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<latexit sha1_base64="BB90J5nrI1RGs263OVSnI1Ojjco="></latexit>
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<latexit sha1_base64="lAgGLXj1rAWO9WIy3a6zmH5vCbI=">AAACKnicbZDLSgMxFIYz3h1vVRcu3ASL4KrMFKwuC25cKlgrdEo5kznThiaZIckoZejTuK0v407c+hguTGsFbwcCH/9/zknyx7ngxgbBi7ewuLS8srq27m9sbm3vVHb3bk1WaIYtlolM38VgUHCFLcutwLtcI8hYYDseXkz99j1qwzN1Y0c5diX0FU85A+ukXuUgYqgsaq76vt/mU6T1oH7aq1SDWjAr+hfCOVTJvK56lfcoyVgh3TYmwJhOGOS2W4K2nAkc+1FhMAc2hD52HCqQaLrl7ANjeuyUhKaZdkdZOlO/T5QgjRnJ2HVKsAPz25uK/3mdwqbn3ZKrvLCo2OdFaSGozeg0DZpwjcyKkQNgmru3UjYADczl4DZpVPjAMilBJWWUguRilGAKhbDjMjLpF/survB3OH/htl4LG7XGdb3abM6DWyOH5IickJCckSa5JFekRRgZk0cyIU/exHv2XrzXz9YFbz6zT36U9/YBfzenWA==</latexit>
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<latexit sha1_base64="yr1PZzULbtfm0+QHROfCAx/hoWo="></latexit>
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<latexit sha1_base64="JUoUAHdcg1J1GsWfCnEpiHT5wKM=">AAACJHicdZBBSxtBFMdntWqaqk306GVoKHgKuyrRo6AHb41gTCAbwtvZtzo4M7vMvK2EJR/Fa/wy3qSHXvpJPDiJEdrSPhj48f+/9+bxTwolHYXhz2Bl9cPa+kbtY/3T5tb250Zz59rlpRXYE7nK7SABh0oa7JEkhYPCIuhEYT+5O5v7/e9onczNFU0KHGm4MTKTAshL40YzTjKHVqLj30qabxk3WmE7XBQP24cnR4fRkYdOeO yRR0urxZbVHTde4jQXpUZDQoFzwygsaFSBJSkUTutx6bAAcQc3OPRoQKMbVYvTp/yrV1Ke5dY/Q3yh/j5RgXZuohPfqYFu3d/eXPyXNywpOxlV0hQloRFvH2Wl4pTzeQ48lRYFqYkHEFb6W7m4BQuCfFr12KLBe5FrDSat4gy0VJMUMygVTavYZe9c93G9Z8L/D9cH7ajT7lwetE7Pl8HV2B77wvZZxI7ZKbtgXdZjgt2zBzZjj8EseAqegx9vrSvBcmaX/VHBr1dO0KZx</latexit>

Outline

<latexit sha1_base64="mSohaAV44tqoxsdYPzjVvfam00M="></latexit>

• Characterization of Discrete Images

– Discrete Image Representation

– Discrete-Space Fourier Transform

– Two-Dimensional z-transform (= (z1, z2)-transform)

• Discrete (Digital?) Filtering

– Filtering With 2D Masks

– Equivalent Filter Characterizations

– Separability

• Filtering Images: Practical Considerations
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<latexit sha1_base64="sqoKSRonVJzR8PBnIXETwqu1+Nk="></latexit>

Mask: w

<latexit sha1_base64="o3XCLkgVHmIIRKSRtwN/BcfMwLk="></latexit>

– Local (3→ 3)-average

<latexit sha1_base64="gyXNyFxyAHnQ3/uutl3/DA0wwGE="></latexit>

– Horizontal-edge enhancement

<latexit sha1_base64="8kjZ7tNs4ieC2wmIUdIja0Pk+4w="></latexit>

– Vertical-edge enhancement

<latexit sha1_base64="IeMUCzn6b5WR0R48kxrdXwwM19I="></latexit>

wave =
1

9




1 1 1

1 1 1
1 1 1





<latexit sha1_base64="1yfkpYc0AAVQtoMFJKx3PdJreRU="></latexit>

whor =




→1 →2 →1

0 0 0
1 2 1





<latexit sha1_base64="ddNxjzepqyEXcL52XEEfdc0ijIw="></latexit>

wvert =




→1 0 1

→2 0 2
→1 0 1





<latexit sha1_base64="GVmKtIXIA7+UnwYNJAfuHju3TzY=">AAACOnicdZBNTxsxEIa9fJWmBQIce7GIqvYU7QIKqCckPtQjRQSQslE0650NFrZ3Zc8C0So/gV/DFX4IV26o1x57qBOCBFU7kqVH7zsztt+kUNJRGD4EU9Mzs3Pv5t/XPnxcWFyqL6+cuLy0AtsiV7k9S8ChkgbbJEnhWWERdKLwNLnYHfmnl2idzM0xDQrsaugbmUkB5KVe/UucZA6tRMcPpCJPps/3r0EXCt03foSX0knCtF dvhM1wXDxsbmxvbkSbHlrhlkceTawGm9Rhr/47TnNRajQkFDjXicKCuhVYkkLhsBaXDgsQF9DHjkcDGl23Gn9oyD97JeVZbv0xxMfq64kKtHMDnfhODXTu/vZG4r+8TknZdreSpigJjXi+KCsVp5yP0uGptChIDTyAsNK/lYtzsCB8Mn6TRYNXItcaTFrFGWipBilmUCoaVrHLXrjm43rJhP8fTtabUavZ+rHe2NmbBDfPPrE19pVFbIvtsO/skLWZYDfslt2x++AueAyegp/PrVPBZGaVvang1x8lJK95</latexit>

Filtering Examples: Revisited
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<latexit sha1_base64="wbUKfY5dicHxNH9S0s+Hb1JwWrI=">AAACKnicdVDLSgMxFM34tr6qLly4CRbBVZmxUl0qunDhQsGq0CnlTuaOBvMYkoxShn6NW/0Zd+LWz3BhWiuo6IHA4Zxzb5KT5IJbF4Yvwdj4xOTU9MxsZW5+YXGpurxyYXVhGLaYFtpcJWBRcIUtx53Aq9wgyETgZXJ7OPAv79BYrtW56+XYkXCteMYZOC91q2txklk0HC090QwEPfBpuMZutRbWwyFoWG/s7TSiHU+a4a6nNB pZNTLCabf6HqeaFRKVYwKsbUdh7jolGMeZwH4lLizmwG797ranCiTaTjn8QJ9ueiWlmTb+KEeH6veJEqS1PZn4pAR3Y397A/Evr124bK9TcpUXDhX7vCgrBHWaDtqgKTfInOh5Asxw/1bKbsAAc76zSmxQ4T3TUoJKyzgDyUUvxQwK4fplbLMvXvF1fXVC/ycX2/WoWW+ebdf2j0bFzZB1skG2SER2yT45JqekRRjpkwfySJ6Cx+A5eAleP6NjwWhmlfxA8PYBiXKokw==</latexit>

Local Average

<latexit sha1_base64="tYOPdQDLaXwThVXgN+HuB55qpuQ="></latexit>

• Mask:
<latexit sha1_base64="IeMUCzn6b5WR0R48kxrdXwwM19I="></latexit>

wave =
1

9




1 1 1

1 1 1
1 1 1





<latexit sha1_base64="+TBF/FECRzgozQZfNzGMc3zKDz8="></latexit>

have =
1

9




1 1 1

1 1 1
1 1 1



<latexit sha1_base64="4I0FDdanQMBpaGdWMHvJ2z2D6c8="></latexit>

=→

<latexit sha1_base64="EUnxprWHWv9oxdhAzjt96gDf//w="></latexit>

• Transfer function:

<latexit sha1_base64="niGGwvCjaKiuZ1KVMs0hPvAvDXY="></latexit>

• Frequency response:

<latexit sha1_base64="WOHFKiGNzdOfYYsdetygaYTu35g="></latexit>

H(z1, z2) =
1

3
(z1 + 1 + z

→1
1 ) · 1

3
(z2 + 1 + z

→1
2 )

<latexit sha1_base64="bS13SMgfOB2JXaWAkiIcY7nSkZ8="></latexit>

H(e jω1 , e jω2) =

(
1 + 2 cosω1

3

)(
1 + 2 cosω2

3

)

<latexit sha1_base64="/EnYsHXYknmU2VRckK4oaQwflcU="></latexit>

= Have(e jω1)Have(e jω2)
<latexit sha1_base64="VVnnHzhmwO3JeUsrh1qJqC0O07g="></latexit>

|Have(e jω)|

<latexit sha1_base64="ddqaGobIvVx8reJeTHzGvx237y0="></latexit>

0
<latexit sha1_base64="RIcpLy0fdDVMKdBPVAAXXa7hHqc="></latexit>ω

2

<latexit sha1_base64="O5SvOnVSuKaJREJZ1oWsjKRf04g="></latexit>

→ω

2

<latexit sha1_base64="WC0H/OPOAILJEthYr55QyCm38nQ="></latexit>ω<latexit sha1_base64="TM37Kyc77w8trRFs0vGl9RRNq9A="></latexit>→ω
<latexit sha1_base64="ddqaGobIvVx8reJeTHzGvx237y0="></latexit>

0

<latexit sha1_base64="fUg0iJCf+/YfnrGjqNC1qdphroE="></latexit>

1

<latexit sha1_base64="qV0lcrw11g3rViT8+tQiGti5v8M="></latexit>

low-pass behavior
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<latexit sha1_base64="bi7Fj7XDHXqFX1m3yOV9OTaU1Fs=">AAACNnicdVDLSgMxFM34tr6qLt0Ei+DGMqNSXQoquFSwVegUuZO50waTzJBklDL0A/wat/opbtyJWz/AhZlaQUUPBA7nnHuTnCgT3Fjff/LGxicmp6ZnZitz8wuLS9XllZZJc82wyVKR6ssIDAqusGm5FXiZaQQZCbyIrg9L/+IGteGpOrf9DDsSuoonnIF10lW1FkaJQc3R0BZq63SxdRx3kR6rHiiGEpV1Kb/uD0H9+s7+7k 6w60jD33OUBiOrRkY4vaq+h3HK8nKWCTCmHfiZ7RRQ7hc4qIS5wQzYNXSx7agCiaZTDD8zoBtOiWmSaneUpUP1+0QB0pi+jFxSgu2Z314p/uW1c5vsdwqustyiYp8XJbmgNqVlMzTmGpkVfUeAae7eSlkPNDDr+quEGhXeslRKUHERJiC56MeYQC7soAhN8sUrrq6vTuj/pLVdDxr1xtl27eBoVNwMWSPrZJMEZI8ckBNySpqEkTtyTx7Io/fgPXsv3utndMwbzaySH/DePgCJZq2n</latexit>

Vertical-Edge Enhancement

<latexit sha1_base64="tYOPdQDLaXwThVXgN+HuB55qpuQ="></latexit>

• Mask:
<latexit sha1_base64="ddNxjzepqyEXcL52XEEfdc0ijIw="></latexit>

wvert =




→1 0 1

→2 0 2
→1 0 1



 <latexit sha1_base64="4I0FDdanQMBpaGdWMHvJ2z2D6c8="></latexit>

=→

<latexit sha1_base64="D8blBIUTDN8f87xlo+qhezrT3HE="></latexit>

“correlation”
<latexit sha1_base64="+9C62bX04Nfvtgc7qzBbkPnR2NM="></latexit>

“convolution”
<latexit sha1_base64="EUnxprWHWv9oxdhAzjt96gDf//w="></latexit>

• Transfer function:

<latexit sha1_base64="niGGwvCjaKiuZ1KVMs0hPvAvDXY="></latexit>

• Frequency response:
<latexit sha1_base64="Nf4J8qyRRYoRg+TPXvZjvzkFshg="></latexit>

= H1(e
jω1)Hlow(e

jω2)

<latexit sha1_base64="ddqaGobIvVx8reJeTHzGvx237y0="></latexit>

0
<latexit sha1_base64="RIcpLy0fdDVMKdBPVAAXXa7hHqc="></latexit>ω

2

<latexit sha1_base64="O5SvOnVSuKaJREJZ1oWsjKRf04g="></latexit>

→ω

2

<latexit sha1_base64="WC0H/OPOAILJEthYr55QyCm38nQ="></latexit>ω<latexit sha1_base64="TM37Kyc77w8trRFs0vGl9RRNq9A="></latexit>→ω
<latexit sha1_base64="ddqaGobIvVx8reJeTHzGvx237y0="></latexit>

0

<latexit sha1_base64="fUg0iJCf+/YfnrGjqNC1qdphroE="></latexit>

1

<latexit sha1_base64="2+HUsUe1d6VP5AsNccAO/+Up8bY="></latexit>

2

<latexit sha1_base64="flodnSGAUwDmXTf+1EI3jL9aFLc="></latexit>

|H1(e jω)|

<latexit sha1_base64="AzuewK2ZGebXbd2T1p8cv/Snh3Y="></latexit>

band-pass behavior

<latexit sha1_base64="oA+4nm5j0Z5vjOq5pOk44yMY4jM="></latexit>

Horizontal-edge enhancement

is just the “transpose”

<latexit sha1_base64="6s5kpJE2u13Orj13LyFZphyGYWI="></latexit>

H(z1, z2) = (z1 → z
→1
1 )(z2 + 2 + z

→1
2 )

<latexit sha1_base64="8Mh8wnT3JIKJTnBhEdIQZqLOTe8="></latexit>

H(e jω1 , e jω2) = (j2 sinω1)(2 + 2 cosω2)

<latexit sha1_base64="iwg0tMaNSHq5TS4WvpmSPX8jxaU="></latexit>

hvert =




1 0 →1

2 0 →2
1 0 →1




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<latexit sha1_base64="o3XCLkgVHmIIRKSRtwN/BcfMwLk="></latexit>

– Local (3→ 3)-average

<latexit sha1_base64="gyXNyFxyAHnQ3/uutl3/DA0wwGE="></latexit>

– Horizontal-edge enhancement

<latexit sha1_base64="8kjZ7tNs4ieC2wmIUdIja0Pk+4w="></latexit>

– Vertical-edge enhancement

<latexit sha1_base64="GDZM8l/jwIragBTeLpDc5SNc4/Y=">AAACPXicdZDPShxBEMZ7jEl0zZ9NcvTSuAjiYZlRWcWTkCgeFV0VdpalpqdmbezuGbprTIZh3yFP49W8hg+QW/DqxYO96woakoKGH99XVd39JYWSjsLwJph5Nfv6zdu5+cbCu/cfPjY/fT5xeWkFdkWucnuWgEMlDXZJksKzwiLoROFpcvF17J9eonUyN8dUFdjXMDQykwLIS4PmapxkDq1Ex/ekIk9myHd/gC4Uum1+hAVYSK SSVA2arbAdToqH7fWtjfVow0Mn3PTIo6nVYtM6GDTv4zQXpUZDQoFzvSgsqF+DJSkUjhpx6fx6cQFD7Hk0oNH168mfRnzZKynPcuuPIT5Rn0/UoJ2rdOI7NdC5+9sbi//yeiVlW/1amqIkNOLxoqxUnHI+Doin0qIgVXkAYaV/KxfnPgThw/GbLBr8LnKtwaR1nIGWqkoxg1LRqI5d9sQNH9dTJvz/cLLWjjrtzuFaa+fbNLg5tsiW2AqL2CbbYfvsgHWZYD/ZFbtmv4Lr4HfwJ7h9bJ0JpjNf2IsK7h4A0iKw0Q==</latexit>

Filtering Examples: Separability

<latexit sha1_base64="+TBF/FECRzgozQZfNzGMc3zKDz8="></latexit>

have =
1

9




1 1 1

1 1 1
1 1 1





<latexit sha1_base64="iwg0tMaNSHq5TS4WvpmSPX8jxaU="></latexit>

hvert =




1 0 →1

2 0 →2
1 0 →1





<latexit sha1_base64="N1W85W9wdaMfA6ON30HOE7c8Ohc="></latexit>

=
1

3




1
1
1



 · 1
3

[
1 1 1

]

<latexit sha1_base64="CivjWCWLOHKmr70WL2z8OxcRTb8="></latexit>

hhor =




1 2 1

0 0 0
→1 →2 →1





<latexit sha1_base64="VzYcUGuI9us7LR1rwkY5p4uqWqU="></latexit>

=




1
2
1



 ·
[
1 0 →1

]

<latexit sha1_base64="yL3WLxe2h3ocTCq5WT1POEeVOtA="></latexit>

=




1
0
→1



 ·
[
1 2 1

]
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<latexit sha1_base64="LA3v1ObrZDUpEmXWkxoRUN45WD8=">AAACKXicdZBNSwMxEIazftb6VRW8eAkWwVPZVakeC3rwqGhV6JaSzc5qMMkuyayyrP0zXvXPeFOv/g0PprWCig4EHt53ZjK8USaFRd9/8cbGJyanpisz1dm5+YXF2tLymU1zw6HNU5mai4hZkEJDGwVKuMgMMBVJOI+u9wf++Q0YK1J9ikUGXcUutUgEZ+ikXm01jBILRoClJ5AxwyIhBRa9Wt1v+MOifmN7b2c72HHQ9Hcd0m Bk1cmojnq19zBOea5AI5fM2k7gZ9gtmUHBJfSrYW7den7NLqHjUDMFtlsO7+/TDafENEmNexrpUP0+UTJlbaEi16kYXtnf3kD8y+vkmOx1S6GzHEHzz4+SXFJM6SAMGgsDHGXhgHEj3K2UX7kQOLrIqqEBDbc8VYrpuAwTpoQsYkhYLrFfhjb54qqL6ysT+j+cbTWCZqN5vFVvHYyCq5A1sk42SUB2SYsckiPSJpzckXvyQB69B+/Je/ZeP1vHvNHMCvlR3tsHmUqorA==</latexit>

Separability
<latexit sha1_base64="NXrLBvz96utebM7ldMdJ9UEIPlE="></latexit>

Most useful image-processing filters are separable...
which brings us back to a 1D problem

<latexit sha1_base64="FyPdPdAa7eF13ru1mj15RS4WDlQ="></latexit>

• Definition(s) of separability
<latexit sha1_base64="Sopd1be7q7QPeu4KTe5RFXO4wkg="></latexit>

h[k1, k2] = h1[k1]h2[k2]

<latexit sha1_base64="9rcJqdPDB2Edyy8azszltMzTld0="></latexit>

→
<latexit sha1_base64="+o2rKFzE01h8BANXBat1+nmRfhQ="></latexit>

H(z1, z2) = H1(z1)H2(z2)

<latexit sha1_base64="9rcJqdPDB2Edyy8azszltMzTld0="></latexit>

→
<latexit sha1_base64="3mo/9EvzzhgUanjQy5r4wbulKpk="></latexit>

H(e jω1 , e jω2) = H1(e
jω1)H2(e

jω2)

<latexit sha1_base64="9rcJqdPDB2Edyy8azszltMzTld0="></latexit>

→
<latexit sha1_base64="1aDehIjW07cKSgUqXZ/GmSkN6g0="></latexit>

h = h2 h
T
1
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<latexit sha1_base64="LA3v1ObrZDUpEmXWkxoRUN45WD8=">AAACKXicdZBNSwMxEIazftb6VRW8eAkWwVPZVakeC3rwqGhV6JaSzc5qMMkuyayyrP0zXvXPeFOv/g0PprWCig4EHt53ZjK8USaFRd9/8cbGJyanpisz1dm5+YXF2tLymU1zw6HNU5mai4hZkEJDGwVKuMgMMBVJOI+u9wf++Q0YK1J9ikUGXcUutUgEZ+ikXm01jBILRoClJ5AxwyIhBRa9Wt1v+MOifmN7b2c72HHQ9Hcd0m Bk1cmojnq19zBOea5AI5fM2k7gZ9gtmUHBJfSrYW7den7NLqHjUDMFtlsO7+/TDafENEmNexrpUP0+UTJlbaEi16kYXtnf3kD8y+vkmOx1S6GzHEHzz4+SXFJM6SAMGgsDHGXhgHEj3K2UX7kQOLrIqqEBDbc8VYrpuAwTpoQsYkhYLrFfhjb54qqL6ysT+j+cbTWCZqN5vFVvHYyCq5A1sk42SUB2SYsckiPSJpzckXvyQB69B+/Je/ZeP1vHvNHMCvlR3tsHmUqorA==</latexit>

Separability

<latexit sha1_base64="q9DGIYPksmJpUn+/8BC2X1wDddo="></latexit>

• Multiplication-table perspective

<latexit sha1_base64="baSSjiXchv22TZ4UcC4oMNnD66c="></latexit>

baT =





a1b1 a2b1 · · · aMb1
a1b2 a2b2 · · · aMb2
...

...
. . .

...
a1bN a2bN · · · aMbN




<latexit sha1_base64="Pp47VRJWRhQ0YGC9/SSeI1kR7NU="></latexit>

Example: a = (1, 0,→1) and b = (1, 2, 1)
Vertical-edge enhancer

<latexit sha1_base64="/9v1+6hL069wBFClmf0IkRsxS+Y="></latexit>

A filter is separable if and only if it can be
factored as the outer product of two vectors

<latexit sha1_base64="uDlLw0Hvkquv73H5Od3xsE9QvqU="></latexit>

A filter is separable if and only if it is rank 1
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<latexit sha1_base64="+88JGKh694J3EMV1ByEq/1FhDbM=">AAACLnicdZBPSxtBGMZntbWathr16GVoKPQUdjVE6UmoQo9KGxWyIbw7+64ZnD/LzLutYcmhn8arfpmCh9KrH8JDJzFClfaBgR/P877MzJOVSnqK49toYfHFy6VXyyuN12/erq411zdOvK2cwJ6wyrqzDDwqabBHkhSelQ5BZwpPs4tP0/z0GzovrflK4xIHGs6NLKQACtawuZVmhUcn0fPDS9Clwo/8i7aWRuiGzVbcjmficX tnr7OTdAJ0492APJlHLTbX0bB5n+ZWVBoNCQXe95O4pEENjqRQOGmklccSxAWcYz+gAY1+UM8+MeHvg5PzwrpwDPGZ+/dGDdr7sc7CpAYa+efZ1PxX1q+o2BvU0pQVoREPFxWV4mT5tBGeS4eC1DgACCfDW7kYgQNBobdG6tDgd2G1BpPXaQFaqnGOBVSKJnXqi0duhLoeO+H/h5PtdtJtd4+3W/sH8+KW2RZ7xz6whO2yffaZHbEeE+wHu2LX7Ca6jn5Gv6LfD6ML0Xxnkz1RdPcHHD+qbA==</latexit>

Example: Smoother

<latexit sha1_base64="jl5q1DwMmhgzNIc3q88zcE6saO4="></latexit>

Exercise: (i) show that this filter is separable
(ii) Determine the 1D filters that comprise this 2D filter
(iii) Determine the transfer function of this filter

<latexit sha1_base64="6ds2KiQ5FV8SaAJoDlGaOsXos6Y="></latexit>

h =
1

16




1 2 1

2 4 2
1 2 1





<latexit sha1_base64="WXt8rlrg7oeLULpPQ/dy7PmBKVU="></latexit>

h =
1

16




1 2 1

2 4 2
1 2 1



 =
1

4




1

2
1



 · 1
4

[
1 2 1

]

<latexit sha1_base64="v0fW3PD1XA0pTFAR9Et/pgOLY+o="></latexit>

h[k1, k2] = h1[k1]h1[k2] where h1[k] =






1/4, k = ±1

1/2, k = 0

0, else
<latexit sha1_base64="KiIB3xwJYMSM1LXerLVMattGXeE="></latexit>

H(z1, z2) =
1

16
(z1 + 2 + z

→1
1 )(z2 + 2 + z

→1
2 )
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<latexit sha1_base64="HpmoCoKsYvpTmxSXZCVhdCMqCqc=">AAACMHicdVDNSgMxGMzWv1r/Vj2KECyCp7Jbpe2xoIjHilaFbinZ7Lc1mGSXJKuUpSefxmt9GT2JV5/Bg2mtoKIDgWHmm3zJhCln2njes1OYmZ2bXygulpaWV1bX3PWNC51kikKbJjxRVyHRwJmEtmGGw1WqgIiQw2V4czj2L29BaZbIczNIoStIX7KYUWKs1HO3gzDWoBhofAYpUcQG8THjxmqy33PLXsWbAHuV/cbBvn9gSc 2rW4r9qVVGU7R67nsQJTQTIA3lROuO76WmmxNlGOUwLAWZtlvoDelDx1JJBOhuPvnGEO9aJcJxouyRBk/U74mcCK0HIrSTgphr/dsbi395nczEjW7OZJoZkPRzUZxxbBI87gRHTAE1fGAJoYrZt2J6bbugtgV7kwIJdzQRgsgoD2IiGB9EEJOMm2Ee6PiLl2xdX53g/8lFteLXKrXTarl5NC2uiLbQDtpDPqqjJjpBLdRGFN2jBzRCj87IeXJenNfP0YIzzWyiH3DePgDulKtc</latexit>

Separable Filtering

<latexit sha1_base64="FYZ1CkNbwOjwCxZX100zVD7sfEQ="></latexit>

Are there any limitations to considering separable filters?

<latexit sha1_base64="/BLGPnDEXbJOYJN6930IO7T+T2A="></latexit>

• Orientation-sensitive filters are in general non-separable

<latexit sha1_base64="tV0NYd5JnbdTdayK7Hg9XF5+Nas="></latexit>

– Often used in texture analysis

<latexit sha1_base64="XPsK+8uzcIuglRIQK8kis0C54JQ="></latexit>

• Separable filters have an e!cient implementation

<latexit sha1_base64="ot9e0mIORam/Jo/SASVRdyISwg4="></latexit>

1D filter
(rows)

<latexit sha1_base64="zBws8N62bG28wk9BOtbZYDFe4Ig="></latexit>

1D filter
(cols)

<latexit sha1_base64="ot9e0mIORam/Jo/SASVRdyISwg4="></latexit>

1D filter
(rows)

<latexit sha1_base64="zBws8N62bG28wk9BOtbZYDFe4Ig="></latexit>

1D filter
(cols)

<latexit sha1_base64="dtxDHWkuGnZbYxtXg8PflJrYkm0="></latexit>

→

<latexit sha1_base64="yS9oCjVhwn+QVQo6VtdhimlAnPQ="></latexit>

f [k]
<latexit sha1_base64="Wvkafw7WLvo962I7dpXhIXGnYbU="></latexit>

g[k]

<latexit sha1_base64="yS9oCjVhwn+QVQo6VtdhimlAnPQ="></latexit>

f [k]
<latexit sha1_base64="Wvkafw7WLvo962I7dpXhIXGnYbU="></latexit>

g[k]
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<latexit sha1_base64="LBgeTc/bowhtyqp2vSg6g9VUHlY=">AAACMHicdVBNSwMxFMz6bf2qehQhWARPZVel9lhQxKOKVaFbytvs2xpMskuSVcrSk7/Gq/4ZPYlXf4MH01pBRQcCw8y8l2SiTHBjff/ZGxufmJyanpktzc0vLC6Vl1fOTZprhk2WilRfRmBQcIVNy63Ay0wjyEjgRXS9P/AvblAbnqoz28uwLaGreMIZWCd1yuthlBjUHA09RZa74A3SQy6s01S3U674VX8I6ld36rs7wa4jNX /PURqMrAoZ4bhTfg/jlOUSlWUCjGkFfmbbBWjLmcB+KcwNZsCuoYstRxVINO1i+I0+3XRKTJNUu6MsHarfJwqQxvRk5JIS7JX57Q3Ev7xWbpN6u+Aqyy0q9nlRkgtqUzrohMZcI7Oi5wgwzd1bKbsCDcy14DZpVHjLUilBxUWYgOSiF2MCubD9IjTJFy+5ur46of+T8+1qUKvWTrYrjYNRcTNkjWyQLRKQPdIgR+SYNAkjd+SePJBH78F78l6818/omDeaWSU/4L19ADV3q4U=</latexit>

Recursive Filtering

<latexit sha1_base64="JdHGFOK+42sFVdCrrDBwSmyO75Y="></latexit>

Recursive filtering provides an e!cient way to implement IIR filters

<latexit sha1_base64="9LR+BJv7GpEeWtheGatWKcFQMYI="></latexit>

• Rational transfer function and di!erence equations
<latexit sha1_base64="xRO7pldJAEm1FFTOvvP/ThGQGys="></latexit>

H(z) =
G(z)

F (z)
=

M→1∑

m=0

bmz
→m

N→1∑

n=0

anz
→n

<latexit sha1_base64="IReNiSIRxgH208nAA1IdH7pA/fU="></latexit>→↑

<latexit sha1_base64="0q5Ht/z5IeAeLaf3/Trh6P5dvwY="></latexit>

N→1∑

n=0

ang[k → n] =
M→1∑

m=0

bmf [k →m]

<latexit sha1_base64="GGa7VlR3FruvOhXIOZCwqwnaP+g="></latexit>

recursive-filter implementation

<latexit sha1_base64="Nr9ElCmNWqcFqN1QqdbOPFoMFJ0="></latexit>

– Example: Causal exponential

<latexit sha1_base64="rABxCAt5fWla3Xsc0nS07PSaBco="></latexit>

G(z) =

(
1

1 + z→1a1

)
F (z) <latexit sha1_base64="IReNiSIRxgH208nAA1IdH7pA/fU="></latexit>→↑

<latexit sha1_base64="jtQ57ky3x2e7reTkIcHGv6DLzog="></latexit>

g[k] = f [k]→ a1g[k → 1]

<latexit sha1_base64="t4sx5t5HnVtiDy2ZmXOwTrYGWxM="></latexit>

• Stability of rational filters
<latexit sha1_base64="4gI3B6rajNnO7SCmYFJ2taPpKzg="></latexit>

– poles inside the unit circle

<latexit sha1_base64="h/y/ytj1+DUBaKUx7eD+LxX4yx0="></latexit>

When is this system stable?
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<latexit sha1_base64="LBgeTc/bowhtyqp2vSg6g9VUHlY=">AAACMHicdVBNSwMxFMz6bf2qehQhWARPZVel9lhQxKOKVaFbytvs2xpMskuSVcrSk7/Gq/4ZPYlXf4MH01pBRQcCw8y8l2SiTHBjff/ZGxufmJyanpktzc0vLC6Vl1fOTZprhk2WilRfRmBQcIVNy63Ay0wjyEjgRXS9P/AvblAbnqoz28uwLaGreMIZWCd1yuthlBjUHA09RZa74A3SQy6s01S3U674VX8I6ld36rs7wa4jNX /PURqMrAoZ4bhTfg/jlOUSlWUCjGkFfmbbBWjLmcB+KcwNZsCuoYstRxVINO1i+I0+3XRKTJNUu6MsHarfJwqQxvRk5JIS7JX57Q3Ev7xWbpN6u+Aqyy0q9nlRkgtqUzrohMZcI7Oi5wgwzd1bKbsCDcy14DZpVHjLUilBxUWYgOSiF2MCubD9IjTJFy+5ur46of+T8+1qUKvWTrYrjYNRcTNkjWyQLRKQPdIgR+SYNAkjd+SePJBH78F78l6818/omDeaWSU/4L19ADV3q4U=</latexit>

Recursive Filtering

<latexit sha1_base64="JdHGFOK+42sFVdCrrDBwSmyO75Y="></latexit>

Recursive filtering provides an e!cient way to implement IIR filters

<latexit sha1_base64="9LR+BJv7GpEeWtheGatWKcFQMYI="></latexit>

• Rational transfer function and di!erence equations
<latexit sha1_base64="Nr9ElCmNWqcFqN1QqdbOPFoMFJ0="></latexit>

– Example: Causal exponential

<latexit sha1_base64="IReNiSIRxgH208nAA1IdH7pA/fU="></latexit>→↑

<latexit sha1_base64="1XaTx/C7eTiGLaW8Tv54hwNW7JY="></latexit>

– Example: Anti-causal exponential

<latexit sha1_base64="IReNiSIRxgH208nAA1IdH7pA/fU="></latexit>→↑

<latexit sha1_base64="9WLiZjtQPtFhV9KBgwL625I2XaY="></latexit>

G(z) =

(
1

1→ z→1a1

)
F (z)

<latexit sha1_base64="40Yvrjbma47koDnuZhtAtwvgtpw="></latexit>

g[k] = f [k] + a1g[k → 1]

<latexit sha1_base64="xYokb9Vxl2SmKre1enDynfs9re0="></latexit>

pole at z = a1

<latexit sha1_base64="kneX5ln4fGpM5L+Aqf7rTxveEhY="></latexit>

G(z) =

(
1

1→ za1

)
F (z)

<latexit sha1_base64="RVHInpT1VZtyURbqGApG5r5nWYM="></latexit>

g[k] = f [k] + a1g[k + 1]

<latexit sha1_base64="G/0hzd46WrphvE9WWf3/iX2Od/I="></latexit>

pole at z = a→1
1

<latexit sha1_base64="JBZcp8CRv+zfKkl2O7l3ugsdOb8="></latexit>

Can both of these filters be simultaneously stable?

<latexit sha1_base64="AWUCZnjuxUIOwCazHWs4GxOI9oY="></latexit>

What makes H(z) =

(
1

1→ za1

)
not causal?



13

<latexit sha1_base64="AVyHsv0R4uf48qkBT4rCjPc6RgU=">AAACR3icdVDLahsxFNW4r9R9xGmW3YiaQldmJjGOycqQEpKdC/UDPIPRaO4kInoMupoGM/hH8jXdOn/Qr+iudJFFZXsMbWkPCA7nnKsrnbSQAl0Yfgsajx4/efps73nzxctXr/dbB2/GaErLYcSNNHaaMgQpNIyccBKmhQWmUgmT9OZs7U++gEVh9Ge3KCBR7EqLXHDmvDRvdeM0R7ACkJ4L6TzTV/TShwBP6dAy7nxU0jOjUW RgN1M4b7XDTrgBDTvH/e5x1PWkF554SqPaapMaw3nrIc4MLxVoxyVDnEVh4ZKKWX+7hGUzLhEKxm/82pmnminApNr8bknfeyWjubH+aEc36u8TFVOIC5X6pGLuGv/21uK/vFnp8n5SCV2UDjTfLspLSZ2h66poJixwJxeeMG6Ffyvl12zdiS+0GVvQcMuNUkxnVZwzJeQig5yV0i2rGPMdb/q6dp3Q/5PxUSfqdXqfjtqDj3Vxe+QteUc+kIickAG5IEMyIpzcka9kRe6DVfA9+BH83EYbQT1zSP5AI/gFE2ez3A==</latexit>

Filtering Images: Practical Considerations

<latexit sha1_base64="mMdH/iUXPJIB5fF0aEzWs8JI4wE="></latexit>

• Filter Design for Image Processing

• Boundary Conditions

• Fourier-domain versus spatial-domain implementations
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<latexit sha1_base64="wBD/IS1EaG0yK76//QAoGagLO/g=">AAACP3icdVBNS1tBFJ2n9aOxatRlN0OD0EUJ7xmJLgVFdJdCo0JeCPPm3YmD8/GYO08Jj/wJf41b/Rf9Bd2JW6GLTmKEtuhZHc45d+6dkxVKoo/jn9Hc/IeFxaXlj7WVT6tr6/WNzTO0pePQ5VZZd5ExBCUNdL30Ci4KB0xnCs6zq8OJf34NDqU1P/yogL5mQyOF5MwHaVD/lmYCwUlAeiyVB0ePAOXQUGEdPQ1hoB1nOSBKMx zUG3EznoLGzdb+bivZDaQd7wVKk5nVIDN0BvXfaW55qcF4rhhiL4kL36+Y85IrGNfSEqFg/Cqs6QVqmAbsV9Nfjel2UPLpHcIaT6fq3xMV04gjnYWkZv4S//cm4lter/Riv19JU5QeDH9ZJEpFvaWTimguHXCvRoEw7mS4lfJL5hgP9YSXHBi44VZrZvIqFUxLNcpBsFL5cZWieOW1UNdrJ/R9crbTTNrN9vedxsHRrLhl8pl8IV9JQvbIATkhHdIlnNySO3JPHqL76Ff0GD29ROei2cwW+QfR8x+g37Em</latexit>

Filter Design for Image Processing

phase phase

magnitudemagnitude

<latexit sha1_base64="Dj1k+B4Vx1lpOFfJqdRMomBgcBM="></latexit>

• Semantic information (edges, contours, etc.) is stored in the phase

of the Fourier transform
<latexit sha1_base64="H7j6FB0D4MwtkLYCI54jom1mLU4="></latexit>

– Use linear-phase filters (i.e., symmetric or antisymmetric)

<latexit sha1_base64="0TViv5ARtY4+Ck6p3TQbyZxfAbs="></latexit>

• Exact shape of the frequency response is not so important
<latexit sha1_base64="N59qa6I+6DRf1HXLF9++1JOMF7A="></latexit>

– Go for the simplest and fastest
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<latexit sha1_base64="/L0RB319SY25hsf4ftDSf4WEqd0=">AAACMHicdZBPSxtBGMZn1bYxtTXqUQpDg+Ap7KpEj6Hx4FHBaCAbwruz78bB+bPMzFaWJad+Gq/xy9hT8epn8OAkRqjSPjDw43nel+F9klxw68Lwd7C0vPLh46faav3z2pev642NzQurC8Owx7TQpp+ARcEV9hx3Avu5QZCJwMvkujvLL3+isVyrc1fmOJQwVjzjDJy3Ro1vcZJZNBwt/aELlYIpaVerlM9iO2o0w1Y4Fw1b+0 cH+9GBh3Z46JFGi6hJFjodNZ7iVLNConJMgLWDKMzdsALjOBM4qceFxRzYNYxx4FGBRDus5mdM6I53Uppp459ydO7+vVGBtLaUiZ+U4K7s+2xm/isbFC47GlZc5YVDxV4+ygpBnaazTmjKDTInSg/AjD+dUXYFBpjzzdVjgwpvmJYSVFrFGUguyhQzKISbVLHNXrnu63rthP4fLvZaUbvVPttrdo4XxdXINvlOdklEDkmHnJBT0iOM/CK3ZErugmlwH/wJHl5Gl4LFzhZ5o+DxGTetq4c=</latexit>

Boundary Conditions

<latexit sha1_base64="UzQ66f5Iw7fOJ+pWTwYVKm6j7+4="></latexit>

• 60s-80s: Lazy handling (IP filters are short anyways...)
<latexit sha1_base64="dYuIwv7Ndnof8pvlYbGfyEzZPfs="></latexit>

• 90s: people started to care about the boundaries (splines, wavelets)
<latexit sha1_base64="OJU+Nl556cJ+iDTyt58GOsh0QSI="></latexit>

– Input image: K → L array: {f [k, l]}k=0,...,K→1,l=0,...,L→1

<latexit sha1_base64="0I5ErPjKIkti50ck+lhNkJRIFnM="></latexit>

– Filtered image: g[k, l] =
∑

(m,n)→Z2

h[m,n]fext[k →m, l → n]

<latexit sha1_base64="E0PkXZQcUur74kPY7fnW6go9cPE="></latexit>

– Extended image: {fext[k, l]}(k,l)→Z2

<latexit sha1_base64="+yD7bW6ncYsW+i5FrDcgSx7wPcw="></latexit>

• Lazy solution: Zero padding

<latexit sha1_base64="dhgtHabGBJOjPxT/dVzLo6rnD5g="></latexit>

fext[k, l] = 0 for (k, l) →↑ [0, . . . ,K ↓ 1]↔ [0, . . . , L↓ 1]

<latexit sha1_base64="dGsmt+k/hZUF70pIJIhaoR6Q8AU="></latexit>

CAUTION: Lack of consistency;

i.e., filtered version of a zero-padded image

is no longer zero at the boundaries.



16

<latexit sha1_base64="0RbyRxjudOGXiOJU/DdQWk00CHI=">AAACOXicdZBLSxxBFIWrNQ8zxmQ0SzdFhvjYDN0qo0uJWbhUyKgwPQy3q29rYT2aqttK08w/8Ndka/5IltmFbLPNwppxBCPmQMHhnHu51JeVSnqK4x/R3PyLl69eL7xpLb5deve+vbxy4m3lBPaFVdadZeBRSYN9kqTwrHQIOlN4ml0eTPrTK3ReWvOV6hKHGs6NLKQACtGovZZmhUcn0fPPtjI5uJofWJPLSe35hrCG1vPNUb sTd+OpeNzd3tvZTnaC6cW7wfJkVnXYTEej9t80t6LSaEgo8H6QxCUNG3AkhcJxK608liAu4RwHwRrQ6IfN9D9j/ikkOS+sC88Qn6aPNxrQ3tc6C5Ma6MI/7Sbhc92gomJv2EhTVoRG3B8qKsXJ8gkcnkuHglQdDAgXGAguLsCBoICwlTo0eC2s1mDyJi1AS1XnWEClaNykvnjwrYDrgQn/vznZ6ia9bu94q7P/ZQZuga2yj2yDJWyX7bNDdsT6TLAb9o3dsu/RbfQz+hX9vh+di2Y7H9g/iv7cAXyMrpE=</latexit>

Boundary Conditions (cont’d)

<latexit sha1_base64="bSm522iEWdYXP/qV+us8nf46DlQ="></latexit>

• Periodization
<latexit sha1_base64="0T+IK+6vvHhvioBmjh/+9vOV4LE="></latexit>

fext[k, l] = f [k modK, lmod L]

<latexit sha1_base64="7d7USoWrMaDlYZtqYjIxgN4aWkE="></latexit>

K

<latexit sha1_base64="oeeWYQ2VwzxUnA6ybHawUXRD87w="></latexit>

L

<latexit sha1_base64="n/iAT6qIF7oNPo6rFN9sGJSLOsE="></latexit>

• Advantages
<latexit sha1_base64="EIoUVGHYSwfxkfM16JVWRWiHmZU="></latexit>

– Simple to implement
<latexit sha1_base64="3khgI8eByErwXCODJdsTyMJhazk="></latexit>

– Consistent: filtering a periodic image produces a periodic image
<latexit sha1_base64="cLazBFBGIqHi2vnz6OUXoEY23qc="></latexit>

– Periodization is implicit if filtering is performed with FFTs

<latexit sha1_base64="AFWi+yvTbCI3OWww9fKRcfe14Gw="></latexit>

• Disadvantage
<latexit sha1_base64="MP0s3vdKvzfLX+fTSKkqSt3o/ss="></latexit>

– Produces boundary artifacts
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<latexit sha1_base64="0RbyRxjudOGXiOJU/DdQWk00CHI=">AAACOXicdZBLSxxBFIWrNQ8zxmQ0SzdFhvjYDN0qo0uJWbhUyKgwPQy3q29rYT2aqttK08w/8Ndka/5IltmFbLPNwppxBCPmQMHhnHu51JeVSnqK4x/R3PyLl69eL7xpLb5deve+vbxy4m3lBPaFVdadZeBRSYN9kqTwrHQIOlN4ml0eTPrTK3ReWvOV6hKHGs6NLKQACtGovZZmhUcn0fPPtjI5uJofWJPLSe35hrCG1vPNUb sTd+OpeNzd3tvZTnaC6cW7wfJkVnXYTEej9t80t6LSaEgo8H6QxCUNG3AkhcJxK608liAu4RwHwRrQ6IfN9D9j/ikkOS+sC88Qn6aPNxrQ3tc6C5Ma6MI/7Sbhc92gomJv2EhTVoRG3B8qKsXJ8gkcnkuHglQdDAgXGAguLsCBoICwlTo0eC2s1mDyJi1AS1XnWEClaNykvnjwrYDrgQn/vznZ6ia9bu94q7P/ZQZuga2yj2yDJWyX7bNDdsT6TLAb9o3dsu/RbfQz+hX9vh+di2Y7H9g/iv7cAXyMrpE=</latexit>

Boundary Conditions (cont’d)

<latexit sha1_base64="6PestsmptMWc+7vGhlnZG+b4xO8="></latexit>

• Symmetrization / mirror folding

<latexit sha1_base64="RU4+tbS1qUMW/uugptpzcPfNi8Y="></latexit>

→k ↑ Z2, fext[k] = fext[↓k]
<latexit sha1_base64="7bjhVYEL3N+ti/jNb45ery2wW1M="></latexit>

and fext[k0 + k] = fext[k0 → k]
<latexit sha1_base64="KFyG5yOpKWKihNL2nsA8YKnhZOI="></latexit>

k0 = (K → 1, L→ 1)
<latexit sha1_base64="78WKUflfUNs07/DYh3RhseaBpSI="></latexit>

– Image extension is 2k0-periodic

<latexit sha1_base64="n/iAT6qIF7oNPo6rFN9sGJSLOsE="></latexit>

• Advantages
<latexit sha1_base64="EIoUVGHYSwfxkfM16JVWRWiHmZU="></latexit>

– Simple to implement
<latexit sha1_base64="vyT1ldmEpGlLLT2xHM1WFGTdN7A="></latexit>

– Consistent: symmetric filtering a folded image

produces a folded image; antisymmetric filtering

yields an antisymmetric folded image
<latexit sha1_base64="7pyZ3fpXbUll+UNcnc8n+ySfoX8="></latexit>

– No boundary artifacts
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<latexit sha1_base64="Ffj9CC8QUWa39sADhlGXtLFc+Hc=">AAACSHicdZDNbhMxEMe9oUAJH03pkYvVCIkL0W5b0h4rKBXHVGraStkomvXOplb9sbK9hWiVJ+FpuJYn4C24ISQOnU1TqUUwkuWf5j/j8fyzUkkf4vhH1Hqw8vDR49Un7afPnr9Y66y/PPG2cgKHwirrzjLwqKTBYZBB4VnpEHSm8DS7+NDop5fovLTmOMxKHGuYGllIAYFSk867NCs8OomeD+iyuRT845eApunwHEzODw+P37 6nEURSBSoy00mnG/fiRfC4t723s53sEPTjXUKeLKUuW8Zg0vmT5lZUGk0QCrwfJXEZxjW4IIXCeTutPJYgLmCKI0IDGv24Xqw356+rZnhhHR0T+CJ7t6MG7f1MZ1SpIZz7v7Um+S9tVIVib1xLU1a0sLgZVFSKB8sbr3guHYqgZgQgnKS/cnEODgS5QC85NPhZWK3JpTotQEs1y7GASoV5nfrilttk160n/P9wstVL+r3+0VZ3/2Bp3Cp7xTbZG5awXbbPPrEBGzLBvrJv7Ip9j66in9Gv6PdNaSta9mywe9FqXQPMMLOc</latexit>

Periodic Extensions and FFT-Based Filtering

<latexit sha1_base64="Ujn7IKgklN43vxLf0Kc/FrdXTlU="></latexit>

Periodic convolution → convolution with periodic extension
<latexit sha1_base64="NiTe3zMgFuWCQdGccoduiBFsxG0="></latexit>

equivalent to FFT-based filtering
<latexit sha1_base64="xXEAJPvxavyRyDL834Lh+CUsyaU="></latexit>

• Algorithm

<latexit sha1_base64="iCD8Qn96yJwzfR+4eY7xzsV5o8c="></latexit>

2D
FFT

<latexit sha1_base64="fyW9ZjuJQ6x4GF4CeRjCBIu3NZ8="></latexit>

2D
IFFT

<latexit sha1_base64="lqFyOvAthWLbOGfcd9uHAzsbICg="></latexit>→

<latexit sha1_base64="YI7HbzbkWt9rgQFvrqio9X/h7sQ="></latexit>

H(e j2ωk/N )

<latexit sha1_base64="NCFbpCo5bovEz6oe0m2yMMXYTyU="></latexit>

f → RN→N
<latexit sha1_base64="TJEY6Mph2aK85cGy4cODpm46thU="></latexit>

g → RN→N

<latexit sha1_base64="iDkIUyx57zhPkLCKVuzhkkM5oq4="></latexit>

What is the complexity of this algorithm?

<latexit sha1_base64="fAWnVA9XMhbT9HIFlZEXlhQ2Bek="></latexit>

1. 2D FFT of N →N image
<latexit sha1_base64="iAbR6+j2CW5+APHWFyyF3mavWRA="></latexit>

2. Multiply with the FFT of the filter impulse response
<latexit sha1_base64="boCpDmgF8fJlkUkW8d4fqlaQpSc="></latexit>

3. Take the inverse FFT of the result

<latexit sha1_base64="B6sVM23fshkG/PhA+VB3sWrJbf0="></latexit>

O(N2 logN)
<latexit sha1_base64="lXnGFZaNo6J4N0+oxaby/OSKQNk="></latexit>

O(N2)
<latexit sha1_base64="B6sVM23fshkG/PhA+VB3sWrJbf0="></latexit>

O(N2 logN)

<latexit sha1_base64="BG55I2M9n8blTYrhNPndm5ZHbdM="></latexit>

Total procedure complexity is O(N2 logN)
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<latexit sha1_base64="c9udbqHIVejeQUA9q1YZfipp1yo=">AAACSHicdVDdShtBGJ1N/Wv8aWwvezMYBG9cdtXGXAoV8VJpo0I2hG9nv42D87PMzEbCkifxaXqrT+Bb9E4KvXASE1BpDwwczjnfNzMnLQS3Looeg9qHhcWl5ZWP9dW19Y1Pjc3PF1aXhmGHaaHNVQoWBVfYcdwJvCoMgkwFXqY33yf+5RCN5Vr9dKMCexIGiuecgfNSv/EtSXOLhqOlJ34nR7N7rCVwRYc2pD8KHwMxl064cD 6rBv1GMwqjKWgU7rcP9uMDT1rRoac0nllNMsNZv/E3yTQrJSrHBFjbjaPC9SowjjOB43pSWiyA3cAAu54qkGh71fR7Y7rtlYzm2vijHJ2qrycqkNaOZOqTEty1fe9NxH953dLl7V7FVVE6VOzlorwU1Gk66Ypm3CBzYuQJMMP9Wym7BgPMt+A3GVR4y7SUoLIqyUFyMcowh1K4cZXYfM7rvq55J/T/5GIvjFth63yveXQ8K26FfCVbZIfE5JAckVNyRjqEkTvyi9yTh+A++B08BX9eorVgNvOFvEGt9gwWBbPJ</latexit>

Fourier-Domain vs. Spatial-Domain Filtering

<latexit sha1_base64="z/8q1hHBGp0twDVvUCODD6rHayg="></latexit>

Long filters should be implemented in the Fourier domain!
<latexit sha1_base64="8+u3m7JrVe+2EI2/JeOXw7XroY0="></latexit>

Rule of thumb:
<latexit sha1_base64="Jk+TYop0V6aHtfWqRNAXAOT2sWs="></latexit>

FFT filtering starts paying o! when the number of taps is greater
than 8 log2 N in 1D, and 16 log2 N in 2D

<latexit sha1_base64="jhIBzp1YF1n595xcrtNW029tJ2Q="></latexit>

However:
<latexit sha1_base64="G67pJFAytE4O9T//G9qORxE4UR0="></latexit>

– Most usual image-processing filters are short (e.g., 3→ 3)

=↑ They are implemented most e!ciently in the spatial domain

– Some classes of large filters can also be implemented e!ciently in the
spatial domain using recursive and/or multiscale algorithms

– Boundary conditions are handled best in the spatial domain

– Spatial-domain implementations gives more flexibility: spatially-adaptive
filters, non-linear filtering, etc.
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<latexit sha1_base64="gpYYMeyZXdWGeaDsfTPYrMZnmrk=">AAACQHicdVDLShxBFK02asz4GuMymyKD4MahW2V0KRjE7CaQUWF6GKqrb2lhPZq61ZGhma/wa7LVr/AP3InbkEWqxxGi6F0dzoN778kKJdHH8V0082F2bv7jwqfG4tLyympz7fMJ2tJx6HGrrDvLGIKSBnpeegVnhQOmMwWn2eVhrZ/+AofSmp9+VMBAs3MjheTMB2rY3EozgeAkIO0hiFLRI6l8CFBhHf0e3EC7znJAlOZ82G zF7XgyNG7v7O/uJLsBdOK9AGkylVpkOt1h82+aW15qMJ4rhthP4sIPKua85ArGjbREKBi/DGv6ARqmAQfV5K0x3QhMPrlDWOPphP0/UTGNONJZcGrmL/C1VpNvaf3Si/1BJU1RejD8aVH9ure07ojm0gH3ahQA406GWym/YI7xuphG6sDAFbdaM5NXqWBaqlEOgpXKj6sUxTNuhLqeO6Hvg5PtdtJpd35stw6+TYtbIF/IV7JJErJHDsgx6ZIe4eSa/CY35Da6ie6jh+jxyToTTTPr5MVEf/4ByG6xvQ==</latexit>

Useful Filters for Image Processing

<latexit sha1_base64="MNkmdoiQdgqNE2Jh+tN3vrXrr+s="></latexit>

• Smoothing

• Moving Average

• Symmetric Exponential Filter

• Gaussian Filter



21

<latexit sha1_base64="JUmMF1RAzS3UJARytHdW+8DR63A=">AAACOnicdZBPSxtBGMZn/dPatLaxHnsZGkp7CrsqUTwJ7cGjpYkK2RDenX03GZw/y8y7SljyEfw0XvWD9OpNeu2xh05ihFb0gYEfz/O+zMyTlUp6iuOf0dLyyuqLl2uvGq/frL9919x4f+xt5QT2hFXWnWbgUUmDPZKk8LR0CDpTeJKdfZ3lJ+fovLSmS5MSBxpGRhZSAAVr2PycZoVHJ9HzH9paGksz2ufdMfKekbNFULxrrR o2W3E7novH7e29ne1kJ0An3g3Ik0XUYgsdDZt/0tyKSqMhocD7fhKXNKjBkRQKp4208liCOIMR9gMa0OgH9fxDU/4pODkvrAvHEJ+7/27UoL2f6CxMaqCxf5zNzKeyfkXF3qCWpqwIjbi/qKgUJ8tn7fBcOhSkJgFAOBneysUYHAgKVTRShwYvhNUaTF6nBWipJjkWUCma1qkvHrgR6nrohD8Px1vtpNPufN9qHXxbFLfGPrCP7AtL2C47YIfsiPWYYJfsil2zm+g6uo3uol/3o0vRYmeT/afo91+z7K83</latexit>

Smoothing: The Universal Tool

<latexit sha1_base64="PZIkhJU2+w3mt1QTGkvItifc/3A="></latexit>

• Spatial smoothing

<latexit sha1_base64="+2xjr43E6bkQ1Z6vmpd8uIMQbLY="></latexit>

original image
<latexit sha1_base64="kiSY4VB7LpjHnmKqO3y6VjUjzy8="></latexit>

smoothed image
<latexit sha1_base64="g3y0SxLIIhi4sSK1nqWCCp9Gdp4="></latexit>

(low-pass filtering)

<latexit sha1_base64="VS4UXm2MYYevzGOuCzlYA7CWviM="></latexit>

– Simulate a sampling aperature
<latexit sha1_base64="WgiR+DRHPWD0jyUbb7d+pgoAQ94="></latexit>

– Adjustable resolution
<latexit sha1_base64="nqz05fjLDONARi+WQxly6jKEvrQ="></latexit>

– Flexibility?

<latexit sha1_base64="oyHa3W54vIvNAKSmMkeLVSo6skw="></latexit>

How can we design other kinds

of filters with smoothing?

<latexit sha1_base64="xGAr6VWFs7HcleiakeTVMt8kZck="></latexit>

(high-pass filtering)
<latexit sha1_base64="F38LnigjUTKtkTOtQJbNj1oNuNM="></latexit>

(band-pass filtering)

<latexit sha1_base64="y0y2SEHdaZaS+h2axpRpdoU0bXc="></latexit>

original → smoothed
<latexit sha1_base64="0VSUbSkBkjqhXrs+qp4YR+HMvg4="></latexit>

smoothed1 → smoothed2

<latexit sha1_base64="d0aZlNL7BpcZA/BymiR0OJwSTLY="></latexit>

• Primary applications
<latexit sha1_base64="F7uY2XIGCC7VFGBawr3P27Qc7eM="></latexit>

– Image simplification
<latexit sha1_base64="SaSoUXz1RuLB9F5YgwC2qsy3opg="></latexit>

– Noise reduction
<latexit sha1_base64="8JB/H888xekBSLUXVYQHDN5Xuk8="></latexit>

– Image enhancement
<latexit sha1_base64="+tApIIbyUOgyMkUbKevLQzmHw4A="></latexit>

– Feature extraction
(image analysis)
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<latexit sha1_base64="iHPBlq0+ef08vy2LEodEVuRaZ+w=">AAACL3icdZBLTxsxFIU90AekDwIs6cJqVJVuohlAgSVSu2AJogGkTBTd8dxJLPwY2XeKolE2/Bq29M9UbBBb/gMLnBCktmqPZOnTOffK9slKJT3F8U20sPji5avXS8uNN2/fvV9prq6deFs5gV1hlXVnGXhU0mCXJCk8Kx2CzhSeZudfp/npD3ReWvOdxiX2NQyNLKQACtag+SHNCo9OoufH2loaSTPkm8Ia+px/GTRbcTueic ft7b2d7WQnQCfeDciTedRicx0Omg9pbkWl0ZBQ4H0viUvq1+BICoWTRlp5LEGcwxB7AQ1o9P169osJ/xScnBfWhWOIz9zfN2rQ3o91FiY10Mj/nU3Nf2W9ioq9fi1NWREa8XRRUSlOlk8r4bl0KEiNA4BwMryVixE4EBSKa6QODV4IqzWYvE4L0FKNcyygUjSpU188cyPU9dwJ/z+cbLWTTrtztNXa/zYvboltsI9skyVsl+2zA3bIukywS3bFrtnP6Dr6Fd1Gd0+jC9F8Z539oej+ETRWqmc=</latexit>

Smoothing (cont’d)

<latexit sha1_base64="q9XoZ4zfBKaW35lCLH3ecB5DZiQ="></latexit>

• Desirable features
<latexit sha1_base64="i84WVm8wivpNKdD521MR5yAjZYI="></latexit>

– Computational e!ciency (fast)
<latexit sha1_base64="Ii3wsTgk6zrTHrIVjYHky9DPalE="></latexit>

– Simplicity
<latexit sha1_base64="H2D0NC5A9Tr3uFuCfrKofCj2ra8="></latexit>

– Adjustable size
<latexit sha1_base64="c9PBcmR4ivvOct7ofZsmbCP+RxE="></latexit>

– Symmetry
<latexit sha1_base64="jttcMzCMUxXag06V9syThlIpcw8="></latexit>

(sensitivity of human-visual-system
to phase distortion)

<latexit sha1_base64="PkQMgO7KTh8Vu5+uS/TefVSRDyI="></latexit>

– Shape of frequency response
is not so important

<latexit sha1_base64="/zOdxf/tWlz08ASjg3Akf3ApWIk="></latexit>

– Best to avoid sharp frequency cut-o!s
(Gibbs oscillations)

<latexit sha1_base64="37Cu9rlLb9p8JsUXIUBDnRDVirU="></latexit>

E!cient + Adjustable size =→ Separable + Recursive implementation
<latexit sha1_base64="P5wFxBJRWOecuFs+lXSn3NVWrYs="></latexit>

• Smoothing-filter requirements (1D)

<latexit sha1_base64="hkQkBCUUXphrLLTBLn4tp6Evwx4="></latexit>

Unit gain:
∑

k→Z
h[k] = 1 → H(z)|z=1 = 1

<latexit sha1_base64="Bz6poaC0OCzwk9vKUpE2sbvzj+A="></latexit>

Positivity: h[k] → 0, ↑k ↓ Z

<latexit sha1_base64="Zeymv9AKvpu0YuL6LOk/29RbWhQ="></latexit>

Symmetry: h[k] = h[→k] ↑
∑

k→Z
k h[k] = 0

(centered at the origin)

<latexit sha1_base64="sruPH/FDeizS6AMkCldasXLpHK4="></latexit>

“Window size”: ω2 =
∑

k→Z k
2 h[k]
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<latexit sha1_base64="zT7og2wbbVt1MFxCTBQDXuUgAq0=">AAACO3icdVBNSyNBFOxxdTdG3Y3r0UtjEDyFGZUoniKuixfBhY0KmRDe9LyJjf0xdPeoYchf2F/jVf/Hnr2JV28e7MQIuqwFDUXVq37dleSCWxeGf4OpT9Mzn79UZqtz8wtfv9UWvx9bXRiGbaaFNqcJWBRcYdtxJ/A0NwgyEXiSnO+N/JMLNJZr9dsNcuxK6CuecQbOS73aWpxkFg1HS/evQOYCd+ihvuCqT3d9DvpIf3Lh0P Rq9bARjkHDxsb25ka06Ukz3PKURhOrTiY46tWe4lSzQqJyTIC1nSjMXbcE4zgTOKzGhcUc2Llf0fFUgUTbLcc/GtJVr6Q008Yf5ehYfZsoQVo7kImflODO7L/eSPyf1ylctt0tucoLh4q9LMoKQZ2mo3poyg0yJwaeADPcv5WyMzDAfAX+JoMKL5mWElRaxhlILgYpZlAINyxjm73yqq/rtRP6MTleb0TNRvPXer31Y1JchSyTFbJGIrJFWuSAHJE2YeQPuSY35Da4Ce6C++DhZXQqmGSWyDsEj88vCq9u</latexit>

Example: Moving Average Filter
<latexit sha1_base64="WddSGqYnUaMaQiPnOIwf9/6oQQ0="></latexit>

• L1 → L2 moving average
<latexit sha1_base64="Toq7meJffOcZM/yYmhoqNHkJ7cc="></latexit>

g[k1, k2] =
1

L1L2

→L1/2↑∑

m=↓→L1/2↑

→L2/2↑∑

n=↓→L2/2↑

f [k1 →m, k2 → n]

<latexit sha1_base64="nA4i5Kc0r1uu4C+nzFohxLkR1Bc="></latexit>

L1 and L2 are the horizontal and vertical window sizes (must be odd)
<latexit sha1_base64="MQH+7veDecbTJ0TzRjoGK/YtWlY="></latexit>

• Example: 3→ 3 moving average
<latexit sha1_base64="B08T9ehtM/gJboEQdD6pSBDpQyA="></latexit>

h =
1

9




1 1 1

1 1 1
1 1 1





<latexit sha1_base64="C0GmmzPK82L7s1dp23tosq+29uc="></latexit>

=
1

3




1
1
1



 · 1
3

[
1 1 1

]
<latexit sha1_base64="g2+FQLzegDcK2ZcmdZ3r7H1dhRQ="></latexit>

(separable filter)

<latexit sha1_base64="PC8spFfKCVWmSv4fjLoD1ZatFyQ="></latexit>

• General case: separable transfer function
<latexit sha1_base64="YGCzyI5NaNt6LhaHEfXKFDpsGDE="></latexit>

H(z1, z2) = HL1(z1)HL2(z2)
<latexit sha1_base64="ly7cE7p+hJwPCpCgrWu6s+IHS2o="></latexit>

where HL(z) =
1

L

L0∑

k=→L0

1 · z→k =
z
→L0

L

L→1∑

k=0

z
k with L0 = →L/2↑

<latexit sha1_base64="1UEn8pUydfqQj/xbx2eK0Tc3hb8="></latexit>

Implementation by successive filter along rows and columns!
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<latexit sha1_base64="H2hKnvZXNXRLv2fGHziX4B7EsA0=">AAACOnicdVDLSiQxFE35tn21ztJNsBFdNVUqrUtlZjEuBAVbha5GbqVutcE8iiSlNEV/wnzNbPVD3LoTty5dmG5LmBE9EDicc25ucpJccOvC8CEYG5+YnJqema3NzS8sLtWXV86sLgzDNtNCm4sELAqusO24E3iRGwSZCDxPrn8O/fMbNJZrder6OXYl9BTPOAPnpcv6RpxkFg1HS4/0DVc9euDj0EN6KHOBEpWrko2wGY5Aw+ b23s52tONJK9z1lEaV1SAVji/rr3GqWTG8gAmwthOFueuWYBxnAge1uLCYA7v2qzqeKpBou+XoQwO67pWUZtr4oxwdqf9OlCCt7cvEJyW4K/vZG4pfeZ3CZXvdkqu8cKjY+6KsENRpOmyHptwgc6LvCTDD/VspuwIDzPkOa7FBhbdMSwkqLeMMJBf9FDMohBuUsc0+eM3X9dEJ/Z6cbTWjVrN1stXY/1UVN0NWyRrZJBHZJfvkNzkmbcLIH/KX3JH74C54DJ6C5/foWFDN/CD/IXh5A2GAr54=</latexit>

Moving Average Implementation

<latexit sha1_base64="4kRBGLbLo48Ptm1kjdrRTOXG+Kc="></latexit>

• Recursive implementation in 1D

<latexit sha1_base64="9WIRg/g3VkEE+T3Ng+UPpcGWbWw="></latexit>

L

<latexit sha1_base64="ENXtlyVW4VGpfHIPIYEnhvGWWzM="></latexit>

L0 = →L/2↑

<latexit sha1_base64="tT1IXK3dNEq5Vxoj0nKmQ7KAGJY="></latexit>

2 additions and 1 multiplication per sample, irrespective of L!

<latexit sha1_base64="FBaavbdI9GNnbrPZ+VE+ciFwrno="></latexit>

f [k → L0]
<latexit sha1_base64="qbCrE9ATvah9kTArZMk93r7ofKo="></latexit>

f [k]
<latexit sha1_base64="SXkLUjFxLgXpbnIY9mnJoaxY5Hg="></latexit>

f [k → L0 + L]
<latexit sha1_base64="CBrR1kL5gjQIa3NdrffnPSoIcz4="></latexit>

g[k] =
1

L

L→1∑

l=0

f [k → L0 + l]

<latexit sha1_base64="yjUG9LFfzYFMPxE4vYhtTzYQEvA="></latexit>

g[k + 1] = ???

<latexit sha1_base64="Hw5Q3uoKkC9OS3XaM9DivphwKk4="></latexit>

g[k + 1] = g[k] +
1

L
(f [k → L0 + L]→ f [k → L0])

<latexit sha1_base64="7u96kMiixtk2Ip5RmuM3oRvzCt8="></latexit>

z-Transform:

<latexit sha1_base64="2GiDIu+R2jni/pt7j/JhYGhQRBI="></latexit>

→ HL(z) =
G(z)

F (z)
=

z
→L0

L

(
z
L ↑ 1

z ↑ 1

)

<latexit sha1_base64="Ar02S2m/unOwmskvziQTEaUqpMg="></latexit>

zG(z) = G(z) + 1
LF (z)(zL→L0 → z→L0)
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<latexit sha1_base64="+CM+B7Exll42cJypHdCi9xITiQ0=">AAACPnicdVDLShxBFK3W+Mj4Gs0ymyKDIAhDt8oorhRDyCag4KgwPcjt6ltjYT2aqmplaOYj/Bq35jPyA9mFbLPIwpqHoKIHCg7nnMu9dbJCCufj+Fc0Nf1hZnZu/mNtYXFpeaW+unbmTGkZtpmRxl5k4FAKjW0vvMSLwiKoTOJ5dn009M9v0Dph9KnvF9hV0NOCCwY+SJf1zTTjDq1AR3+YG6F79DDEoYf79NSCdhwt/VZqNk 434mY8Ao2b23s728lOIK14N1CaTKwGmeD4sv4/zQ0rFWrPJDjXSeLCdyuwXjCJg1paOiyAXYd1nUA1KHTdavSpAV0PSk65seFpT0fq84kKlHN9lYWkAn/lXntD8S2vU3q+162ELkqPmo0X8VJSb+iwIZoLi8zLfiDArAi3UnYFFpgPPdZSixpvmVEKdF6lHJSQ/Rw5lNIPqtTxJ14LdT11Qt8nZ1vNpNVsnWw1Dr5Oipsnn8kXskESsksOyHdyTNqEkTtyTx7Iz+gh+h39if6Oo1PRZOYTeYHo3yMShLDl</latexit>

Moving Average: Transfer Function

<latexit sha1_base64="+6ohnDTfeWu6rLQ+AAkGVoSOWpw="></latexit>

• z-Transform
<latexit sha1_base64="Xy6fSnsfttYRMBVtMxPmC7anowg="></latexit>

HL(z) =
G(z)

F (z)
=

z
→L0

L

(
z
L → 1

z → 1

)

<latexit sha1_base64="9o3+Y3Mgv30BRHJxxqtzAhcxR7w="></latexit>

Exercise: Compute the Fourier transform HL(e jω).
<latexit sha1_base64="TVAXbY9LmqXshcVg2FaYOOE/KAs="></latexit>

Hint: L = 2L0 + 1
<latexit sha1_base64="hW0g0mcwoI8Dd5BQ6gAIzTLlv0Q="></latexit>

HL(e
jω) =

1

L

(
e jω(L0+1) → e→ jωL0

e jω → 1

) <latexit sha1_base64="LXQz4VyNSjzDLxvVVk3zFi0EpM8="></latexit>

=
1

L

(
e jωL/2 → e→ jωL/2

e jω/2 → e→ jω/2

)

<latexit sha1_base64="Wdx2U1q6XPGDuyj9AHcWH4Vs0bI="></latexit>

=
1

L

sin(ωL/2)

sin(ω/2)

L=3 

L=5

L=7

0 0.5

-0.25

0

0.25

0.5

0.75

1

<latexit sha1_base64="cW9SCkupIWqSow1o/yik0mV1Rws="></latexit>

As L increases, the filter
becomes more low-pass
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<latexit sha1_base64="jw7yxDWxFjWkA8DedwBUsISVMUA=">AAACOXicdZDPThRBEMZ7UBEXgQWPXjpuMJ42M0AWjiSi4YjRBZKdzaampwY6238m3TXiZLJv4NN4xRfxyM145crB3mVJlEAlnfzyfVXV3V9WKukpjn9FC0+ePlt8vvSitfxyZXWtvb5x7G3lBPaFVdadZuBRSYN9kqTwtHQIOlN4ko3fT/2Tr+i8tOYL1SUONZwZWUgBFKRR+22aFR6dRM8/11ojOSn4h2+lNWhIguIfpSJ0o3 Yn7saz4nF3e29nO9kJ0It3A/JkbnXYvI5G7Zs0t6LSYYtQ4P0giUsaNuBICoWTVlp5LEGM4QwHAQ1o9MNm9p8J3wxKzgvrwjHEZ+q/Ew1o72udhU4NdO7ve1PxIW9QUbE3bKQpK0Ijbi8qKsXJ8mk4PJcOBak6AAgnw1u5OAcHIkQQNjk0eCGs1mDyJi1AS1XnWEClaNKkvrjjVojrLhP+OBxvdZNet/dpq7N/MA9uib1mb9g7lrBdts8O2RHrM8G+sx/skv2MLqOr6Hf057Z1IZrPvGL/VXT9F715r00=</latexit>

Symmetric Exponential Filter

<latexit sha1_base64="EKLv7r0cUgiATngN+WLmAvgOW8o="></latexit>

• Impulse response
<latexit sha1_base64="QmXV+TJYDQCZjywKbqOHHwGz7nI="></latexit>

h[k1, k2] = Ca|k1|
1 a|k2|

2

<latexit sha1_base64="qh8vApYDec/fqLLOs5oZ/4ySRlQ="></latexit>

C such that
∑

k→Z2

h[k] = 1

<latexit sha1_base64="obbsv+IitupvK9a9RSae9gkgv/0="></latexit>

• Separable transfer function
<latexit sha1_base64="kN4/1Ym/hyKTVxJr9s6rZnWeTFg="></latexit>

H(z1, z2) = Ha1(z1)Ha2(z2) where Ha(z) =
Ca

(1→ az→1)(1→ az)
<latexit sha1_base64="1UEn8pUydfqQj/xbx2eK0Tc3hb8="></latexit>

Implementation by successive filter along rows and columns!

0 
0	 0.5

0.25

0.5

0.75

1
a=0.2 

a=0.4 

a=0.8 

<latexit sha1_base64="tsjZAtAQEljf9BrEMh8DTGWX2yQ="></latexit>

As a increases, the filter
becomes more low-pass
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<latexit sha1_base64="3Gdhu4VYZf06Q8oTGImRGt8c3tc=">AAACRHicdVBNSxxBFOwx0egm6pocvTRZAuayzKisHgUN5Kgkq8LOsrzpeaON/TF0v0kyDPs7/DW5mt+Q/+BNvImkd10hSlLQUFTVe91dWamkpzj+Hc29eDm/8GpxqfX6zfLKanvt7bG3lRPYF1ZZd5qBRyUN9kmSwtPSIehM4Ul2sT/xT76h89Kar1SXONRwZmQhBVCQRu0kzQqPTqLnX2qtkZwU/NOP0ho0JEHxfWs8uUpM4n wjOfg4anfibjwFj7tbu9tbyXYgvXgnUJ7MrA6b4XDUvktzKyodFgoF3g+SuKRhA46kUDhupZXHEsQFnOEgUAMa/bCZfm3MPwQl54V14RjiU/XviQa097XOQlIDnfvn3kT8lzeoqNgdNtKUFaERDxcVleJk+aQnnkuHglQdCAgnw1u5OAcHgkKbrdShwe/Cag0mb9ICtFR1jgVUisZN6otH3gp1PXbC/0+ON7tJr9s72uzsHcyKW2Tr7D3bYAnbYXvsMztkfSbYJfvJrtiv6Cq6jm6i24foXDSbeceeILr/AwXPs0Y=</latexit>

Symmetric Exponential Construction (1D)

<latexit sha1_base64="8mLuykWbLUnK3hVEGZB9fKx/kfE="></latexit>

• Construction of a symmetric exponential
<latexit sha1_base64="I6Vk3MmLwKanm0rbb9B+e+KjvbI="></latexit>

h+[k]

<latexit sha1_base64="9fdZjts5K5FnxiqlBgUUyvX+hUU="></latexit>

h→[k] = h+[→k]<latexit sha1_base64="GrHyHTHZgLwXD2ZZzk2XYi3bNww="></latexit>

h+[k] =

{
ak, k → 0

0, else

<latexit sha1_base64="ST4q9DVDmF53Txr/rOnGVBu3oqw="></latexit>

=→ H+(z) =
1

1↑ az→1

<latexit sha1_base64="JizwBbuXtLxzYMFv+HyATz1i35w="></latexit>

• Transfer function
<latexit sha1_base64="Yw4a8/uzQKtEk4HithUjUrcfnZs="></latexit>

=
1

1→ az→1
+

1

1→ az
→ 1

<latexit sha1_base64="hCgg7vDzQbzwWtrMW51cjihC12M="></latexit>

=
1→ a2

(1→ az→1)(1→ az)
<latexit sha1_base64="DaBF1saVc1GUr66Oxz46JYZDY80="></latexit>

• Normalized exponential

<latexit sha1_base64="TnTqZ8FAYYLr5yMgCzp8cuUM1ts="></latexit>

a|k| = h+[k] + h+[→k]→ ω[k], 0 < a < 1

<latexit sha1_base64="rl7TvJ3Tbc5FngMY2dWwj+XPEdY=">AAAEfXicbZPfT9swEMdT6DaWwQbb416sIqQilcpuaQvSJjHKrweQOkQpWlMqx3Go1cTpYmdQLP+he9i/sH9hc9swtWGOTjrdfb7ns51zRwETEsKfuaXl/IuXr1Ze229W196+W994fy2iJCa0TaIgim9cLGjAOG1LJgN6M4opDt2Adtxhc5Lv/KCxYBG/kuMR7YX4jjOfESxNqL9+73RtAM76uPi4DT4Dx48xUc0+1qqIwA7Aj7 </latexit>

Ha(z) =
Ca

(1→ az→1)(1→ az)
such that

∑

k↑Z
ha[k] = Ha(1) = 1

<latexit sha1_base64="pz4hyGCnqDxiDoRk0eXSKsF5+LY="></latexit>

ha[k] =

(
1→ a

1 + a

)
a
|k| z↑→→→↓ Ha(z) =

(1→ a)2

(1→ az→1)(1→ az)

<latexit sha1_base64="pq+372mxtmcsGfMOOIdYwthazvw="></latexit>

→ Ca =
1↑ a

1 + a

<latexit sha1_base64="LuD3z+spmcR3gv3ppcEO7BkJWuk="></latexit>

H+(z) +H+(z
→1)→ 1
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<latexit sha1_base64="yFZB6/376+fxuCB3OXOvdSd7e4c=">AAACQnicdVDNThsxGPTS0oYAbShHLlYjJE5hF1BAnCKVInoDiQBSNkLfer8NVvyzsr3QaJXH4Gl6hYfgFbghrhzqhEVqEYxkaTTzzWd7klxw68LwLpj58HH20+faXH1+YfHL18bStxOrC8Owy7TQ5iwBi4Ir7DruBJ7lBkEmAk+T4Y+Jf3qJxnKtjt0ox76EgeIZZ+C8dN5Yj5PMouFo6c/fuVaoHAdB97lwXlWDXfpL5gKl16 tEM2yFU9CwtbmztRltedIOtz2lUWU1SYXD88ZTnGpWTBYwAdb2ojB3/RKM40zguB4XFnNgQxhgz1MFEm2/nH5sTFe9ktJMG3+Uo1P130QJ0tqRTPykBHdhX3sT8S2vV7hsp19ylRcOFXu+KCsEdZpOWqIpN8icGHkCzHD/VsouwADzrfhNBhVeMS0lqLSMM5BcjFLMoBBuXMY2e+F1X9dLJ/R9crLRitqt9tFGs7NXFVcjK+Q7WSMR2SYdckAOSZcwck3+kBtyG9wE98FD8Pg8OhNUmWXyH4Knv4EKsyg=</latexit>

Exponential Filtering: Implementation

<latexit sha1_base64="E3HNRQup1yRN8o3hnUkS7ifhxtQ="></latexit>

• Exponential filter: Ha(z) =
Ca

(1→ az→1)(1→ az)

<latexit sha1_base64="pkR9Wvk/NAva5ttltJL6P8VGZpI="></latexit>

Cascade of first-order recursive filters

<latexit sha1_base64="Mp96uvWl5LyjJBTZjBptGsfmvX0="></latexit>

1

1→ az→1

<latexit sha1_base64="aYsiEonEal2YGEqMZ8M4MSqyfXI="></latexit>

f [k]

<latexit sha1_base64="Yzw++2OGEYEGEukAAkiRF9RIAYA="></latexit>

g1[k]
<latexit sha1_base64="b8zxM2RnqsNqEnp7FMNcOeh2nvQ="></latexit>

1

1→ az

<latexit sha1_base64="4/Dky71kfpY6fYoiPlzkEqeuWmI="></latexit>

g2[k]

<latexit sha1_base64="Lzofk4neOSLjKjy6Q+rmS4asx08="></latexit>

causal
<latexit sha1_base64="iWqBiPnz5EWS5zA7ns5ZhVfYm/w="></latexit>

anti-causal
<latexit sha1_base64="zM3Y54y5gd7Ur0Y2o6r2MKrPfWk="></latexit>

G1(z) =
F (z)

1→ az→1
↑ G1(z) = F (z) + az→1G1(z)

<latexit sha1_base64="X+DOE3AbujwhEwwmdn0+vDtZ4mU="></latexit>

• Recursive-filtering algorithm
<latexit sha1_base64="VgYSTSysx1d4nNczimZpac41yh8="></latexit>

1. Causal filtering: g1[k] = f [k] + ag1[k → 1], for k = 0, . . . , N → 1
<latexit sha1_base64="60Y3jk6tbu1Q6sgr7LwEoaeJRts="></latexit>

2. Anti-causal filtering: g2[k] = g1[k] + ag2[k → 1], for k = N → 1, . . . , 0
<latexit sha1_base64="WqCLBWO7bkoNgAFuMWMehC9Avhw="></latexit>

3. Normalization: g[k] = Ca g2[k]
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<latexit sha1_base64="xlkNbn7nUnwWv2iXfwwho0Uwb1I=">AAACLHicdZDNSgMxFIUz/tb6V3UlboJFcFVmrFSXgqIuFawKnVLuZO5oMMkMSUYpQ/Fp3NaXcSPi1qdwYVorqOiFwMc5994kJ8oEN9b3n72x8YnJqenSTHl2bn5hsbK0fG7SXDNsslSk+jICg4IrbFpuBV5mGkFGAi+im/2Bf3GL2vBUndluhm0JV4onnIF1UqeyGkaJQc3R0CPIjeGg6CEXFnWnUvVr/rCoX6vvbteDbQcNf8 chDUZWlYzqpFN5D+OU5RKVZQKMaQV+ZtsFaMuZwF45zA1mwG7gClsOFUg07WL4hR7dcEpMk1S7oywdqt8nCpDGdGXkOiXYa/PbG4h/ea3cJrvtgqsst6jY50VJLqhN6SAPGnONzIquA2Cau7dSdg0amIvAbdKo8I6lUoKKizAByUU3xgRyYXtFaJIvLru4vjKh/8P5Vi1o1BqnW9W9g1FwJbJG1skmCcgO2SPH5IQ0CSP35IH0yaPX9568F+/1s3XMG82skB/lvX0AjYGpog==</latexit>

Gaussian Filter

<latexit sha1_base64="bWc2heE/cjqLXeMOiJS+Zgzgk18="></latexit>

• 2D Gaussian impulse response
<latexit sha1_base64="j1TE6fub58r97pFI4vfXBERJss8="></latexit>

hω[k1, k2] =
1

2ωε2
exp

(
→ (k21 + k22)

2ε2

)
<latexit sha1_base64="5A1dqKgxVX4FBLvqglkbkke26kM="></latexit>

= gaussian(k1;ω) · gaussian(k2;ω)
<latexit sha1_base64="CxQlSO6bhyv9Hs6y9bVEinAbvuQ="></latexit>

where gaussian(k;ω) =
1→
2εω2

exp

(
↑ k2

2ω2

)

<latexit sha1_base64="VRUKpK/Cf/q8HAixXHa/i5uV1w4="></latexit>

• Motivation for Gaussian filters
<latexit sha1_base64="yTlwai0rr/xwxVe9Zb3kiKg+sSs="></latexit>

– Only filter that is both circularly symmetric and separable

<latexit sha1_base64="FwBkSTjJsQtdwqt1z7xMsQViNKQ="></latexit>

=→ Implementation by successive filter along rows and columns!

<latexit sha1_base64="5ClThWMpLH5hu4/2hTrUnEAhVNM="></latexit>

– Optimal space-frequency localization (uncertainty principle)

<latexit sha1_base64="PqUUVVlQxhbioRj8h9pbNb+vpLE="></latexit>

– Linear scale space
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<latexit sha1_base64="bM8KvwpSQ9MvttKYtKsc7klKwLk=">AAACQ3icdZDBahRBEIZ7otG4MWbVYy6FS8DTMpOETY6BePCgkBA3CewsS01PzW6T7p6hu0ZZhn0Nn8ZrfAefwVvIMQF7NxtQ0YKGj/+v6ur+s0orz3H8I1p59Hj1ydO1Z6315xsvNtsvX535snaS+rLUpbvI0JNWlvqsWNNF5QhNpuk8uzya++efyXlV2k88rWhocGxVoSRykEbtOM0KT06Rhw/hCnRwKlETnFYoCdDmwBOCj6 RZ2TEcIY/anbgbLwri7u7B3m6yF6AX7weEZGl1xLKOR+3bNC9lbciy1Oj9IIkrHjboWElNs1ZaewrLLnFMg4AWDflhs/jZDLaDkkNRunAsw0L9faJB4/3UZKHTIE/8395c/Jc3qLk4GDbKVjWTlfeLiloDlzCPCXLlSLKeBkDpVHgryAk6lBzCbKWOLH2RpTEhoSYt0Cg9zanAWvOsSX3xwK0Q10Mm8H842+kmvW7vZKdz+G4Z3JrYEm/EW5GIfXEo3otj0RdSfBXfxJX4Hl1FP6Pr6Oa+dSVazrwWf1R09wu7wbIS</latexit>

Linear Scale Space and the Melting Cat

<latexit sha1_base64="bm8mj0PYykapX9MjgFY3EcOF42I="></latexit>

u(x, y; t = 0)

<latexit sha1_base64="xS4E7Y5IcV3JG9ml3Vw7QQl6sUQ="></latexit>

ω = 1
<latexit sha1_base64="BsX9/4r3d1+61Hfl1+mgojxGn5Y="></latexit>

ω = 2
<latexit sha1_base64="A/8jtg2oy/PZ/lYM5tHm0Q530Bc="></latexit>

ω = 4
<latexit sha1_base64="jS8Vd9jqUMV35gl8g9CbmQ2dCx8="></latexit>

ω = 8
<latexit sha1_base64="nJiEn3T/0Wipk2NwggyYudzFO08="></latexit>

• Heat-flow interpretation
<latexit sha1_base64="5yXcJivhlIAfTgQbNwjI0hGCBsk="></latexit>

Di!usion equation (isotropic):
ωu(x, y; t)

ωt
= !u(x, y; t)

<latexit sha1_base64="cFlZoWGTRqqOd1tLeXrd8dmzzm8="></latexit>

General solution: u(x, y; t) = u(x, y; t = 0) → gaussian(x, y;ω =
↑
2t)
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<latexit sha1_base64="tiWEJdN74IU4ZxEJ+2s2cOeZxxQ=">AAAEcnicbVRLb5tAEMap26b0lbS39rJ1FCmVLGsXBye5pXkfEsmN4jiSsaxlGexVlgXB0sZF/Mne+id66qHHrm0SGdJBI4aZ7xuGmR3cSPBEYfyrtvKk/vTZ89UX5stXr9+8XVt/d52Eacygx0IRxjcuTUBwCT3FlYCbKAYauAL67u3hLN7/BnHCQ3mlphEMAzqW3OeMKu0arQnHhTGXGVcQ8B+Qm0iLM3saOAru1PwN2YFIIc </latexit>

• Probability density function (p.d.f.)

<latexit sha1_base64="0+MSNcyXXLS32K0OLiYYIjY1wGc="></latexit>

p(x) → 0

<latexit sha1_base64="glKcbW/5Ike/HTuxYrQu+poIc0w="></latexit>∫ →

↑→
p(x) dx = 1

<latexit sha1_base64="OgWSNuRX5P4DllQtVV6UikebSTY="></latexit>

• Moments: mean and variance
<latexit sha1_base64="H5FPNJMZw2fCR6h5VoKI/DMoiQA="></latexit>

X → p(x)
<latexit sha1_base64="z0lCQyyqbzSgc9bsK+zDeth7voI="></latexit>

µ = E[X] =

∫ →

↑→
x p(x) dx

<latexit sha1_base64="xW9PLaf3PFmzFpC+gZBQlLqilWE="></latexit>

ω2 = var(X) =

∫ →

↑→
(x→ µ)2 p(x) dx

<latexit sha1_base64="bAbtulDiYTjU4oXTTUsZRwuqr+E=">AAAEmnicbVPdTtswFE5Zt7HuB9gutwurFAmmqrJTUuCOld9pIHWMUqSmqpzEaS1sJ3IcoIvyFnu5vcQeYFdz24CasBM5Ojnn+46/k2M7IaORgvB3aelZ+fmLl8uvKq/fvH23srr2/ioKYumSrhuwQF47OCKMCtJVVDFyHUqCucNIz7k5mOZ7t0RGNBCXahKSAccjQX3qYqVDw9VftkNGVCRUEU5/krQCtNnTr76tyL2a7ZC0WU </latexit>

• Sum of two independent random variables (X1 and X2 i.i.d. from p(x))
<latexit sha1_base64="owGwmuO7tuTd1UCzbCN5AxR0mOs="></latexit>

var(X1 +X2)
<latexit sha1_base64="VP+alYlZNFwiE9/0bn/P/35Mqng="></latexit>

= var(X1) + var(X2)
<latexit sha1_base64="8Od/NYu5OkSlmxwsMd45gFZrf1s="></latexit>

= 2ω2
<latexit sha1_base64="GFCHyJFOJ//oKinI4z8ISPF113o="></latexit>

p.d.f. of the sum pX1+X2(x)
<latexit sha1_base64="MEXH/iwnEizLm4Ri9PI6GZ4dPdI="></latexit>

= (p → p)(x)<latexit sha1_base64="Uxh9QOB8I7vQu6n659ZLHug32c8=">AAAEe3icbVNtT9swEE6h21jYBmwf98Vqi8SmqrJTUuAb4/0DTB2jFKmpkJM4rYXtRI7D6KL80Gn/Yf9g0tw2oCbsopMud89z9yRnuxGjsYLwV2Vpufri5auV1+bqm7fv1tY33l/HYSI90vNCFsobF8eEUUF6iipGbiJJMHcZ6bt3h9N6/57ImIbiSk0iMuR4JGhAPax06nY9cVwyoiKlinD6k2Qm0OZM3waOIg9qNiE9YAnJ0l </latexit>

• Sum of N i.i.d. random variables from p(x)
<latexit sha1_base64="uSaGCsHKT+G1QFBkqiDEq1fvc0Q=">AAAEVnicbZPfT9swEMcNlMGyX2V73ItVhARSheyUFJCGxPj9AFOHKEVquspxHGqROJXtsFVR/q39LZu01+1xf8I0tw1TE+bopNPd53u+i3XeMORKI/R9bn6hsvhkafmp9ez5i5evqiuvr1WcSMraNA5jeeMRxUIuWFtzHbKboWQk8kLW8e4Ox/nOPZOKx+JKj4asF5FbwQNOiTahfrXldi03Inogo/SeyMwNWaDXXZVE/ZTv4e </latexit>

var

(
N∑

i=1

Xi

)
=

N∑

i=1

var(Xi)
<latexit sha1_base64="S/phm8e7j8A3H+gOvpxbvMmqIqE="></latexit>

= Nω2
<latexit sha1_base64="Tl4+88Xt3eRg7Lgk8GYdnfSwoxw="></latexit>

p.d.f. of the sum psum(x)
<latexit sha1_base64="AMC6jfwR3odYwJOdlEx+nCn7O7A="></latexit>

= (p → p → · · · → p)︸ ︷︷ ︸
N times

(x)

<latexit sha1_base64="JnwvcjhEw6Iyj1R6BBs0RXUsz40=">AAACOHicdZC/ThtBEMb3SAjghOAkJc0qFhJprDtAhhLJKVJQgGQDks+y5vbm8Ir9c9qdI7JOfgKehpY8Sbp0UVpqCtbGSBAlI6300/fNzO5+Wamkpzj+GS29er38ZmV1rfH23fr7jeaHj6feVk5gX1hl3XkGHpU02CdJCs9Lh6AzhWfZZXfmn12h89KaHk1KHGq4MLKQAihIo+ZWmhUenUTPu2jIgeJHUkvivTFah5pvd496X0 bNVtyO58Xj9u7B3m6yF6AT7wfkycJqsUUdj5r3aW5FpcNKocD7QRKXNKzBkRQKp4208liCuIQLHAQ0oNEP6/l3pnwrKDkvrAvHEJ+rzydq0N5PdBY6NdDY/+3NxH95g4qKg2EtTVkRGvF4UVEpTpbPsuG5dChITQKAcDK8lYsxOBAUEmykDg1+F1ZrMHmdFqClmuRYQKVoWqe+eOJGiOspE/5/ON1pJ51252Sndfh1Edwq22Sf2TZL2D47ZN/YMeszwa7ZDbtlP6Lb6Ff0O/rz2LoULWY+sRcV3T0AmIatiQ==</latexit>

Central Limit Theorem (CLT)

<latexit sha1_base64="CoovAOvn5e49bUBx5A/t3lv5udE="></latexit>

CLT: (p → p → · · · → p)(x) ↑↑↑↑↓
N→↑

1↔
2ωNε2

exp

(
↑ (x↑Nµ)2

2Nε2

)
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<latexit sha1_base64="s3CwbyNTtqT9tn33rDSG++Utnkk=">AAACOXicdVDLbhMxFPW0lIbQ0rQs2VhEoK5GM02UZBmp5bEsEkkqZUbRHc91asX2jGwPKBrlD/o1bMuPsGSH2LJlgZOmEiA4kqWjc+7LJyulsC6KvgQ7uw/2Hu43HjUfHxw+OWodn4xtURmGI1bIwlxlYFEKjSMnnMSr0iCoTOIkW5yv/ckHNFYU+r1blpgqmGvBBQPnpVnrZZJxi0agpa+4lwVqR99AZa0ATV8L6byp57NWOw qjDWgUdgbdTtz1pBf1PaXx1mqTLS5nrZ9JXrBK+XFMgrXTOCpdWoNxgklcNZPKYglsAXOceqpBoU3rzX9W9IVXcsoL458/Z6P+3lGDsnapMl+pwF3bv721+C9vWjk+SGuhy8qhZneLeCWpK+g6HJoLg8zJpSfAjPC3UnYNBphPwU8yqPEjK5QCndcJByXkMkcOlXSrOrH8njd9XPeZ0P+T8VkY98Leu7P28GIbXIM8I8/JKYlJnwzJW3JJRoSRG/KJ3JLPwW3wNfgWfL8r3Qm2PU/JHwh+/AJOVK8P</latexit>

E!cient Gaussian Filtering

<latexit sha1_base64="JlHiFDsrB2QoLCPIFXXOauqaRnw="></latexit>

• Convolution interpretation of the CLT
<latexit sha1_base64="Q2EzicJacg6F+HwZ8s0Z0uShuAs="></latexit>

“The N -fold convolution of any low-pass filter converges to a Gaussian”

<latexit sha1_base64="C4uxZHlBY40L9pdYRPOK4Wskbmg="></latexit>

“window size” ω2 =
∑

k→Z
k2h[k]

<latexit sha1_base64="I7C2XBaQkPHlvX3WMNT6i7csDF0="></latexit>

• Gaussian filtering by repeated moving average (L = 2L0 + 1)

<latexit sha1_base64="MAg7sgth8UdxZEicaYfm/OOKhEs="></latexit>

ω2
ave =

1

2L0 + 1

L0∑

k=→L0

k2
<latexit sha1_base64="+/0AoqB4v6V4RWI/JeOia7LKa2U="></latexit>

=
L0 + L2

0

3

<latexit sha1_base64="YAizq8g9s8X0OS4/9jZizS31lbw="></latexit>

What does this mean?

<latexit sha1_base64="baLfXTeBrrQpghg18//2IZfdh+o="></latexit>

Choose N and L0 to adjust the approximate Gaussian filter

<latexit sha1_base64="h70WqjqfZDbNL9nNadcnlFoluAY="></latexit>

=→ N -fold convolution is approximately Gaussian with ω2 = N
(

L0+L2
0

3

)
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<latexit sha1_base64="s3CwbyNTtqT9tn33rDSG++Utnkk=">AAACOXicdVDLbhMxFPW0lIbQ0rQs2VhEoK5GM02UZBmp5bEsEkkqZUbRHc91asX2jGwPKBrlD/o1bMuPsGSH2LJlgZOmEiA4kqWjc+7LJyulsC6KvgQ7uw/2Hu43HjUfHxw+OWodn4xtURmGI1bIwlxlYFEKjSMnnMSr0iCoTOIkW5yv/ckHNFYU+r1blpgqmGvBBQPnpVnrZZJxi0agpa+4lwVqR99AZa0ATV8L6byp57NWOw qjDWgUdgbdTtz1pBf1PaXx1mqTLS5nrZ9JXrBK+XFMgrXTOCpdWoNxgklcNZPKYglsAXOceqpBoU3rzX9W9IVXcsoL458/Z6P+3lGDsnapMl+pwF3bv721+C9vWjk+SGuhy8qhZneLeCWpK+g6HJoLg8zJpSfAjPC3UnYNBphPwU8yqPEjK5QCndcJByXkMkcOlXSrOrH8njd9XPeZ0P+T8VkY98Leu7P28GIbXIM8I8/JKYlJnwzJW3JJRoSRG/KJ3JLPwW3wNfgWfL8r3Qm2PU/JHwh+/AJOVK8P</latexit>

E!cient Gaussian Filtering

<latexit sha1_base64="t4NnZPFODiavZjEIb39N/P/dqqY="></latexit>

• Gaussian filtering by repeated low-pass filtering H(z)

<latexit sha1_base64="+iw/OMe3iHdie1udPNT+oNa43XQ="></latexit>

How do we determine the window size from H(z)?

<latexit sha1_base64="fPB9pfetcfbfFcSM2d+rSb8ZiMs="></latexit>

H(z) =
∑

k→Z
h[k]z↑k

<latexit sha1_base64="ajlzJWhT8p0WaiGxLR5tcWJXUGs="></latexit>

dH(z)

dz
=

∑

k→Z
h[k](→k)z↑k↑1

<latexit sha1_base64="btumHVqa8DjN5eiOksjUSSfz98o="></latexit>

d2H(z)

d2z

∣∣∣∣
z=1

=
∑

k→Z
k
2
h[k]

<latexit sha1_base64="5ckTJFIzHTnxAojVlP9x/37h374="></latexit>(
∑

k→Z
k h[k] = 0 by assumption

)

<latexit sha1_base64="0B/ZR15A+95hR5tI6fDjjOOdarg="></latexit>

d2H(z)

d2z
=

∑

k→Z
h[k](k + 1)kz↑k↑2
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<latexit sha1_base64="s3CwbyNTtqT9tn33rDSG++Utnkk=">AAACOXicdVDLbhMxFPW0lIbQ0rQs2VhEoK5GM02UZBmp5bEsEkkqZUbRHc91asX2jGwPKBrlD/o1bMuPsGSH2LJlgZOmEiA4kqWjc+7LJyulsC6KvgQ7uw/2Hu43HjUfHxw+OWodn4xtURmGI1bIwlxlYFEKjSMnnMSr0iCoTOIkW5yv/ckHNFYU+r1blpgqmGvBBQPnpVnrZZJxi0agpa+4lwVqR99AZa0ATV8L6byp57NWOw qjDWgUdgbdTtz1pBf1PaXx1mqTLS5nrZ9JXrBK+XFMgrXTOCpdWoNxgklcNZPKYglsAXOceqpBoU3rzX9W9IVXcsoL458/Z6P+3lGDsnapMl+pwF3bv721+C9vWjk+SGuhy8qhZneLeCWpK+g6HJoLg8zJpSfAjPC3UnYNBphPwU8yqPEjK5QCndcJByXkMkcOlXSrOrH8njd9XPeZ0P+T8VkY98Leu7P28GIbXIM8I8/JKYlJnwzJW3JJRoSRG/KJ3JLPwW3wNfgWfL8r3Qm2PU/JHwh+/AJOVK8P</latexit>

E!cient Gaussian Filtering

<latexit sha1_base64="USWYqN72QnMCkP2MnmiJl8R5Gf8="></latexit>

• Gaussian filtering by repeated exponential filtering

<latexit sha1_base64="LTPZXU6qnVibf5ex5xf9nC50r5w="></latexit>

Exercise: (i) Determine the window size
(ii) Determine the equivalent Gaussian variance after N iterations
(iii) Determine exponential parameter a for a desired ω and N

<latexit sha1_base64="iwTjlIW6MYqvc9bDEiFwmbfLw7k="></latexit>

ω2
exp =

2a

(1→ a)2

<latexit sha1_base64="LxHPRvC0kGAF9NC74T3MA0ZvpAk="></latexit>

N iterations =→ ω2 =
2Na

(1↑ a)2

<latexit sha1_base64="oxEfy8wE5qkmFRcQvBh1Afh/x8c="></latexit>

a = 1 +
N

ω2
→

↑
N2 + 2Nω2

ω2

<latexit sha1_base64="BVemM/adPZMK3TPF/Oigb4prcwg="></latexit>

Ha(z) =
(1→ a)2

(1→ az→1)(1→ az)
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<latexit sha1_base64="+RBny5somrconWnqQySEGXKiIk0=">AAACQXicdVBNSxxBEO0xJjGbr01yzKVxCeQ0zKisHoVI8BRWcFXYWZaanmpt7I+huyZhGfZf+GtyNX8iP8FbyDU52LuuoMEUNDzeq3rV9cpaq0BZ9jNZebT6+MnTtWed5y9evnrdffP2KLjGCxwKp50/KSGgVhaHpEjjSe0RTKnxuDz/NNePv6IPytlDmtY4NnBqlVQCKFKTblqUMqBXGPgXZ9AKDdR45E7ygXfk4kzs1fyz0h RtJt1elmaL4lm6ubO1mW9F0M+2I+T5UuqxZQ0m3b9F5UQTnSlahzDKs5rGLXhSQuOsUzQBaxDncIqjCC0YDON2cdeMf4hMxaXz8VniC/buRAsmhKkpY6cBOgv/anPyIW3UkNwZt8rWDcWTbxbJRnNyfB4Sr5RHQXoaAQiv4l+5OAMPYp5Bp/Bo8ZtwxoCt2kKCUXpaoYRG06wtgrzFnRjXbSb8/+BoI837af9go7e7twxujb1n6+wjy9k222X7bMCGTLAL9p1dsh/JZXKV/Ep+37SuJMuZd+xeJX+uAZ/ssrg=</latexit>

Nomenclature of Prototypical Filters

<latexit sha1_base64="rQgsEuQXNVOgswg0zIwC6JMcHoo="></latexit>

|H(e jω)|
<latexit sha1_base64="rQgsEuQXNVOgswg0zIwC6JMcHoo="></latexit>

|H(e jω)|

<latexit sha1_base64="rQgsEuQXNVOgswg0zIwC6JMcHoo="></latexit>

|H(e jω)|
<latexit sha1_base64="rQgsEuQXNVOgswg0zIwC6JMcHoo="></latexit>

|H(e jω)|

<latexit sha1_base64="rQgsEuQXNVOgswg0zIwC6JMcHoo="></latexit>

|H(e jω)|
<latexit sha1_base64="rQgsEuQXNVOgswg0zIwC6JMcHoo="></latexit>

|H(e jω)|

<latexit sha1_base64="TM37Kyc77w8trRFs0vGl9RRNq9A="></latexit>→ω <latexit sha1_base64="WC0H/OPOAILJEthYr55QyCm38nQ="></latexit>ω

<latexit sha1_base64="TM37Kyc77w8trRFs0vGl9RRNq9A="></latexit>→ω <latexit sha1_base64="WC0H/OPOAILJEthYr55QyCm38nQ="></latexit>ω

<latexit sha1_base64="TM37Kyc77w8trRFs0vGl9RRNq9A="></latexit>→ω <latexit sha1_base64="WC0H/OPOAILJEthYr55QyCm38nQ="></latexit>ω

<latexit sha1_base64="TM37Kyc77w8trRFs0vGl9RRNq9A="></latexit>→ω <latexit sha1_base64="WC0H/OPOAILJEthYr55QyCm38nQ="></latexit>ω

<latexit sha1_base64="TM37Kyc77w8trRFs0vGl9RRNq9A="></latexit>→ω <latexit sha1_base64="WC0H/OPOAILJEthYr55QyCm38nQ="></latexit>ω

<latexit sha1_base64="TM37Kyc77w8trRFs0vGl9RRNq9A="></latexit>→ω <latexit sha1_base64="WC0H/OPOAILJEthYr55QyCm38nQ="></latexit>ω

<latexit sha1_base64="kTh35SBODrvgFJOddDVhQvHeD8o="></latexit>

all-pass
<latexit sha1_base64="0nmyK8Xh0gxuTJeWhRpkOXsdG5k="></latexit>

band-pass

<latexit sha1_base64="3t2xG3x0duDu41oE/zrIY+C4Y1w="></latexit>

low-pass

<latexit sha1_base64="zXRhSRNbjGF4Zh+XQlESJsvxPqw="></latexit>

high-pass

<latexit sha1_base64="Jm1KsV9+fn0YWCB7/+ofx/BZdNU="></latexit>

band-cut

<latexit sha1_base64="xNDZT6lJPPDPRnJ/7kyKweip7bI="></latexit>

all-cut
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<latexit sha1_base64="hWXB9MWOoK6GL5h8WiFFS1ya5HM=">AAACJHicdZBLSwMxFIUzvq2vqks3wSK4KjMq1aWgC5eK9gGdUu5k7mgwyQxJRhmG/hS3+mfciQs3/hIXprUFFT0Q+DjnXnI5USa4sb7/5k1Nz8zOzS8sVpaWV1bXqusbLZPmmmGTpSLVnQgMCq6wabkV2Mk0gowEtqPbk2HevkNteKqubJFhT8K14glnYJ3Vr66HUWJQczT0MpcSdNGv1vy6PxL16/tHB/vBgYOGf+iQBuOoRs Y671c/wjhluURlmQBjuoGf2V4J2nImcFAJc4MZsFu4xq5DBRJNrxydPqA7zolpkmr3lKUj9/tGCdKYQkZuUoK9Mb+zoflX1s1tctQrucpyi4p9fZTkgtqUDnugMdfIrCgcANPc3UrZDWhg1rVVCTUqvGepa0TFZZiA5KKIMYFc2EEZmmTCFVfXpBP6P7T26kGj3rjYqx2fjotbIFtkm+ySgBySY3JGzkmTMHJPHsgjefIevWfvxXv9Gp3yxjub5Ie8909mR6Z/</latexit>

Summary

<latexit sha1_base64="1UL4ellBz/VlYIzZR5eIJmHb8Go="></latexit>

• Discrete images are sequences indexed by two spatial integer variables. When they have finite
energy, they can be viewed as points in the vector space ω2(Z2).

• A discrete image is characterized by its 2D Fourier transform which is (2ε → 2ε)-periodic.

• The 2D z-transform often provides a more convenient characterization. It is a direct vector
generalization of the 1D transform. Thus, it has essentially the same properties.

• Discrete filtering can be described as a local masking operation, or as a discrete convolution. A
2D discrete filter is either described by a mask (which displays the reversed version of the impulse
response), its transfer function, or its frequency response.

• When processing images, special care has to be taken to handle the boundaries (periodization or
mirror folding).

• Many popular image-processing filters are short and separable. The computations are therefore
usually performed in the spatial domain by successive filtering along the rows and columns.

• Very useful, low-complexity spatial smoothers are the moving average, the symmetric expo- nential,
and the Gaussian filter. They can all be implemented recursively with a complexity independent
of the window size.


