
1

<latexit sha1_base64="BB90J5nrI1RGs263OVSnI1Ojjco="></latexit>
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ECE 172A: Introduction to Image Processing
Discrete Images and Filtering: Part I



2

<latexit sha1_base64="JUoUAHdcg1J1GsWfCnEpiHT5wKM=">AAACJHicdZBBSxtBFMdntWqaqk306GVoKHgKuyrRo6AHb41gTCAbwtvZtzo4M7vMvK2EJR/Fa/wy3qSHXvpJPDiJEdrSPhj48f+/9+bxTwolHYXhz2Bl9cPa+kbtY/3T5tb250Zz59rlpRXYE7nK7SABh0oa7JEkhYPCIuhEYT+5O5v7/e9onczNFU0KHGm4MTKTAshL40YzTjKHVqLj30qabxk3WmE7XBQP24cnR4fRkYdOeO yRR0urxZbVHTde4jQXpUZDQoFzwygsaFSBJSkUTutx6bAAcQc3OPRoQKMbVYvTp/yrV1Ke5dY/Q3yh/j5RgXZuohPfqYFu3d/eXPyXNywpOxlV0hQloRFvH2Wl4pTzeQ48lRYFqYkHEFb6W7m4BQuCfFr12KLBe5FrDSat4gy0VJMUMygVTavYZe9c93G9Z8L/D9cH7ajT7lwetE7Pl8HV2B77wvZZxI7ZKbtgXdZjgt2zBzZjj8EseAqegx9vrSvBcmaX/VHBr1dO0KZx</latexit>

Outline

<latexit sha1_base64="mSohaAV44tqoxsdYPzjVvfam00M="></latexit>

• Characterization of Discrete Images

– Discrete Image Representation

– Discrete-Space Fourier Transform

– Two-Dimensional z-transform (= (z1, z2)-transform)

• Discrete (Digital?) Filtering

– Filtering With 2D Masks

– Equivalent Filter Characterizations

– Separability

• Filtering Images: Practical Considerations
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<latexit sha1_base64="T1y2HbWnqQIaH39uWEzMUWHFdro=">AAACQHicdVBNTxsxEPVSSiG0NJRjLxZRJS5Eu4ACRyQ4wC2VGkDKRpHXOy4W/ljZs6Cwyq/or+k1/Ar+ATfEFXHACYlUEB3J0pv35o3tlxVKeozj22juw/zHhU+LS7Xlz19WvtZXv514WzoOHW6VdWcZ86CkgQ5KVHBWOGA6U3CaXRyM9dNLcF5a8wsHBfQ0+22kkJxhoPr1zTQTHpwETw/OmWMcQ3M9EakV9FB67gCBHgcf+H 69ETfjSdG4ub23s53sBNCKdwOkyVRqkGm1+/WnNLe81GCQK+Z9N4kL7FXMoeQKhrW09FAwfhGWdwM0TIPvVZNvDemPwORUWBeOQTph/3VUTHs/0FmY1AzP/VttTL6ndUsUe71KmqJEMPzlIlEqipaOM6K5dMBRDQJg3MnwVspn4YRNDgxccas1M3mVCqalGuQgWKlwWKVezHAtxDXLhP4fnGw1k1az9XOrsX84DW6RfCfrZIMkZJfskyPSJh3CyR/yl4zITTSK7qL76OFldC6aetbIq4oenwEqz7Hy</latexit>

Characterization of Discrete Images

<latexit sha1_base64="L303OzWtyz65YbA5/YncyksHUoI="></latexit>

• Discrete Image Representation

• Space of Square-Summable Sequences

• Discrete-Space Fourier Transform

• Parseval/Plancherel Relation

• Two-Dimensional z-Transform

• z-Transform Properties



<latexit sha1_base64="QIYD0e7tk93Pu+rCmfkck6smEVs="></latexit>

k

<latexit sha1_base64="XzfqYxQE8DoUVyyKmL/6FMm6qMY="></latexit>

l

4

<latexit sha1_base64="yd95VCxl9bW0No/mqVVNL3DAT1g=">AAACOnicdVDLSgMxFM34rPVVdekmWERXZUaluizoQncqVoVOkUzmjgaTzJDcUcrQT/Br3OqHuHUnbl26MK0jqOiFwOGccx85USaFRd9/8kZGx8YnJitT1emZ2bn52sLiqU1zw6HNU5ma84hZkEJDGwVKOM8MMBVJOIuudwf62Q0YK1J9gr0MuopdapEIztBRF7W1MEosGAGW7gnLDSDQA+cBegxukAWNpbPuN/xhUb+xubO1GW w50PS3HaRBKdVJWYcXtfcwTnmu3AAumbWdwM+wWzCDgkvoV8PcQsb4tVvVcVAzBbZbDD/Up6uOiWmSGvc00iH7vaNgytqeipxTMbyyv7UB+ZfWyTHZ6RZCZzmC5p+LklxSTOkgHRoLAxxlzwHGjXC3Un7FDOPoMqyGBjTc8lQppuMiTJgSshdDwnKJ/SK0yReuuri+MqH/g9ONRtBsNI826q29MrgKWSYrZJ0EZJu0yD45JG3CyR25Jw/k0Xvwnr0X7/XTOuKVPUvkR3lvH1NHr5Y=</latexit>

Discrete Image Representation

<latexit sha1_base64="Wi6Wk+Nn+8XixpRbaREmQOrbWRk="></latexit>

• Set of pixels
<latexit sha1_base64="CbmImsh+dUT0aoOMC2rl5QAm3ws="></latexit>

→ picture elements
<latexit sha1_base64="cx31rewVqDeFBlxE74PLS2xOFF4="></latexit>

{a[k, l]} with k = 0, . . . ,K → 1 and l = 0, . . . , L→ 1

<latexit sha1_base64="b8rSLMBRSQQTsBPks/Qk6zYFyqo="></latexit>

K: number of columns
L: number of rows

<latexit sha1_base64="zNOpRFgz9kpg4IfdKdOZMq2u3fM="></latexit>

0: black

<latexit sha1_base64="4DA0QZDXa2F6N99iQQn3JLTX868="></latexit>

255: white

<latexit sha1_base64="VKUxDP8SHmHJbeeHujZ9AvGglCI="></latexit>

• Array of pixels of size K → L
<latexit sha1_base64="GobIG3qXHvAtdCKZMtlrn+4XkfE="></latexit>

Storage as an L→K Python array: A = [ai,j ] with ai,j = a[j, i]

<latexit sha1_base64="gXSlBtDG9YWTlZqYI+RdbRcJsdg="></latexit>

a[k, l]

<latexit sha1_base64="ogJ2U0On6aIR0JCHswpODNcXn5s="></latexit>

Lab 0
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<latexit sha1_base64="ucAbHsmgRW8KChM5htm/+2myg14=">AAACQ3icdZDLbhNBEEV7Eh7BvAws2bSwkNhgzSSRk2UkWMAukbETyWNZNT3VpJV+DP0AWSP/Bl+TbfgHvoEdYhkkyo4jAYJaXd1b1VV9qkarEPP8a7axeePmrdtbdzp3791/8LD76PE4uOQFjoTTzp9UEFAri6OoosaTxiOYSuNxdfZqmR9/RB+Us+/ivMGpgfdWSSUgkjXr5mUlA3qFgY9RROf5sAGB3Ek+/JDA48thMgboOf 6WRjHMur28n6+K5/2d/d2dYpfEIN8jyYt11GPrOpx1L8vaiWTQRqEhhEmRN3Hago9KaFx0yhSQVp7R4xOSFgyGabv62YI/J6fmks6Szka+cn+faMGEMDcVdRqIp+HvbGn+K5ukKPenrbJNimjF1SKZNI+OLzHxWnnCoeckQHhFt3JxCh5EJJid0qPFT8IRGVu3pQSj9LxGCUnHRVsGea07hOuaCf+/GG/3i0F/cLTdO3i9BrfFnrJn7AUr2B47YG/YIRsxwT6zc3bBvmQX2bfse/bjqnUjW888YX9U9vMXux2ypQ==</latexit>

Vector Space of Square-Summable Images

<latexit sha1_base64="S+Ns0/VPvkwYSj/I/uwh5IcgbGc="></latexit>

• View images as 2D sequences of the space variables
<latexit sha1_base64="xfdqwPAPUVzijocbutotAXFMsGI="></latexit>

a[k1, k2] → ω2(Z2) or simply a → ω2(Z2)

<latexit sha1_base64="PUeuShGrurXG+e7UaeEhPsOZsD0="></latexit>

a[k] with k = (k1, k2) → Z2 (compact vector notation)

<latexit sha1_base64="5T/MvDzI1kkkxmTaveWoSyI4jgU="></latexit>

• 2D ω2-inner product

<latexit sha1_base64="9ypQstbMUqjILDg2U2T7HF1r/DA="></latexit>

→a, b↑ =
∑

k1→Z

∑

k2→Z
a[k1, k2]b

↑[k1, k2]

<latexit sha1_base64="piHoeAihqEjkj7tjLIh/N3QN4LA="></latexit>

induced ω2-norm:

→a→ω2 =
√ ∑

(k1,k2)→Z2

|a[k1, k2]|2 =
√

↑a, a↓

<latexit sha1_base64="/dOqCWsIOqld10R8dICFjn0X1yY="></latexit>

• Vector space of square-summable (discrete) images
<latexit sha1_base64="iGZSl24FCQ6yTv5azhpvSO4Ym/g="></latexit>

ω2(Z2) = {a[k] : k → Z2 and ↑a↑2ω2 < ↓}
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<latexit sha1_base64="/rZlBNXMIkWtkOJNrJz2WFfeRIM=">AAACPXicdVBdSxtBFJ31o02jbaM++jIYBBEadlWijwFFfLRoVMiGcHf2rg7OzC4zd1vCkv/gr/HV/o3+AN/EV1/60EmMoKUeGDiccy/nzkkKJR2F4e9gZnZu/sPH2qf6wuLnL18bS8tnLi+twK7IVW4vEnCopMEuSVJ4UVgEnSg8T673x/75D7RO5uaUhgX2NVwamUkB5KVBYzNOModWouMH0gmLhN9OChDID32ERMtPLRiX5V YPGs2wFU7Aw9b23s52tONJO9z1lEdTq8mmOB40/sRpLkqNhoQC53pRWFC/AktSKBzV49Khj7qGS+x5akCj61eTP434uldS7nP9M8Qn6uuNCrRzQ534SQ105f71xuL/vF5J2V6/kqYoCY14DspKxSnn44J4Ki0KUkNPQFjpb+XiCiwI8jXWY4sGf4pcazBpFWegpRqmmEGpaFTFLnvhdV/XSyf8fXK21Yrarfb3rWbnYFpcja2yNbbBIrbLOuyIHbMuE+yG3bI79iu4C+6Dh+DxeXQmmO6ssDcInv4Cli6wrw==</latexit>

Discrete-Space Fourier Transform

<latexit sha1_base64="UMsSDa7i+HvJzd5AqSDTpzMl6r0="></latexit>

• 2D discrete-space Fourier transform: Definition

<latexit sha1_base64="fl2xSNkSPgMtzWVglxrSYAQU5Vs="></latexit>

â(ω1,ω2) =
∑

k1→Z

∑

k2→Z
a[k1, k2]e

↑ j(ω1k1+ω2k2)
<latexit sha1_base64="90qq0+Kog63s1tw+YxtVP+EEzqM="></latexit>

with (ω1,ω2) → R2

<latexit sha1_base64="X1dimYAv3GLdWgeHSY9WsGHPApg="></latexit>

• (2ω → 2ω)-periodicity
<latexit sha1_base64="l2eqt0DrhGLsmhZxmVIAJqR3Ias="></latexit>

â(ω1,ω2) = â(ω1 +m2ε,ω2 + n2ε), (m,n) → Z2

<latexit sha1_base64="npCn7Swj/sFeL/AWzZ12dsNzmuI="></latexit>ω1

<latexit sha1_base64="eK795w/H59GjTnW72p1s2YUMuag="></latexit>ω2

<latexit sha1_base64="s5Pr5Z9/a7tne/z2a9x8KCe8vdc="></latexit>ω

<latexit sha1_base64="s5Pr5Z9/a7tne/z2a9x8KCe8vdc="></latexit>ω

<latexit sha1_base64="bdZRoHys/Mx4hfK8jkEWuipJhes="></latexit>→ω

<latexit sha1_base64="bdZRoHys/Mx4hfK8jkEWuipJhes="></latexit>→ω

<latexit sha1_base64="HCM4UpezvlZNAVki5zAIlcl+OqA="></latexit>

Support of the main Fourier period:
[→ω,ω]2 = [→ω,ω]↑ [→ω,ω]

<latexit sha1_base64="mkZKm21YKmGQqwmT6nkT3Hn21TY="></latexit>

• Inverse transform
<latexit sha1_base64="c4QMe369PrE3YV0vH8VLj22876c="></latexit>

a[k1, k2] =
1

(2ω)2

∫ ω

→ω

∫ ω

→ω
â(ε1,ε2)e

j(ε1k1+ε2k2) dε1 dε2
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<latexit sha1_base64="MCSV0JXwFia8Hb2dlRNx7kAQfjc=">AAACOnicdZDNSgMxFIUz/lv/qi7dBIvoxjJTpboUdOGyilWhU8qdzB0bTDJDklHK0Efwadzqg7h1J25dujCtFVT0QODjnHtJcqJMcGN9/8kbG5+YnJqemS3NzS8sLpWXV85NmmuGTZaKVF9GYFBwhU3LrcDLTCPISOBFdH04yC9uUBueqjPby7At4UrxhDOwzuqUN8MoMag5GtoAbfAGxHZDgGJd1CjoKYrhoOmUK37VH4r61Z 393Z1g10Hd33NIg1FUISM1OuX3ME5ZLlFZJsCYVuBntl2AtpwJ7JfC3GAG7BqusOVQgUTTLoYf6tMN58Q0SbU7ytKh+32jAGlMT0ZuUoLtmt/ZwPwra+U22W8XXGW5RcU+L0pyQW1KB+3QmGtkVvQcANPcvZWyLmhg1nVYCjUqvGWplKDiIkxActGLMYFc2H4RmuSLS66ur07o/3Beqwb1av2kVjk4GhU3Q9bIOtkiAdkjB+SYNEiTMHJH7skDefQevGfvxXv9HB3zRjur5Ie8tw9z8K+n</latexit>

Parseval-Plancherel Relations

<latexit sha1_base64="NNieoDK2F2x1dFiZ4XFvwrz3J6I="></latexit>

• Discrete-Space Fourier transform and finite energy:

<latexit sha1_base64="vqtjvwz2yrjvUKPIuST6XT1Wc/4="></latexit>

a → ω2(Z2) if and only if â → L2([↑ε,ε]2)

<latexit sha1_base64="HwUohBiWWVSK6NRKoM0kTrTWv3I="></latexit>

Theorem: The complex exponentials {e jωTk}k→Z2 form an orthonor-
mal basis of L2([→ω,ω]2) with respect to the inner product ↑â, b̂↓ =

1

(2ω)2

∫

[↑ω,ω]2
â(ω)b̂↓(ω) dω.

<latexit sha1_base64="ybDhO9f5JgBbMfFv3mKMQfs+QI8="></latexit>

Dual interpretation via Fourier series:
<latexit sha1_base64="lUFaN+5G0FrMqz4jKsSEbwmwZuY="></latexit>

– â(ω) =
∑

k→Z2

a[k]e↑ jωTk is the Fourier series of â(ω)

– a[k] = →â(ω), e↑ jωTk↑ are the Fourier coe!cients
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<latexit sha1_base64="MCSV0JXwFia8Hb2dlRNx7kAQfjc=">AAACOnicdZDNSgMxFIUz/lv/qi7dBIvoxjJTpboUdOGyilWhU8qdzB0bTDJDklHK0Efwadzqg7h1J25dujCtFVT0QODjnHtJcqJMcGN9/8kbG5+YnJqemS3NzS8sLpWXV85NmmuGTZaKVF9GYFBwhU3LrcDLTCPISOBFdH04yC9uUBueqjPby7At4UrxhDOwzuqUN8MoMag5GtoAbfAGxHZDgGJd1CjoKYrhoOmUK37VH4r61Z 393Z1g10Hd33NIg1FUISM1OuX3ME5ZLlFZJsCYVuBntl2AtpwJ7JfC3GAG7BqusOVQgUTTLoYf6tMN58Q0SbU7ytKh+32jAGlMT0ZuUoLtmt/ZwPwra+U22W8XXGW5RcU+L0pyQW1KB+3QmGtkVvQcANPcvZWyLmhg1nVYCjUqvGWplKDiIkxActGLMYFc2H4RmuSLS66ur07o/3Beqwb1av2kVjk4GhU3Q9bIOtkiAdkjB+SYNEiTMHJH7skDefQevGfvxXv9HB3zRjur5Ie8tw9z8K+n</latexit>

Parseval-Plancherel Relations

<latexit sha1_base64="NNieoDK2F2x1dFiZ4XFvwrz3J6I="></latexit>

• Discrete-Space Fourier transform and finite energy:

<latexit sha1_base64="vqtjvwz2yrjvUKPIuST6XT1Wc/4="></latexit>

a → ω2(Z2) if and only if â → L2([↑ε,ε]2)

<latexit sha1_base64="IOuURgS0FKssAe7Ho2DL8ZgpmQg="></latexit>

• Parseval’s formula:
<latexit sha1_base64="adwYhorYtwxOrwlrZxmYe+lh5cs="></latexit>

→a, b↑ = →â, b̂↑
<latexit sha1_base64="fEhZsiIhNHUSTPZsyhmMm7eDdHI="></latexit> ∑

k→Z2

a[k]b↑[k] =
1

(2ω)2

∫

[↓ω,ω]2
â(ω)b̂↑(ω) dω

<latexit sha1_base64="49n/E+VuG0Bsa2yPv2xvEacofK0="></latexit>

• Energy-preservation property:
<latexit sha1_base64="5lthfFgcqyQgvch/Xvd3IhG7clA="></latexit>

→a→2ω2 = →â→2L2([→ε,ε]2) =
1

(2ω)2

∫

[→ε,ε]2
|â(ω)|2 dω
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<latexit sha1_base64="sNDBpb1XDHEnm/PVBwxdFBHQDhI=">AAACS3icdVDLahtBEJxV4sRRXkpyzGWICOQkdm0j62hwCD7axrIMWiF6Z3utwfNYZnpsxKJfydfk6tz9Hb4ZHzKSZUhCUjBQVHVTPVXUSnpK05uk9eTpxrPnmy/aL1+9fvO28+79qbfBCRwKq6w7K8CjkgaHJEnhWe0QdKFwVFzsL/3RJTovrTmheY0TDedGVlIARWnaGeRF5dFJ9PwY1Ur0M1nzkaQZ37eGpAk2eP4tBkp0/M SB8ZV1etrppr10BZ72tgc729lOJP10N1Kera0uW+Nw2rnPSyuCRkNCgffjLK1p0oAjKRQu2nnwWIO4gHMcR2pAo580qx8u+OeolDzmxmeIr9TfNxrQ3s91ESc10Mz/7S3Ff3njQNVg0khTB0IjHoKqoDhZvqyLl9KhIDWPBIST8VYuZuBAUCy1nTs0eCWs1mDKJq9ASzUvsYKgaNHkvnrk7VjXYyf8/+R0q5f1e/2jre7e13Vxm+wj+8S+sIztsj12wA7ZkAn2nf1g1+xncp3cJnfJ/cNoK1nvfGB/oLXxC0zOtfU=</latexit>

Relationship With Continuous Fourier Transform

<latexit sha1_base64="9+yUwaKA/oldqFlqokjqzJtieFk="></latexit>

• Representation of bandlimited functions:

<latexit sha1_base64="OmBS9vD8NsPkBVHVqG4/WrrMQA4="></latexit>

fint(x) =
∑

k→Z2

f [k] sinc(x→ k)

<latexit sha1_base64="AdgoYhNTPjYRL+Qjk8CljO++3zA=">AAAEV3icbZPPT9swFMcNdIx1P4DtuItVQNqhQnZLCuwyBhQ4gFQQpUi0Qo7zQi3iJLOdrVWUv2t/C4ddt9v+hc1tw9SGObL09N7n+/J9tuzGgdCGkIe5+YXSs8XnSy/KL1+9frO8svr2SkeJ4tDmURCpa5dpCEQIbSNMANexAibdADru/cGo3vkKSosovDTDGHqS3YXCF5wZm7pdOe8aGBjXT5sDUFxo+JjhTp8ZLDQ2fcCSDY </latexit>

Exercise: What is the maximum frequency content of f for this to hold?

<latexit sha1_base64="60zk8+V1dvsZM7n/frVvyDUPGfI="></latexit>

f̂int(ω) =
∑

k→Z2

f [k]F{sinc(x→ k)}(ω)

<latexit sha1_base64="io5P3DSj7vLq1ZXcdcl05DdphNM="></latexit>

=
∑

k→Z2

f [k] e↑ jωTk F{sinc(x)}(ω)

<latexit sha1_base64="5qfB9xp5ozTwKdiWUoyOh2N7KdM="></latexit>

= f̂d(ω) rect
( ω

2ω

) <latexit sha1_base64="5REAJwn0pj6VE1HC6vBwNv9OSuU="></latexit>

=

{
f̂d(ω), for ω → [↑ω,ω]2

0, else

<latexit sha1_base64="LtLdLaDgFGThOyW0LHVrcV9Gt3E="></latexit>

The representation holds when fint is bandlimited to [→ω,ω]2
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<latexit sha1_base64="wTV4P6xrTZNJ8ocaZZOQ14ECXCc=">AAACR3icdVBNTxsxEPUGaGlaSihHLhYBiQvRLkQhR6Ry4AhSAkjZKJr1zoKFP1a2t1FY5Y/wa7jCP+iv6A1x4IA3BKlU9EmWn96b8YxfkgtuXRj+DmoLi0ufPi9/qX/9tvJ9tbH248zqwjDsMy20uUjAouAK+447gRe5QZCJwPPk+mfln/9CY7lWPTfJcSjhUvGMM3BeGjXacZJZNBwt7Y317hGXqKpiEHQrTrRI7UT6q7yZbu 32DCibaSNHjWbYCmegYWu/296P2p50wgNPaTS3mmSOk1HjOU41K/zbjgmwdhCFuRuWYBxnAqf1uLCYA7uGSxx4qkCiHZaz303ptldS6uf6oxydqX93lCBttaWvlOCu7L9eJX7kDQqXdYclV3nhULHXQVkhqNO0ioqm3CBzYuIJMMP9rpRdgQHmfKD12KDCMdNSgkrLOAPJxSTFDArhpmVsszde93G9ZUL/T872WlGn1Tndax4ezYNbJhtkk+yQiByQQ3JMTkifMHJL7sg9eQjugz/BY/D0WloL5j3r5B1qwQuMNbQg</latexit>

Two-Dimensional z-Transform

<latexit sha1_base64="WJqU1lxsVqWtx6vIXEvoBUcKxpQ="></latexit>

Complex variable: z = (z1, z2) → C2
<latexit sha1_base64="aES/8ahidyJ92K9rGEOxkA+XbM8="></latexit>

Space index: k = (k1, k2) → Z2

<latexit sha1_base64="vXAVqnNBT7Pwsp+z0kkKgMQnBNk="></latexit>

• Definitions:
<latexit sha1_base64="Kra34q8ADL9EsTX4Ryr4OFEzCxQ="></latexit>

– Multi-index notation: zk = zk1
1 zk2

2
<latexit sha1_base64="in9IHGJyLmY7WxOyCLfVe9merqw="></latexit>

– z-transform (or (z1, z2)-transform): A(z) =
∑

k→Z2

a[k]z↑k

<latexit sha1_base64="rfO+y3/PClNdyR7Pux8ZX3DquDE="></latexit>

(for z in the ROC)

<latexit sha1_base64="A4GrE4MauKq0oNzWZPeYgRz06Mc="></latexit>

• Relationship with discrete-space Fourier transform:
<latexit sha1_base64="hqfPNOcsTNZUGN8FVTzweqijDMU="></latexit>

z1 = e jω1 and z2 = e jω2 (restriction to unit circle)

<latexit sha1_base64="1hu3r2JHWhBji1g+94TBNs0BMVk="></latexit>

Define: e jω = (e jω1 , e jω2)

<latexit sha1_base64="O39R7BAEw8CGMQxrR+KGheTELb0="></latexit>

A(z)|z=e jω = â(ω)
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<latexit sha1_base64="USG08cAQs1ka7nZtZGIVH0r1luk=">AAACMnicdVBNS1tBFJ2n1aaxatRlFx0MgqvwnpHoUogLl1oaFfJCuG/enTg4H4+ZeZXwyNJf41Z/jN0Vt/4EF05ihLa0BwYO59zDnXuyQgrn4/gxWlj8sLT8sfapvvJ5dW29sbF57kxpGfaYkcZeZuBQCo09L7zEy8IiqEziRXbdnfoXP9A6YfR3Py5woGCkBRcMfJCGja9pxh1agY5+w1GQqOG0a3TIjFAzHDaacSuegcat9u F+O9kPpBMfBEqTudUkc5wOGy9pblipUHsmwbl+Ehd+UIH1gkmc1NPSYQHsGkbYD1SDQjeoZodM6E5QcsqNDU97OlN/T1SgnBurLEwq8Ffub28q/svrl54fDiqhi9KHq94W8VJSb+i0FZoLi8zLcSDArAh/pewKLDAfuqunFjXeMKMU6LxKOSghxzlyKKWfVKnj77we6nrvhP6fnO+1kk6rc7bXPDqeF1cjX8g22SUJOSBH5ISckh5h5JbckXvyEN1HP6Nf0dPb6EI0z2yRPxA9vwJHiKwF</latexit>

Region of Convergence

<latexit sha1_base64="i0hFyTkMVPgLujZkc9wNYy8i9lw="></latexit>

Definition: The ROC is the subset of C2
for which

A(z) =
∑

k→Z2

a[k]z↑k
converges.

<latexit sha1_base64="S4lRf0NsMKwllXaRKLeWnBDcTa0="></latexit>

• Practical constraint: Discrete-space Fourier transform converges
<latexit sha1_base64="A2ELOCdFZ9uFhYaH/ubF/hf2zKc="></latexit>

=→ ROC must include the unit circle: z1 = e jω1 and z2 = e jω2

<latexit sha1_base64="w3RMVLlR8VEflDhRU+5rkp7vpHI="></latexit>

• Most cases fall into two categories where this holds:

<latexit sha1_base64="oVnuA/Px2ylHpU/V2M/hnCZvl5U="></latexit>

– a[k] is bounded with finite support (FIR)
<latexit sha1_base64="kopV4m7i0HAUwnYUXh00Ury67HA="></latexit>

ROC = C2 \ {0}

<latexit sha1_base64="jM7DZlxmRWmWHmgn8pxbu6zkNj8="></latexit>

– a[k] is absolutely summable
<latexit sha1_base64="ovDcWHDp6ZdvvqWRCgmHGQmEHoo="></latexit>

ROC contains the unit circle
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<latexit sha1_base64="XMkuInAQnxF90z1D/NTmcAGTgew=">AAACQnicdVDLThsxFPVACyGlkMKyG6uhUjdNZwCFLCPBgmUqEUDKRNEdzx2w8GNke0DpKJ/B17ANH8EvsEPdssB5SQXRK1k+Oufe6+OT5IJbF4YPwdLyh48rq5W16qf1zxubtS9bp1YXhmGXaaHNeQIWBVfYddwJPM8NgkwEniVXhxP97BqN5VqduGGOfQkXimecgfPUoPYrTjKLhqOlO3GiRWqH0l/ln9HOzxMDymbaSNoxOk fjfNegVg8b4bRo2Nhr7e9F+x40wwMPaTSX6mRenUHtOU41KyQqxwRY24vC3PVL8NuYwFE1LizmwK7gAnseKpBo++X0YyP63TMp9Rb8UY5O2X8nSpB2Yth3SnCX9q02Id/TeoXLWv2Sq7xwqNjsoawQ1Gk6SYmm3CBzYugBMMO9V8ouwQBzPstqbFDhDdNSgkrLOAPJxTDFDArhRmVsswWu+rgWmdD/g9PdRtRsNH/v1ttH8+Aq5Cv5Rn6QiByQNjkmHdIljNySOzIm98E4eAyegr+z1qVgPrNNXlXw/AKo+7NA</latexit>

z-Transform Properties

<latexit sha1_base64="VlXUZhSZ5pS55D6oj/+iJAlxTQc="></latexit>

Proof of the Convolution Theorem: G(z) =
∑

k→Z2

∑

n→Z2

h[n]f [k → n]z↑k

<latexit sha1_base64="IQO/D/umiDFUZeMeXLqf9Qws45A="></latexit>

• Separability: f [k] = f1[k1]f2[k2]
z→↑ F (z) = F1(z1)F2(z2)

• Delay/Shift: f [k ↓ k0]
z→↑ z→k0F (z)

• Reflection: f
↑[k] = f [↓k]

z→↑ F (z→1
1 , z

→1
2 )

• Convolution: g[k] = (h ↔ f)[k] =
∑

n↓Z2

h[n]f [k ↓ n]
z→↑ G(z) = H(z)F (z)

<latexit sha1_base64="bhuRfopryGmOSwm32u/39kPnaZE="></latexit>

=
∑

m→Z2

∑

n→Z2

h[n]f [m]z↑(n+m)<latexit sha1_base64="m/7m70cKuWABMxytMlBS62C+wx4="></latexit>

change of variables: m = k → n

<latexit sha1_base64="+ol7dLf6yH2ChuvQR3ix5qPFit8="></latexit>

= H(z)F (z)

<latexit sha1_base64="TTVEfcV0j3Xyh5Vj8uFv/FLsWDY="></latexit>

=

(
∑

n→Z2

h[n]z↑n

)(
∑

m→Z2

f [m]z↑m

)



13

<latexit sha1_base64="FacE2J/FDykZa80FHjMZlnS3xyI=">AAACNnicdVDLSgMxFM34tr6qLt0Eq+DGMqNSuyyo4FLBqtApcidzR4NJZkgyah36AX6NW/0UN+7ErR/gwrRWUNEDgcM553JvTpQJbqzvP3lDwyOjY+MTk6Wp6ZnZufL8wrFJc82wyVKR6tMIDAqusGm5FXiaaQQZCTyJLnd6/skVasNTdWQ7GbYlnCuecAbWSWflShglBjVHQ4NdunK7sn6kQZkk1ZLu3YDMBBqX8qt+H9Svbt a3NoMtR2r+tqM0GFgVMsDBWfk9jFOWS1SWCTCmFfiZbRegLWcCu6UwN5gBu4RzbDmqQKJpF/3PdOmqU2LqDnBPWdpXv08UII3pyMglJdgL89vriX95rdwm9XbBVZZbVOxzUZILalPaa4bGXCOzouMIMM3drZRdgAZmXX+lUKPCa5ZKCSouwgQkF50YE8iF7RahSb54ydX11Qn9nxxvVINatXa4UWnsDoqbIEtkmayRgGyTBtknB6RJGLkj9+SBPHoP3rP34r1+Roe8wcwi+QHv7QMuy6zk</latexit>

1D z-Transform Examples

<latexit sha1_base64="DQoGVdPu5Xa9qJd7cR00vPhTnNU="></latexit>

• Definition: H(z) =
∑

k→Z
h[k]z↑k

<latexit sha1_base64="guMGkJ2+7JBKPaPZLrCYR0kppUc="></latexit>

• Causal exponential
<latexit sha1_base64="noqp5hjfldLORJhzMStwOp9N+g4="></latexit>

h+[k] =

{
ak, k → 0

0, else
with 0 < |a| < 1

<latexit sha1_base64="pnCFESWpbN4RIa82z5GUwZmXGd4="></latexit>

Exercise: Determine H+(z)

<latexit sha1_base64="q9fswW3exd4jLYwNAQzg0OLJvgQ="></latexit>

=
1

1→ az→1

<latexit sha1_base64="GFHDNpMcflRe9J6BP/fzgvsKEpI="></latexit>

(pole inside the unit circle)

<latexit sha1_base64="iGGZTTHvnBt/2UcTjRvxBgxsMsU="></latexit>

• Anti-causal exponential
<latexit sha1_base64="jyO9N/7/4NpMCSy5NMpdQVTvnhs="></latexit>

h→[k] =

{
a|k|, k → 0

0, else
with 0 < |a| < 1

<latexit sha1_base64="m/DRK5ih4AnBZTQhrIs7o3azWlw="></latexit>

H→(z) = H+(z
→1) =

1

1→ az

<latexit sha1_base64="w2Z/bCoNKC3ttSiAehJleQOhlbA="></latexit>

(pole outside the unit circle)
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<latexit sha1_base64="xC99dt9/lbdppGl+CRvOnek6g5A=">AAACQ3icdVDLThsxFPXQ8mh4hbLsxmpAYkM0E1CSJVKpxJJKJCBlouiO5w5Y+DGyPUA6ym/wNWzpP/AN7BDLVqrzQGoRHMny0Tn3yscnyQW3LgwfgrkPH+cXFpc+VZZXVtfWqxufu1YXhmGHaaHNWQIWBVfYcdwJPMsNgkwEniaX38b+6RUay7U6ccMc+xLOFc84A+elQTWMk8yi4Whp45BuxYkWqR1Kf5U/R1u7JwaUzbSR9P sNyFygHVRrYT2cgIb1vfb+XrTvSTNseUqjmVUjMxwPqr/jVLNConJMgLW9KMxdvwTjOBM4qsSFxRzYJZxjz1MFEm2/nPxsRLe9klIfwB/l6ET9d6MEacdx/aQEd2Ffe2PxLa9XuKzdL7nKC4eKTR/KCkGdpuOaaMoNMieGngAz3Gel7AIMMOfLrMQGFV4zLSWotIwzkFwMU8ygEG5UxjZ74RVf10sn9H3SbdSjZr35o1E7OJwVt0S+kK9kh0SkRQ7IETkmHcLILbkj9+RXcB88Bk/B83R0LpjtbJL/EPz5Czd9svI=</latexit>

2D z-Transform Examples

<latexit sha1_base64="bOYXhdyJlso2/AvaK1V/MBbkVAY="></latexit>

• Definition: H(z) =
∑

k→Z2

h[k]z↑k =
∑

k1→Z

∑

k2→Z
h[k1, k2]z

↑k1
1 z

↑k2
2

<latexit sha1_base64="04g5Wn3T64YfoWh1At41qL+SMAE="></latexit>

h[k1, k2] =

<latexit sha1_base64="hddBUUIGc7JE7OPHyzh2GI7dmpI="></latexit>

k1

<latexit sha1_base64="AoupPkRnIR7Hs0UetIwtwoofmTY="></latexit>

k2
<latexit sha1_base64="1PRT+IJbK+7X8fOL7k0VdDLRK3g="></latexit>

Exercise: Compute H(z1, z2)

<latexit sha1_base64="cRx5OjZX4LLhfE0KRlsvDgDODlE="></latexit>

= (z1 → z→1
1 )(z2 + 2 + z→1

2 )
<latexit sha1_base64="eYzeWNElr88l/cYXtiir/UerlQk="></latexit>

Separable filter!
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<latexit sha1_base64="ReqzP5L20dDYipWZ5eJp8cfbad8=">AAACP3icdVDLahtBEJx1/IoS24pzzGWwHMjBFruSkHwUJIfkZoNlC7RC9M72yoPnsczMOsiLfiJfk6vyF/mC3EKuAR88K8vghKRhmKKqmu6uJBfcujD8Hqw9W9/Y3Np+Xnvxcmd3r/5q/8LqwjAcMC20GSZgUXCFA8edwGFuEGQi8DK5fl/plzdoLNfq3M1yHEuYKp5xBs5Tk/pRnGQWDUdLP6nKiPQwTrRI7Uz6r7ydHx6fG1 A200ZO6o2wGS6Lhs32SacddTzohj0PabSSGmRVp5P6XZxqVkhUjgmwdhSFuRuXYBxnAue1uLCYA7uGKY48VCDRjsvlVXP61jMp9XP9U44u2acdJUhbbemdEtyV/VuryH9po8JlJ+OSq7xwqNjDoKwQ1GlaRURTbpA5MfMAmOF+V8quwABzPp9abFDhZ6alBJWWcQaSi1mKGRTCzcvYZo+45uN6zIT+H1y0mlG32T1rNfofVsFtkzfkgLwjEemRPvlITsmAMPKFfCUL8i1YBD+Cn8GvB+tasOp5Tf6o4Pc9y4Ox0Q==</latexit>

Inverse z-Transform

<latexit sha1_base64="RwP4wZVod54IgYKsMaGRI3vowL0="></latexit>

• Identify coe!cients of the polynomial: H(z) =
∑

k→Z2

h[k]z↑k

<latexit sha1_base64="azB43ACwDhMjgZTk4mxX8Uenaus="></latexit>

• Take advantage of separability: H(z) = H1(z1)H2(z2)
<latexit sha1_base64="6cuNI78jb8nnw3NqwC2PGeyTGHU="></latexit>

• Reminder of 1D methods:
<latexit sha1_base64="qcAAPtoyxmFYq8/PWZu9YJ1gZPA="></latexit>

– Cauchy integral theorem: h[k] =
1

j2ω

∮

!
H(z)zk→1 dz

<latexit sha1_base64="lk0DAD8OaJdnJSUmvsw0tKVur0I="></latexit>

! is any contour that encloses the origin

<latexit sha1_base64="yPIF0bTupBQt5hcCJ1ak8q7AEUE="></latexit>

• More often than not, we will just use tables and/or partial fractions
<latexit sha1_base64="uY2RuwER6ct3pWXGNB6RASGN5Rk="></latexit>

E.g.,
→3

2z→1 → 5 + 2z
=

3/4(
1→ 1

2z
→1

) (
1→ 1

2z
) =

1

1→ 1
2z

→1
+

1

1→ 1
2z

→ 1

<latexit sha1_base64="4IdQIYsjPGjAQs3Miw6G3oKAK3s="></latexit>

=→ h[k] = u[k]

(
1

2

)k

+ u[↑k]

(
1

2

)→k

↑ ω[k]



16

<latexit sha1_base64="Py/3PKonUkr0pVI0TmwP16RzzWc=">AAACN3icdZBNTxsxEIa9fJPyEeiRi0Wo1FPYDShwRGqEOFKpAaRsFM16Z4OF7V3Zs62iVf4Av6ZX+CecuFVce++hTghSi2AkS4/ed2Zsv0mhpKMwfAjm5hcWl5ZXVmsf1tY3Nutb2xcuL63ArshVbq8ScKikwS5JUnhVWASdKLxMbr5M/MvvaJ3MzTcaFdjXMDQykwLIS4P6XpxkDq1ExzvSCYuE+x05lASKn0pF3jLDQb0RNs Np8bB5cHx4EB16aIdHHnk0sxpsVueD+p84zUWp0ZBQ4FwvCgvqV2BJCoXjWlw6LEDcwBB7Hg1odP1q+psx/+SVlGe59ccQn6r/TlSgnRvpxHdqoGv32puIb3m9krLjfiVNURIa8XxRVipOOZ9Ew1NpUZAaeQBhpX8rF9dgQfgU/CaLBn+IXGswaRVnoKUapZhBqWhcxS574ZqP6yUT/j5ctJpRu9n+2mqcdGbBrbAdtss+s4gdsRN2xs5Zlwl2y36yO3Yf3AWPwa/g6bl1LpjNfGT/VfD7L5gYrjM=</latexit>

Discrete/Digital Filtering

<latexit sha1_base64="xfm74kn/p5KYi3Bu9k+b0znS/HE="></latexit>

• Filtering With 2D Masks

• Linearity and Shift-Invariance

• Impulse Response and Discrete Convolution

• Equivalent Filter Characterizations

• Examples of Transfer Functions

• Separability

• z-transform and Recursive Filtering
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<latexit sha1_base64="XMoBpsNeuvUmOzxe//Vgt6c2JBQ=">AAACNHicdZDPSxtBFMdntbYabRvt0cu0Qegp7EaJHgVFehFSaIyQDeHt7NtkyMzsMvO2JSw5+9d41b+l0Fvp1b/Ag5MfQlvaBwMfvt/33sx8k0JJR2H4PVhbf7Hx8tXmVm175/Wbt/XdvSuXl1ZgV+Qqt9cJOFTSYJckKbwuLIJOFPaSydnc731F62RuvtC0wIGGkZGZFEBeGtbfx0nm0Ep0/EIq8mRGvCdpzFvn/BLcxA3rjb AZLoqHzcOTo8PoyEM7PPbIo5XVYKvqDOuPcZqLUqMhocC5fhQWNKjAkhQKZ7W4dFiAmMAI+x4NaHSDavGVGT/wSsqz3PpjiC/U3ycq0M5NdeI7NdDY/e3NxX95/ZKyk0ElTVESGrG8KCsVp5zPc+GptChITT2AsNK/lYsxWBA+E7/JosFvItcaTFrFGWippilmUCqaVbHLnrnm43rOhP8frlrNqN1sf241Ts9XwW2yffaBfWQRO2an7BPrsC4T7Ibdsjt2H9wFP4Kfwa9l61qwmnnH/qjg4Qn0VqxG</latexit>

Filtering With 2D Masks

<latexit sha1_base64="t2vXCWztNURAnrk2XPG3l9Tci9Q="></latexit>

• Mask (or local operator) formulation
<latexit sha1_base64="oc75ZuDEZYue8MXD/ALMZr6LNfU="></latexit>

– Filtering mask (weights): (2M + 1)→ (2N + 1)
<latexit sha1_base64="/mrAUVcqad74ZRnHyAnVxCfL+C8="></latexit>

w =




w[→M,→N ] · · · w[M,→N ]

... w[0, 0]
...

w[→M,N ] · · · w[M,N ]





<latexit sha1_base64="lojIspOxL4vzBS1ao2GNUeaTMVw="></latexit>

– Local neighborhood: (2M + 1)→ (2N + 1)
<latexit sha1_base64="XjoFZHK0g77mbvXdYiid9CxjVFg="></latexit>

fk =




f [k1 →M,k2 →N ] · · · f [k1 +M,k2 →N ]

... f [k1, k2]
...

f [k1 →M,k2 +N ] · · · f [k1 +M,k2 +N ]





<latexit sha1_base64="GG6YxpL5LxXr+CwJpem+REBRJxY="></latexit>

• Filtering: matrix formulation
<latexit sha1_base64="B5kdEj0EBoiFhJuQasKe+iyo7kM="></latexit>

g[k] = fk →w =
∑

i

∑

j

[fk]i,j [w]i,j
<latexit sha1_base64="918g5TuRzbpmt8lO+80VwWXTcA4="></latexit>

(term-by-term product)

<latexit sha1_base64="RtGIufQvozP6tSMBrCxMEWl8DWo="></latexit>

This is called a correlation (not a convolution)
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<latexit sha1_base64="j+MlzOnSQA7Zl3UMfemruSSzxec=">AAACL3icdZDLSgMxFIYz3q23qktdBIvgqsxYqS4FL7hUsCp0SjmTOVODSWZIMmoZuvFp3OrLiBtx6zu4MK0VVPRA4OP/zzlJ/igT3Fjff/ZGRsfGJyanpkszs3PzC+XFpTOT5pphg6Ui1RcRGBRcYcNyK/Ai0wgyEngeXe31/fNr1Ian6tR2M2xJ6CiecAbWSe3yahglBjVHQw+5sI5Uhx7cgswEmna54lf9QVG/WtvZqgVbDu r+tkMaDK0KGdZxu/wexinLJSrLBBjTDPzMtgrQljOBvVKYG8yAXUEHmw4VSDStYvCLHl13SkyTVLujLB2o3ycKkMZ0ZeQ6JdhL89vri395zdwmO62Cqyy3qNjnRUkuqE1pPxIac43Miq4DYJq7t1J2CRqYi8Nt0qjwhqVSgoqLMAHJRTfGBHJhe0Voki8uubi+MqH/w9lmNahX6yebld39YXBTZIWskQ0SkG2yS47IMWkQRu7IPXkgj96D9+S9eK+frSPecGaZ/Cjv7QM47qsC</latexit>

Filtering Examples

<latexit sha1_base64="sqoKSRonVJzR8PBnIXETwqu1+Nk="></latexit>

Mask: w

<latexit sha1_base64="o3XCLkgVHmIIRKSRtwN/BcfMwLk="></latexit>

– Local (3→ 3)-average

<latexit sha1_base64="gyXNyFxyAHnQ3/uutl3/DA0wwGE="></latexit>

– Horizontal-edge enhancement

<latexit sha1_base64="8kjZ7tNs4ieC2wmIUdIja0Pk+4w="></latexit>

– Vertical-edge enhancement

<latexit sha1_base64="IeMUCzn6b5WR0R48kxrdXwwM19I="></latexit>

wave =
1

9




1 1 1

1 1 1
1 1 1





<latexit sha1_base64="1yfkpYc0AAVQtoMFJKx3PdJreRU="></latexit>

whor =




→1 →2 →1

0 0 0
1 2 1





<latexit sha1_base64="ddNxjzepqyEXcL52XEEfdc0ijIw="></latexit>

wvert =




→1 0 1

→2 0 2
→1 0 1




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<latexit sha1_base64="Xo19sCdD2YuHO/+Q6QhCtEwtsA8=">AAACO3icdZDBaxNBFMZno7U1bW3Uo5ehQegp7DYl7bGgBwUPFU1SyIbwdvZNM3Rmdpl527Is+Rf8a7zW/8OzN/HqzYOTNIUq+sHAx/e9N8P8slIrT3H8NWo9eLjxaHPrcXt7Z/fJXufps5EvKidwKApduPMMPGplcUiKNJ6XDsFkGsfZ5atlP75C51VhP1Jd4tTAhVVSCaAQzToHaSY9OoWevwtXgFNUc7A5/zBXkvhbexUisA JnnW7ci1fica9/ctRPjoIZxMfB8mRdddlaZ7POrzQvRGXQktDg/SSJS5o24EgJjYt2WnksQVzCBU6CtWDQT5vVjxb8ZUhyLgsXjiW+Su9vNGC8r00WJg3Q3P/dLcN/dZOK5Mm0UbasCK24fUhWmlPBl3h4rhwK0nUwIAIMJbiYgwNBAWI7dWjxWhTGBERNKsEoXecoodK0aFIv73w74Lpjwv9vRoe9ZNAbvD/snr5eg9tiL9g+O2AJO2an7A07Y0Mm2Cf2md2wL9FN9C36Hv24HW1F653n7A9FP38DsayvuQ==</latexit>

Linearity and Shift Invariance

<latexit sha1_base64="YSFtTuFig2h0I1rI5TL7qvuL4f0="></latexit>

H(z)
<latexit sha1_base64="g5OXgASHEkU91eXyzkBI17Qf1H0="></latexit>

ωf1[k] + εf2[k]
<latexit sha1_base64="5Mf4/W2bA90STgcCd4+cOrlSLVA="></latexit>

ω(h → f1)[k] + ε(h → f2)[k]
<latexit sha1_base64="HW0MjhoQjIIYFQZK71/bzzVcrEw="></latexit>

→ω,ε ↑ R

<latexit sha1_base64="UtJXaYqX4mnQLlkT/nUYDAcgWTY="></latexit>

• Shift by k0 operator:

<latexit sha1_base64="rn8vJWZteUoZqmAbhzSvqzPGil0="></latexit>

z→k0

<latexit sha1_base64="yS9oCjVhwn+QVQo6VtdhimlAnPQ="></latexit>

f [k]
<latexit sha1_base64="qolf4lVx5Wu2EdRz0ThVxJt6gik="></latexit>

f [k → k0]

<latexit sha1_base64="YSFtTuFig2h0I1rI5TL7qvuL4f0="></latexit>

H(z)
<latexit sha1_base64="rn8vJWZteUoZqmAbhzSvqzPGil0="></latexit>

z→k0
<latexit sha1_base64="rn8vJWZteUoZqmAbhzSvqzPGil0="></latexit>

z→k0

<latexit sha1_base64="YSFtTuFig2h0I1rI5TL7qvuL4f0="></latexit>

H(z)<latexit sha1_base64="y2RxZ667cRKmhlM5/3rytN1kSu4="></latexit>→

<latexit sha1_base64="AoKVWoF0pvMmvIjPJnwbRXg3llA="></latexit>

• Most filters are linear:

<latexit sha1_base64="2cCPS2BDwc+8U2wxwdSdwHqn1CA="></latexit>

• Most filters are shift-invariant:
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<latexit sha1_base64="u25yJmom3lhdWB+9w/YDTgcryts=">AAACOHicdZDNSiNBFIWrdXQ0M2p0lm6KCcKsQreG6FJQxKUDRoV0CLerb2lh/TRV1Q6xyRP4NG71Sdy5G9y6noWVmICKc6Hgq3PurZ+TFVI4H8cP0czsl7n5rwuLtW/fl5ZX6qtrJ86UlmGHGWnsWQYOpdDY8cJLPCssgsoknmaXeyP/9AqtE0Yf+0GBPQXnWnDBwAepX99IM+7QCnR07wIsMB8212OTGk4PhAyC69cbcTMeF4 2bWzutraQVoB1vB6TJxGqQSR316//S3LBSofZMgnPdJC58rwLrBZM4rKWlwwLYJZxjN6AGha5Xjb8zpBtBySk3Nizt6Vh9O1GBcm6gstCpwF+4j95I/Mzrlp7v9Cqhi9KjZq8X8VJSb+goG5oLi8zLQQBgVoS3UjYNJZxkUeMfZpQCnVcpByXkIEcOpfTDKnV8yrUQ1zQT+n842Wwm7Wb792Zjd38S3AJZJz/JL5KQbbJLDskR6RBGbsgtuSP30V30GP2Nnl5bZ6LJzA/yrqLnF8partI=</latexit>

Characterization of Filters

<latexit sha1_base64="jQNmuixOVFb2Yr5lNkko1RU6PJ8="></latexit>

Can we have linear filters that are not shift-invariant?

<latexit sha1_base64="mtf3IY04AJgEhobS/0pye+ckojE="></latexit>

• Linear but not shift-invariant filters:

<latexit sha1_base64="L+Ih7zAw/XLXCWl6porX7XDHPqg="></latexit>

linear
filter

<latexit sha1_base64="yS9oCjVhwn+QVQo6VtdhimlAnPQ="></latexit>

f [k]
<latexit sha1_base64="a8WBQDjo7Ya92yHnaN+hHMDCqZk="></latexit>

g[k] = fk →wk

<latexit sha1_base64="qihakMWYWfYcmPjVT2ugBLPd+Gg="></latexit>

• Linear and shift-invariant filters:

<latexit sha1_base64="5UoPOtLFuPWa1X+FZVghWJLQagA="></latexit>

LSI
filter

<latexit sha1_base64="yS9oCjVhwn+QVQo6VtdhimlAnPQ="></latexit>

f [k]
<latexit sha1_base64="UJapcPH/XFUhOyJOhEhvyOJpkOc="></latexit>

g[k] = fk →w
<latexit sha1_base64="mKqMxAWN2XsIFsZFuaEka88gL+c="></latexit>

= (h → f)[k]

<latexit sha1_base64="z3CiGyBIRleLuJ+ajzQOm2/hGRY="></latexit>

How do we determine the mask from the impulse response?

<latexit sha1_base64="F2IxHhoQVzCe+GaxGgNtv9pYBO8="></latexit>

spatially-varying mask

<latexit sha1_base64="830NqEH+UAuKlaFMKZoHwG6q2bw="></latexit>

fixed mask
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<latexit sha1_base64="QiPOV6cXnHWLTUFrDTFYgD1sGH4=">AAACOHicdZBPSxtBGMZnba2aao3t0cvQIHgKuyrRo6AHeyioGBWyIbw7+64OmT/LvLNKWPIJ/DRe7SfprbfSa889OIkRWrEPDDw8z/syM7+sVJJ8HH+P5t68nX+3sLjUeL+88mG1ufbxnGzlBHaFVdZdZkCopMGul17hZekQdKbwIhseTPqLG3QkrTnzoxL7Gq6MLKQAH6JBcyPNCkInkfhXoCFxMDn/ostKEfJTpNIaQho0W3 E7norH7e29ne1kJ5hOvBssT2ZVi810PGj+SXMrKo3GCwVEvSQufb8G56VQOG6kFWEJYghX2AvWgEbq19PvjPlGSHJeWBeO8Xya/r1RgyYa6SxMavDX9LKbhK91vcoXe/1amrLyaMTTRUWluLd8wobn0qHwahQMCCfDW7m4BgfCB4KN1KHBW2G1DozqtAAt1SjHAirlx3VKxbNvBFzPTPj/zflWO+m0Oydbrf3DGbhFts4+s02WsF22z47YMesywe7YPXtg36KH6Ef0M/r1NDoXzXY+sX8U/X4ETBSujA==</latexit>

Masks and Impulse Responses

<latexit sha1_base64="vNIcCblIi0HnsnCwOmWewuhMi1Q="></latexit>

• Filter implementation using a mask: Correlation
<latexit sha1_base64="GEom1JITPkeB7fXvB6luOtvqR9Y="></latexit>

g[k1, k2] =
∑

i

∑

j

w[i, j]f [k1 + i, k2 + j]

<latexit sha1_base64="5UoPOtLFuPWa1X+FZVghWJLQagA="></latexit>

LSI
filter

<latexit sha1_base64="ohKAaEqEbArJC/icLxRMp+9cRLY="></latexit>

ω[k1, k2]
<latexit sha1_base64="WsWBtn460wSfNv+6V6FVzoD3Sd0="></latexit>

h[k1, k2] = w[→k1,→k2]

<latexit sha1_base64="BafIbTxt7SjOg8OZWQbQWXGVE/E="></latexit>

Mask = space-reversed impulse response (and vice-versa)
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<latexit sha1_base64="VfutYGqyZnjsLekFSQPT6Y3oL7c=">AAACSHicdZDNShxBFIWrJybq5MdJXGZTOASyGrr9GV0Kuog7I44K08NQXX1bC+unqXvLMDTzJHmabM0T5C2yC4EsUjOOoMEcKDiccy9V9RW1Vkhp+iNpPVt6/mJ5ZbX98tXrN2udt+/O0AUvYSCddv6iEAhaWRiQIg0XtQdhCg3nxfXBrD+/AY/K2VOa1DAy4tKqSklBMRp3dvKiQvAKkB+ZOmgEfgJYO4sxEbbkhwqlBwJ+4O yN02G2huNON+2lc/G0t7W3vZVtR9NPd6Pl2aLqsoWOx50/eelkMGBJaoE4zNKaRo3wpKSGaTsPCLWQ1+IShtFaYQBHzfx7U/4hJiWvnI/HEp+nDzcaYRAnpoiTRtAV/tvNwqe6YaBqb9QoWwcCK+8uqoLm5PiMFS+VB0l6Eo2QXsW3cnklvJAUibZzDxa+SGdM5NTklTBKT0qoRNA0bXKs7n074rpnwv9vzjZ7Wb/X/7zZ3T9cgFth79kG+8gytsv22Sd2zAZMsq/sG7tl35Pb5GfyK/l9N9pKFjvr7JFarb94rLSU</latexit>

Impulse Responses and Discrete Convolutions

<latexit sha1_base64="UDCN07St9HXyar5S2mVcnDM8MhI="></latexit>

• Impulse response (point-spread function)

<latexit sha1_base64="5UoPOtLFuPWa1X+FZVghWJLQagA="></latexit>

LSI
filter

<latexit sha1_base64="8/uBAxWQnasR/CGmk/7LRHQC3f8="></latexit>

ω[k]

<latexit sha1_base64="qwqNljcBh8kL4jiBroWYGCAhDjM="></latexit>

unit impulse (or Kronecker impulse or Kronecker delta)

<latexit sha1_base64="b4/2hyk2+PiZOwK8Hh6DDqrnDyc="></latexit>

h[k]
<latexit sha1_base64="LR09895IN76BS4IxcvffzeRin5g="></latexit>

impulse reponse

<latexit sha1_base64="aOSu65BtdChJhJW/PaYflCdK7uk="></latexit>

A discrete LSI filter is uniquely characterized by its impulse response,
which is the space-reversed version of its mask: h[k] = w[→k]

<latexit sha1_base64="9uSr7XDRygzvxVaQrlYGwLMevjY="></latexit>

• Implementation by convolution

<latexit sha1_base64="5UoPOtLFuPWa1X+FZVghWJLQagA="></latexit>

LSI
filter

<latexit sha1_base64="aQwMPPeGStwPtqWoKcGqbp+1/yo="></latexit>

f [k1, k2]
<latexit sha1_base64="eDlZTC4cG8eL6irhNmHSNcSppUY="></latexit>

g[k1, k2] = (h → f)[k1, k2]
<latexit sha1_base64="IfFS0z36SHZdQrsrhgQSV3z7vCM="></latexit>

=
∑

m→Z

∑

n→Z
f [m,n]h[k1 →m, k2 → n]
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<latexit sha1_base64="K+9g8Ww7hlN1OUta+Od5LgDS+ks=">AAACNnicdVBNTxsxFPTy3VAgwLEXiwipl0a7gAJHJDjQW5AIQcpG6K33LVjY3pX9ljZa5Qf01/QKP4VLb4grP4ADTkgkitqRLI1m5j3bkxRKOgrDh2Bmdm5+YXHpU23588rqWn1949zlpRXYEbnK7UUCDpU02CFJCi8Ki6AThd3k5mjkd2/ROpmbMxoU2NdwZWQmBZCXLuuNOMkcWomOt+VPVN+60iH/bgit30PTVNgMx+Bhc/ dgbzfa86QV7nvKo4nVYBO0L+svcZqLUqMhocC5XhQW1K/AkhQKh7W4dFiAuIEr7HlqQKPrV+PPDPm2V1Ke5dYfQ3ysvp+oQDs30IlPaqBr99Ebif/yeiVlB/1KmqIkNOLtoqxUnHI+aoan0qIgNfAEhJX+rVxcgwXhu/CbLBr8IXKtwaRVnIGWapBiBqWiYRW7bMprvq5pJ/z/5HynGbWardOdxuHxpLgl9oVtsa8sYvvskJ2wNuswwX6x3+yO3Qd3wZ/gMXh6i84Ek5lN9heC51cnZa4E</latexit>

Pixel-Wise Interpretation
<latexit sha1_base64="ZBbqd6bMuLTkeDsN9dBDxEaQ+5Y="></latexit>

• Unit impulse (pixel) at the origin

<latexit sha1_base64="5UoPOtLFuPWa1X+FZVghWJLQagA="></latexit>

LSI
filter

<latexit sha1_base64="yC1RNUyFCxNeyyMsQH7raPu95RU="></latexit>

• Pixel at location k0

<latexit sha1_base64="5UoPOtLFuPWa1X+FZVghWJLQagA="></latexit>

LSI
filter

<latexit sha1_base64="8/uBAxWQnasR/CGmk/7LRHQC3f8="></latexit>

ω[k]
<latexit sha1_base64="b4/2hyk2+PiZOwK8Hh6DDqrnDyc="></latexit>

h[k]

<latexit sha1_base64="t6fZGUY7NsKJmb97v0LQXdFRSfM="></latexit>

ω[k → k0]
<latexit sha1_base64="BZuuLzDyDmYH2y4ztw6T7WxBMWY="></latexit>

h[k → k0]

<latexit sha1_base64="QVT+IevuUWdPO+D0yubyPIKHHi4="></latexit>

• Pixel at location k0 with value f [k0]

<latexit sha1_base64="5UoPOtLFuPWa1X+FZVghWJLQagA="></latexit>

LSI
filter

<latexit sha1_base64="Dfsfz3REzz0MT5LZeb3r6wlZgxc="></latexit>

f [k0]ω[k → k0]
<latexit sha1_base64="NF/sX5nTXl2eqrhpLGbnMXpx6kk="></latexit>

f [k0]h[k → k0]

<latexit sha1_base64="YkmElG7ZCrmlWMYN5Sbz3c/47Sg="></latexit>

• Input image = sum of pixels

<latexit sha1_base64="5UoPOtLFuPWa1X+FZVghWJLQagA="></latexit>

LSI
filter

<latexit sha1_base64="8XDNd7oM1Nxor7A0ojV1vU7DJtg="></latexit>∑

k0

f [k0]ω[k → k0]
<latexit sha1_base64="SDbTPJjR2y5dzqr7CqjsNFp3yOw="></latexit>∑

k0

f [k0]h[k → k0]
<latexit sha1_base64="mKqMxAWN2XsIFsZFuaEka88gL+c="></latexit>

= (h → f)[k]
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<latexit sha1_base64="GwesEzU7Pm8nW+JGBb1wnfYA20s=">AAACRHicdZDfSiMxFMYz/lm1umtXL70JlgWvyoxK9VJwFQUvFG0VOqWcyZxpg0lmTDIu3aHP4dN4q8/gO3gn3omY/gN32T0Q+PF9OScnX5QJbqzvP3lT0zOzX+bmF0qLS1+/LZe/rzRMmmuGdZaKVF9FYFBwhXXLrcCrTCPISOBldL0/8C9vURueqgvby7AloaN4whlYJ7XLQRglBjVHQw9ucn4LApWlJ+fH9JALi5rud0EDc8 R/D1tMu1zxq/6wqF/d2t3eCrYd1PwdhzQYWxUyrtN2+S2MU5ZLN5gJMKYZ+JltFaAtZwL7pTA3mAG7hg42HSqQaFrF8Gt9+sMpMU1S7Y5bbKh+7ihAGtOTkbspwXbN395A/JfXzG2y2yq4ynKLio0eSnJBbUoHOdGYa2RW9BwA09ztStkkCjdJo8JfLJUSVFyECUguejEmkAvbL0KTTLjk4ppkQv8Pjc1qUKvWzjYrez/Hwc2TNbJONkhAdsgeOSKnpE4YuSP35IE8eg/es/fivY6uTnnjnlXyR3nvH4JYs5s=</latexit>

Equivalent LSI Filter Characterizations

<latexit sha1_base64="t5sJ8Pzzt5W61tpXx73dXdpsYPU="></latexit>

LSI filter = discrete convolution operator
<latexit sha1_base64="DQZtLqptmIq/NZVwxc4GcTowE4k="></latexit>

g[k] = (h → f)[k] =
∑

n→Z2

h[n]f [k ↑ n]
z↓↔ G(z) = H(z)F (z)

<latexit sha1_base64="3cpCLomX0fHts3yvmwD1gKwyWrk=">AAAEW3icbVNdb9MwFPW2AiMM2EA88WJ1msRDNdnp0m1vY99Im1SmdZ3UVJOT3LbWHCeKHViJ8sv4JTzwwCtI/AbcJpvaDEdXOrr3nOsTX9uLBVeakB8Li0u1J0+fLT+3Xqy8fPV6de3NlYrSxIeOH4koufaYAsEldDTXAq7jBFjoCeh6tweTevcLJIpH8lKPY+iHbCj5gPtMm9TNasf1YMhlxjWE/BvkFsbuBPdcDXd62j/bFy </latexit>

• Impulse response

<latexit sha1_base64="1x0KcjNstAIvrhLPfx039Qr386c=">AAAEXHicbVNdT9swFDXQbayMDTZpL3uxipD2UCE7JQXeGN8PIHWIUqSmQo5z01o4ThU7G12Uf7Y/spc97HXTfsPcNqA2zJGlo3vPOTnxjf2hFNoQ8mNhcany7PmL5ZfVlVerr9+srb+91nGacGjzWMbJjc80SKGgbYSRcDNMgEW+hI5/dzjud75AokWsrsxoCL2I9ZUIBWfGlm7Xrj0f+kJlwkAkvkFexdgb465n4N5M/LMDmU </latexit>

• Transfer function

<latexit sha1_base64="LaRd0//3B4ImuAjziJavSw7SdGI=">AAAEXXicbVNNT9tAEF0gtDSlFNpDD72sgpB6iNCu8wHcKN8HkFJECFIcobU9SVas1+7uuiW1/NP6Q3rqode2v6GbxKDEdK2RnmbeGz/PeL1YcG0I+bGwuFRafvZ85UX55eqrtdfrG2+udZQoH9p+JCJ14zENgktoG24E3MQKWOgJ6Hh3h+N65wsozSN5ZUYx9EI2kLzPfWZs6na943ow4DLlBkL+DbIyxu4Yd10D92bSPz0QCW </latexit>

• Frequency response

<latexit sha1_base64="BCEqKpKSIlGtyXUrxMu/FkzygqE="></latexit>

h[k]

<latexit sha1_base64="Wdc0VvgtrHWBqzho0Pj5/fveBaY="></latexit>

H(z1, z2) =
∑

k1→Z

∑

k2→Z
h[k1, k2]z

↑k1
1 z

↑k2
2

<latexit sha1_base64="pL9c679jJ7nnVw0LsTRMbp6GbCo="></latexit>

H(e jω1 , e jω2) =
∑

k1→Z

∑

k2→Z
h[k1, k2]e

↑ jω1k1e↑ jω2k2

<latexit sha1_base64="isDNQ++KeN8jQmo7XPiBPbCRgf4="></latexit>

Eigenfunction property: (h[k] → e jωTk) = H(e jω)e jω
Tk
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<latexit sha1_base64="sqoKSRonVJzR8PBnIXETwqu1+Nk="></latexit>

Mask: w

<latexit sha1_base64="o3XCLkgVHmIIRKSRtwN/BcfMwLk="></latexit>

– Local (3→ 3)-average

<latexit sha1_base64="gyXNyFxyAHnQ3/uutl3/DA0wwGE="></latexit>

– Horizontal-edge enhancement

<latexit sha1_base64="8kjZ7tNs4ieC2wmIUdIja0Pk+4w="></latexit>

– Vertical-edge enhancement

<latexit sha1_base64="IeMUCzn6b5WR0R48kxrdXwwM19I="></latexit>

wave =
1

9




1 1 1

1 1 1
1 1 1





<latexit sha1_base64="1yfkpYc0AAVQtoMFJKx3PdJreRU="></latexit>

whor =




→1 →2 →1

0 0 0
1 2 1





<latexit sha1_base64="ddNxjzepqyEXcL52XEEfdc0ijIw="></latexit>

wvert =




→1 0 1

→2 0 2
→1 0 1





<latexit sha1_base64="GVmKtIXIA7+UnwYNJAfuHju3TzY=">AAACOnicdZBNTxsxEIa9fJWmBQIce7GIqvYU7QIKqCckPtQjRQSQslE0650NFrZ3Zc8C0So/gV/DFX4IV26o1x57qBOCBFU7kqVH7zsztt+kUNJRGD4EU9Mzs3Pv5t/XPnxcWFyqL6+cuLy0AtsiV7k9S8ChkgbbJEnhWWERdKLwNLnYHfmnl2idzM0xDQrsaugbmUkB5KVe/UucZA6tRMcPpCJPps/3r0EXCt03foSX0knCtF dvhM1wXDxsbmxvbkSbHlrhlkceTawGm9Rhr/47TnNRajQkFDjXicKCuhVYkkLhsBaXDgsQF9DHjkcDGl23Gn9oyD97JeVZbv0xxMfq64kKtHMDnfhODXTu/vZG4r+8TknZdreSpigJjXi+KCsVp5yP0uGptChIDTyAsNK/lYtzsCB8Mn6TRYNXItcaTFrFGWipBilmUCoaVrHLXrjm43rJhP8fTtabUavZ+rHe2NmbBDfPPrE19pVFbIvtsO/skLWZYDfslt2x++AueAyegp/PrVPBZGaVvang1x8lJK95</latexit>

Filtering Examples: Revisited
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<latexit sha1_base64="wbUKfY5dicHxNH9S0s+Hb1JwWrI=">AAACKnicdVDLSgMxFM34tr6qLly4CRbBVZmxUl0qunDhQsGq0CnlTuaOBvMYkoxShn6NW/0Zd+LWz3BhWiuo6IHA4Zxzb5KT5IJbF4Yvwdj4xOTU9MxsZW5+YXGpurxyYXVhGLaYFtpcJWBRcIUtx53Aq9wgyETgZXJ7OPAv79BYrtW56+XYkXCteMYZOC91q2txklk0HC090QwEPfBpuMZutRbWwyFoWG/s7TSiHU+a4a6nNB pZNTLCabf6HqeaFRKVYwKsbUdh7jolGMeZwH4lLizmwG797ranCiTaTjn8QJ9ueiWlmTb+KEeH6veJEqS1PZn4pAR3Y397A/Evr124bK9TcpUXDhX7vCgrBHWaDtqgKTfInOh5Asxw/1bKbsAAc76zSmxQ4T3TUoJKyzgDyUUvxQwK4fplbLMvXvF1fXVC/ycX2/WoWW+ebdf2j0bFzZB1skG2SER2yT45JqekRRjpkwfySJ6Cx+A5eAleP6NjwWhmlfxA8PYBiXKokw==</latexit>

Local Average

<latexit sha1_base64="tYOPdQDLaXwThVXgN+HuB55qpuQ="></latexit>

• Mask:
<latexit sha1_base64="IeMUCzn6b5WR0R48kxrdXwwM19I="></latexit>

wave =
1

9




1 1 1

1 1 1
1 1 1





<latexit sha1_base64="+TBF/FECRzgozQZfNzGMc3zKDz8="></latexit>

have =
1

9




1 1 1

1 1 1
1 1 1



<latexit sha1_base64="4I0FDdanQMBpaGdWMHvJ2z2D6c8="></latexit>

=→

<latexit sha1_base64="EUnxprWHWv9oxdhAzjt96gDf//w="></latexit>

• Transfer function:

<latexit sha1_base64="niGGwvCjaKiuZ1KVMs0hPvAvDXY="></latexit>

• Frequency response:

<latexit sha1_base64="WOHFKiGNzdOfYYsdetygaYTu35g="></latexit>

H(z1, z2) =
1

3
(z1 + 1 + z

→1
1 ) · 1

3
(z2 + 1 + z

→1
2 )

<latexit sha1_base64="bS13SMgfOB2JXaWAkiIcY7nSkZ8="></latexit>

H(e jω1 , e jω2) =

(
1 + 2 cosω1

3

)(
1 + 2 cosω2

3

)

<latexit sha1_base64="/EnYsHXYknmU2VRckK4oaQwflcU="></latexit>

= Have(e jω1)Have(e jω2)
<latexit sha1_base64="VVnnHzhmwO3JeUsrh1qJqC0O07g="></latexit>

|Have(e jω)|

<latexit sha1_base64="ddqaGobIvVx8reJeTHzGvx237y0="></latexit>

0
<latexit sha1_base64="RIcpLy0fdDVMKdBPVAAXXa7hHqc="></latexit>ω

2

<latexit sha1_base64="O5SvOnVSuKaJREJZ1oWsjKRf04g="></latexit>

→ω

2

<latexit sha1_base64="WC0H/OPOAILJEthYr55QyCm38nQ="></latexit>ω<latexit sha1_base64="TM37Kyc77w8trRFs0vGl9RRNq9A="></latexit>→ω
<latexit sha1_base64="ddqaGobIvVx8reJeTHzGvx237y0="></latexit>

0

<latexit sha1_base64="fUg0iJCf+/YfnrGjqNC1qdphroE="></latexit>

1

<latexit sha1_base64="qV0lcrw11g3rViT8+tQiGti5v8M="></latexit>

low-pass behavior
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<latexit sha1_base64="bi7Fj7XDHXqFX1m3yOV9OTaU1Fs=">AAACNnicdVDLSgMxFM34tr6qLt0Ei+DGMqNSXQoquFSwVegUuZO50waTzJBklDL0A/wat/opbtyJWz/AhZlaQUUPBA7nnHuTnCgT3Fjff/LGxicmp6ZnZitz8wuLS9XllZZJc82wyVKR6ssIDAqusGm5FXiZaQQZCbyIrg9L/+IGteGpOrf9DDsSuoonnIF10lW1FkaJQc3R0BZq63SxdRx3kR6rHiiGEpV1Kb/uD0H9+s7+7k 6w60jD33OUBiOrRkY4vaq+h3HK8nKWCTCmHfiZ7RRQ7hc4qIS5wQzYNXSx7agCiaZTDD8zoBtOiWmSaneUpUP1+0QB0pi+jFxSgu2Z314p/uW1c5vsdwqustyiYp8XJbmgNqVlMzTmGpkVfUeAae7eSlkPNDDr+quEGhXeslRKUHERJiC56MeYQC7soAhN8sUrrq6vTuj/pLVdDxr1xtl27eBoVNwMWSPrZJMEZI8ckBNySpqEkTtyTx7Io/fgPXsv3utndMwbzaySH/DePgCJZq2n</latexit>

Vertical-Edge Enhancement

<latexit sha1_base64="tYOPdQDLaXwThVXgN+HuB55qpuQ="></latexit>

• Mask:
<latexit sha1_base64="ddNxjzepqyEXcL52XEEfdc0ijIw="></latexit>

wvert =




→1 0 1

→2 0 2
→1 0 1



 <latexit sha1_base64="4I0FDdanQMBpaGdWMHvJ2z2D6c8="></latexit>

=→

<latexit sha1_base64="D8blBIUTDN8f87xlo+qhezrT3HE="></latexit>

“correlation”
<latexit sha1_base64="+9C62bX04Nfvtgc7qzBbkPnR2NM="></latexit>

“convolution”
<latexit sha1_base64="EUnxprWHWv9oxdhAzjt96gDf//w="></latexit>

• Transfer function:

<latexit sha1_base64="niGGwvCjaKiuZ1KVMs0hPvAvDXY="></latexit>

• Frequency response:
<latexit sha1_base64="Nf4J8qyRRYoRg+TPXvZjvzkFshg="></latexit>

= H1(e
jω1)Hlow(e

jω2)

<latexit sha1_base64="ddqaGobIvVx8reJeTHzGvx237y0="></latexit>

0
<latexit sha1_base64="RIcpLy0fdDVMKdBPVAAXXa7hHqc="></latexit>ω

2

<latexit sha1_base64="O5SvOnVSuKaJREJZ1oWsjKRf04g="></latexit>

→ω

2

<latexit sha1_base64="WC0H/OPOAILJEthYr55QyCm38nQ="></latexit>ω<latexit sha1_base64="TM37Kyc77w8trRFs0vGl9RRNq9A="></latexit>→ω
<latexit sha1_base64="ddqaGobIvVx8reJeTHzGvx237y0="></latexit>

0

<latexit sha1_base64="fUg0iJCf+/YfnrGjqNC1qdphroE="></latexit>

1

<latexit sha1_base64="2+HUsUe1d6VP5AsNccAO/+Up8bY="></latexit>

2

<latexit sha1_base64="flodnSGAUwDmXTf+1EI3jL9aFLc="></latexit>

|H1(e jω)|

<latexit sha1_base64="AzuewK2ZGebXbd2T1p8cv/Snh3Y="></latexit>

band-pass behavior

<latexit sha1_base64="oA+4nm5j0Z5vjOq5pOk44yMY4jM="></latexit>

Horizontal-edge enhancement

is just the “transpose”

<latexit sha1_base64="6s5kpJE2u13Orj13LyFZphyGYWI="></latexit>

H(z1, z2) = (z1 → z
→1
1 )(z2 + 2 + z

→1
2 )

<latexit sha1_base64="8Mh8wnT3JIKJTnBhEdIQZqLOTe8="></latexit>

H(e jω1 , e jω2) = (j2 sinω1)(2 + 2 cosω2)

<latexit sha1_base64="iwg0tMaNSHq5TS4WvpmSPX8jxaU="></latexit>

hvert =




1 0 →1

2 0 →2
1 0 →1




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<latexit sha1_base64="o3XCLkgVHmIIRKSRtwN/BcfMwLk="></latexit>

– Local (3→ 3)-average

<latexit sha1_base64="gyXNyFxyAHnQ3/uutl3/DA0wwGE="></latexit>

– Horizontal-edge enhancement

<latexit sha1_base64="8kjZ7tNs4ieC2wmIUdIja0Pk+4w="></latexit>

– Vertical-edge enhancement

<latexit sha1_base64="GDZM8l/jwIragBTeLpDc5SNc4/Y=">AAACPXicdZDPShxBEMZ7jEl0zZ9NcvTSuAjiYZlRWcWTkCgeFV0VdpalpqdmbezuGbprTIZh3yFP49W8hg+QW/DqxYO96woakoKGH99XVd39JYWSjsLwJph5Nfv6zdu5+cbCu/cfPjY/fT5xeWkFdkWucnuWgEMlDXZJksKzwiLoROFpcvF17J9eonUyN8dUFdjXMDQykwLIS4PmapxkDq1Ex/ekIk9myHd/gC4Uum1+hAVYSK SSVA2arbAdToqH7fWtjfVow0Mn3PTIo6nVYtM6GDTv4zQXpUZDQoFzvSgsqF+DJSkUjhpx6fx6cQFD7Hk0oNH168mfRnzZKynPcuuPIT5Rn0/UoJ2rdOI7NdC5+9sbi//yeiVlW/1amqIkNOLxoqxUnHI+Doin0qIgVXkAYaV/KxfnPgThw/GbLBr8LnKtwaR1nIGWqkoxg1LRqI5d9sQNH9dTJvz/cLLWjjrtzuFaa+fbNLg5tsiW2AqL2CbbYfvsgHWZYD/ZFbtmv4Lr4HfwJ7h9bJ0JpjNf2IsK7h4A0iKw0Q==</latexit>

Filtering Examples: Separability

<latexit sha1_base64="+TBF/FECRzgozQZfNzGMc3zKDz8="></latexit>

have =
1

9




1 1 1

1 1 1
1 1 1





<latexit sha1_base64="iwg0tMaNSHq5TS4WvpmSPX8jxaU="></latexit>

hvert =




1 0 →1

2 0 →2
1 0 →1





<latexit sha1_base64="N1W85W9wdaMfA6ON30HOE7c8Ohc="></latexit>

=
1

3




1
1
1



 · 1
3

[
1 1 1

]

<latexit sha1_base64="CivjWCWLOHKmr70WL2z8OxcRTb8="></latexit>

hhor =




1 2 1

0 0 0
→1 →2 →1





<latexit sha1_base64="VzYcUGuI9us7LR1rwkY5p4uqWqU="></latexit>

=




1
2
1



 ·
[
1 0 →1

]

<latexit sha1_base64="yL3WLxe2h3ocTCq5WT1POEeVOtA="></latexit>

=




1
0
→1



 ·
[
1 2 1

]


