(x) dx→

∫ a

→↑
g(x) dx = G(b)→G(a) ↑ ω

ωa

∫ b

a
g(x) dx = →g(a)

<latexit sha1_base64="bcO3e+LlprldLcHEWFWPcU/gnME="></latexit>

•
ωε2

ωtk
= 0 → tk =

rk + rk→1

2

<latexit sha1_base64="uQiumz/FBs35nyVSlqHoc9XEFZI="></latexit>

•
ωε2

ωrk
= 0 → rk =

∫ tk+1

tk
fp(f) df

∫ tk+1

tk
p(f) df

<latexit sha1_base64="54/OscyhNPFKrmrcMGk2yzwvxLs="></latexit>

= E[F | F → [tk, tk+1)]
<latexit sha1_base64="jpfNDJxLYcg+2cTxim8CuRV/EN0="></latexit>

(conditional mean is optimal)
<latexit sha1_base64="GOOZXKct6y4XbfAA1ROcDV5jGgY="></latexit>

(midpoint solution is optimal)

<latexit sha1_base64="MLJssw/ovfpnq95W4BLD0Vl2GQ8="></latexit>

When p(f) is uniform, the
uniform quantizer is optimal
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<latexit sha1_base64="s5ZAmXblhUuwfXYjm76jl6se7C4=">AAACQnicdZDNahRBFIWr418c/0ZduikcBDdOupMwyTKSCC4cSNBJAtPDcLv69kyR+mmqbpu0zTyGT+M2PkReITtxm4U1kwmo6IGCj3PupbgnK5X0FMcX0cqt23fu3lu933rw8NHjJ+2nzw69rZzAgbDKuuMMPCppcECSFB6XDkFnCo+yk915fvQZnZfWfKK6xJGGiZGFFEDBGrfX0qzw6CR63u9/fLf2Qdk6f9OHM35QgSH5ZT HH36qJdZKmetzuxN14IR53N7Y3N5LNAL14KyBPllGHLbU/bl+luRWVRkNCgffDJC5p1IAjKRTOWmnlsQRxAhMcBjSg0Y+axWEz/io4OS+sC88QX7i/bzSgva91FiY10NT/nc3Nf2XDiortUSNNWREacf1RUSlOls9b4rl0KEjVAUCEw6XgYgoOBIUuW6lDg6fCag0mb9ICtFR1jgVUimZN6osbboW6bjrh/4fD9W7S6/YO1js7e8viVtkL9pK9ZgnbYjvsPdtnAybYV/aNnbPv0Xl0Gf2Ifl6PrkTLnefsD0VXvwAdbLJj</latexit>

MMSE/Lloyd-Max Quantization Algorithm

<latexit sha1_base64="KytNn7DVtcQAQ4m3t2PwSUqTA0Q="></latexit>

How do we realize this with an algorithm?

<latexit sha1_base64="YedgeO7xbTyMjlW5OXF/N01kuEI="></latexit>

Does something
seem funny?

<latexit sha1_base64="mSMf4nVdirAhiE2CDgiDby5quVo="></latexit>

Solution: Iterate back and forth between the tk and the rk
<latexit sha1_base64="oNAMQ13MSxULwi4E9argvdUDNPs="></latexit>

Initialize t1, . . . , tK→1 randomly
and set t0 = →↑ and tK = +↑

<latexit sha1_base64="FKJWvIEBxCxJhFyJv9AWyVVWd9U="></latexit>

Compute rk = E[F | F → [tk, tk+1)]

<latexit sha1_base64="ZN7GKNMmKXj8nt8v5EXqksmaH5k="></latexit>

Update tk = (rk + rk→1)/2

<latexit sha1_base64="4o4qiREuNc9dFceQohJchGrbMxI="></latexit>

iterate until
convergence

<latexit sha1_base64="sO4PKpfn2bMBSfY0thLKVK4RBVk="></latexit>

• E!cient implementation

– rk can be computed directly

from the histogram

– Recursive update

<latexit sha1_base64="88xj8OgVzhEaJqn7HjyvGwRAS3g="></latexit>

• Generalizations

– Non-quadratic cost functions

– Multivariate extensions (e.g., RGB)

– This is just the K-means algorithm
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<latexit sha1_base64="AYFO4qBn01w+MVvY6wmDnUEFgrk=">AAACM3icdZDNThRBFIWrUXQcQQdduqk4MXHjpBvIwHISXbCQBBIHSKYn5Hb1bahQP52q20rbma1PwxbfxbAzbn0DF9YMTaIETlLJl3PuTVWdrFTSUxz/iJYePFx+9LjzpPt0ZfXZ897aiwNvKydwLKyy7igDj0oaHJMkhUelQ9CZwsPs7P08P/yMzktrPlFd4lTDiZGFFEDBOu7xNCs8Oomef1S2zt/twjnfr8CQ/NqO9ONBvB CPBxvbmxvJZoBhvBWQJ23UZ632jnt/0tyKSqMhocD7SRKXNG3AkRQKZ9208liCOIMTnAQ0oNFPm8VPZvxNcHJeWBeOIb5w/91oQHtf6yxMaqBTfzubm3dlk4qK7WkjTVkRGnF9UVEpTpbPa+G5dChI1QFAOBneysUpOBAUyuumDg1+EVZrMHmTFqClqnMsoFI0a1Jf3HA31HXTCb8fDtYHyXAw3F/vjz60xXXYK/aavWUJ22IjtsP22JgJ9o1dsEv2PbqMrqKf0a/r0aWo3XnJ/lP0+y91Oqyl</latexit>

Lloyd-Max Quantization

256 levels 16 levels

4 levels 2 levels

256 levels 16 levels

4 levels 2 levels

<latexit sha1_base64="2P0Piwc/0LLVMynuuZHHrsgHDiw="></latexit>

uniform quantization
<latexit sha1_base64="huFe0V+nN2p9cWwq3iOS6XmcWpQ="></latexit>

Lloyd-Max quantization

<latexit sha1_base64="XTy+Bosy3449WtzQB/op5Dxp5Ps="></latexit>

• Other useful properties:

– Unbiased estimate: E[F̃ ] = E[F ]

– Error E = F → F̃ is orthogonal to the quantized value: E[F̃E] = 0
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<latexit sha1_base64="aC0cbFI/5VEEeEFdLNWTc8/jglU=">AAACRnicdZDNahRBFIVvT/yJ49+oSzeFg+Cq6c6ESZYBBV1GzSSB6WG4XX0rKVI/TVV1pGnmQfI02SaP4Eu4EzcurJlMQEUvFHyccy5VdcpaSR+y7GvS27hz9979zQf9h48eP3k6ePb80NvGcZpwq6w7LtGTkoYmQQZFx7Uj1KWio/Ls7dI/OifnpTUHoa1ppvHESCE5hijNB6OiFJ6cJM/eO2w9R0Xs3Kfscx0TqNgn8lY1yz A7cFiRFWI+GGZpthqWpaPd7VG+HWGc7URk+doawnr254OfRWV5o8kErtD7aZ7VYdahC5IrWvSLxlON/AxPaBrRoCY/61afW7DXUamYsC4eE9hK/X2jQ+19q8uY1BhO/d/eUvyXN22C2J110tRNIMNvLhKNYsGyZVOsko54UG0E5E7GtzJ+ig55iH32C0eGvnCrNZqqKwRqqdqKBDYqLLrCi1vux7puO2H/h8OtNB+n449bw7136+I24SW8gjeQww7swQfYhwlwuIBLuILr5Cr5lnxPftxEe8l65wX8MT34Be2ys0U=</latexit>

Grayscale vs. Spatial Resolution Tradeo!

128 x 128 x 4 bits

256 x 256 x 1 bits 128 x 128 x 4 bits 64 x 64 x 16 bits

bit budget:65,536 bits
32 x 32 x 16 bits

<latexit sha1_base64="3WajAczhHW1UszSWYXTEhJ6LT0c="></latexit>

These all use the same number of bits!
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<latexit sha1_base64="Ki1dBF7Xs7f34mqvLk5f10lFt6c=">AAACM3icdVBNSxxBFOwxGnXVuIlHL42L4GmZUVk9SpJDvIiCq8LOsrzpea2N/TF09yQMw17za3I1/0W8iVf/gQd7PwSVpE5FVb1+rysrpHA+jm+jmQ+zcx/nFxYbS8srn1abn7+cOVNahl1mpLEXGTiUQmPXCy/xorAIKpN4nl1/G/nnP9E6YfSprwrsK7jUggsGPkiDJk0z7tAKdPQIMafcWPpVaLAVPQxRdINmK27HY9C4vb O/u5PsBtKJ9wKlydRqkSmOB82nNDesVKg9k+BcL4kL36/BesEkDhtp6bAAdh0e7wWqQaHr1+OfDOlmUCZHcKM9HauvJ2pQzlUqC0kF/sq990biv7xe6fl+vxa6KD1qNlnES0m9oaNaaC4sMi+rQIBZEW6l7AosMB/Ka6QWNf5iRinQeZ1yUEJWOXIopR/WqeMvvBHqeumE/p+cbbeTTrtzst06+D4tboGskw2yRRKyRw7ID3JMuoSR3+QPuSF/o5voLrqPHibRmWg6s0beIHp8BmMsrAU=</latexit>

Need for Binary Images

<latexit sha1_base64="/zIr6aKwGmrIUccQNzZ3sAILZrc="></latexit>

• Some devices can only render binary output (e.g., printers, fax machines, etc.)

– ink or no ink!

• Lucky coincidence: The human visual system locally integrates black-and-
white information and sees the “average”

• Exploit tradeo! between spatial resolution and grayscale resolution

• Implemented by “Raster Image Processers” (RIPs) in printing systems

<latexit sha1_base64="seFuq7vbFYct9cB6/mvPxVVJPEQ="></latexit>

Can we do better than just thresholding?
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<latexit sha1_base64="owtdtC8W0XxxZ/hKQHZNs4PIRh4=">AAACJnicdZDBSxtBFMZntdaYao169DI0FDyFXQ3Ro2AOHi0YFbIhvJ19mwzOzC4zb1uWJX+LV/1nvIl46x/SQycxgi3tBwM/vu895vElhZKOwvAlWFn9sPZxvbHR/LS59Xm7tbN75fLSChyIXOX2JgGHShockCSFN4VF0InC6+T2bJ5ff0frZG4uqSpwpGFiZCYFkLfGrb04yRxaiY73JU09mcm41Q474UI87ByddI+irodeeO yRR8uozZa6GLd+xWkuSo2GhALnhlFY0KgGS1IonDXj0mEB4hYmOPRoQKMb1YvjZ/yrd1Ke5dY/Q3zhvt+oQTtX6cRPaqCp+zubm//KhiVlJ6NamqIkNOL1o6xUnHI+b4Kn0qIgVXkAYaW/lYspWBDk+2rGFg3+ELnWYNI6zkBLVaWYQaloVscue+Omr+utE/5/uDrsRL1O79th+7S/LK7B9tkXdsAidsxO2Tm7YAMmWMXu2D17CO6Dx+ApeH4dXQmWO3vsDwU/fwPlr6dD</latexit>

Dithering

grayscale ramp

Graylevel image

Uniform noise [0, 255] 
     Threshold T

Binary image
<latexit sha1_base64="GT7up+MGWYp3xwVsKRnwuPMdPQw="></latexit>

+
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grayscale image fixed threshold

ordered ditheringrandom dithering

<latexit sha1_base64="YxPWfsZD6gPIpMTLLTd805wbjW0=">AAACLnicdZBPSxtBGMZn/VPTqDW1Ry9DQ8FT2FWJHgUj9KjQqJAN4d3Zd5PBmdll5l01LDn003jVLyP0ULz6ITx0EiO0Yh8Y+PE878vMPEmhpKMw/BUsLC4tf1ipfayvrq1/2mh83jxzeWkFdkWucnuRgEMlDXZJksKLwiLoROF5cnk0zc+v0DqZmx80LrCvYWhkJgWQtwaNrTjJHFqJjnckjTyZIT++AV0oHDSaYSuciYet3Y O93WjPQzvc98ijedRkc50MGs9xmotSoyGhwLleFBbUr8CSFAon9bh0WIC4hCH2PBrQ6PrV7BMT/s07Kc9y648hPnP/3qhAOzfWiZ/UQCP3Npua72W9krKDfiVNURIa8XJRVipOOZ82wlNpUZAaewBhpX8rFyOwIMj3Vo8tGrwWudZg0irOQEs1TjGDUtGkil32ynVf12sn/P9wttOK2q326U7zsDMvrsa22Fe2zSK2zw7Zd3bCukywn+yW3bH74C54CH4Hjy+jC8F85wv7R8HTHz2Vqn8=</latexit>

Dithering Example
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<latexit sha1_base64="hWXB9MWOoK6GL5h8WiFFS1ya5HM=">AAACJHicdZBLSwMxFIUzvq2vqks3wSK4KjMq1aWgC5eK9gGdUu5k7mgwyQxJRhmG/hS3+mfciQs3/hIXprUFFT0Q+DjnXnI5USa4sb7/5k1Nz8zOzS8sVpaWV1bXqusbLZPmmmGTpSLVnQgMCq6wabkV2Mk0gowEtqPbk2HevkNteKqubJFhT8K14glnYJ3Vr66HUWJQczT0MpcSdNGv1vy6PxL16/tHB/vBgYOGf+iQBuOoRs Y671c/wjhluURlmQBjuoGf2V4J2nImcFAJc4MZsFu4xq5DBRJNrxydPqA7zolpkmr3lKUj9/tGCdKYQkZuUoK9Mb+zoflX1s1tctQrucpyi4p9fZTkgtqUDnugMdfIrCgcANPc3UrZDWhg1rVVCTUqvGepa0TFZZiA5KKIMYFc2EEZmmTCFVfXpBP6P7T26kGj3rjYqx2fjotbIFtkm+ySgBySY3JGzkmTMHJPHsgjefIevWfvxXv9Gp3yxjub5Ie8909mR6Z/</latexit>

Summary

<latexit sha1_base64="TDaZz3yiLvRQRrTl425xbukXvlU="> </latexit>

• Ideal sampling is modeled as a multiplication with a sequence of Dirac impulses (ideal sampling
function). In the frequency domain, this corresponds to a convolution with a sequence of Diracs
with a reciprocal spacing.

• Sampling periodizes the Fourier transform of the image.

• The periodization pattern can be predicted from the Fourier transform of the ideal sampling
function (also a sequence of Dirac impulses).

• Perfect recovery is possible only if the image is sampled at or above the Nyquist frequency ωmax/2.

• Undersampling produces aliasing. It can be prevented by ideal lowpass prefiltering prior to sam-
pling. True acquisition systems include a sampling aperture which acts as a lowpass prefilter,
thereby reducing aliasing.

• During acquisition, the intensity values of the individual pixels are quantized (A-to-D conversion).

• Uniform quantization is the most common. Monochrome monitors typically display 256 gray levels.

• Alternatively, the quantization steps may be selected to minimize the mean squared error (Max-
Lloyd quantizer). This also yields an e!ective segmentation algorithm.

• To some extent, grayscale resolution can be traded for spatial resolution. This tradeo! can be
exploited via dithering.


