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<latexit sha1_base64="BB90J5nrI1RGs263OVSnI1Ojjco="></latexit>
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<latexit sha1_base64="lIdJy2Rdblzty5rsSN2+DRQtHvQ="></latexit>
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<latexit sha1_base64="JUoUAHdcg1J1GsWfCnEpiHT5wKM=">AAACJHicdZBBSxtBFMdntWqaqk306GVoKHgKuyrRo6AHb41gTCAbwtvZtzo4M7vMvK2EJR/Fa/wy3qSHXvpJPDiJEdrSPhj48f+/9+bxTwolHYXhz2Bl9cPa+kbtY/3T5tb250Zz59rlpRXYE7nK7SABh0oa7JEkhYPCIuhEYT+5O5v7/e9onczNFU0KHGm4MTKTAshL40YzTjKHVqLj30qabxk3WmE7XBQP24cnR4fRkYdOeO yRR0urxZbVHTde4jQXpUZDQoFzwygsaFSBJSkUTutx6bAAcQc3OPRoQKMbVYvTp/yrV1Ke5dY/Q3yh/j5RgXZuohPfqYFu3d/eXPyXNywpOxlV0hQloRFvH2Wl4pTzeQ48lRYFqYkHEFb6W7m4BQuCfFr12KLBe5FrDSat4gy0VJMUMygVTavYZe9c93G9Z8L/D9cH7ajT7lwetE7Pl8HV2B77wvZZxI7ZKbtgXdZjgt2zBzZjj8EseAqegx9vrSvBcmaX/VHBr1dO0KZx</latexit>

Outline

<latexit sha1_base64="tydFk0MFNOBcqw7F1AytiTz77hI="></latexit>

• Morphology: Introduction

• Basic Definitions

• Erosion and Dilation

• Opening and Closing

• Graylevel Morphology

• Morphological Filtering
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<latexit sha1_base64="h3XjBJ68TcVBok0TCPfFQdzwcwo=">AAACNXicdVBNaxNBGJ5trdbUalqPXoaGgqew25a09FTQgx6EFJq2kA3l3dl3k6Hzscy827IsuftrvMa/4sGbePUPeHDyUVDRBwYeng9m5slKJT3F8Zdobf3RxuMnm09bW8+2n79o7+xeels5gQNhlXXXGXhU0uCAJCm8Lh2CzhReZbdv5v7VHTovrbmgusSRhrGRhRRAQbpp76VZ4dFJ9PyDdeUkFMb1KX9vyNm8EstQJ+7GC/ C4e3hydJgcBdKLjwPlycrqsBX6N+2faW5FpdGQUOD9MIlLGjXgSAqF01ZaeSxB3MIYh4Ea0OhHzeIvU74flJwX1oVjiC/U3xsNaO9rnYWkBpr4v725+C9vWFFxMmqkKStCI5YXFZXiZPl8GJ5Lh4JUHQgIJ8NbuZiAA0Fhvlbq0OC9sFqDyZu0AC1VnWMBlaJpk/rigbfCXA+b8P+Ty4Nu0uv2zg86Z29Xw22yV2yPvWYJO2Zn7B3rswET7CP7xGbsczSLvkbfou/L6Fq06rxkfyD68QukL63H</latexit>

Morphology: Introduction

<latexit sha1_base64="PYwEuXUUkuCHjNK8vIXQ0ZRYtZc="></latexit>

What does morphology even mean?
<latexit sha1_base64="3wJsGrxt522xWx4NLfAHMVtE6SY="></latexit>

The study of shape and structure

<latexit sha1_base64="4TwXMILoNR/reQp2uM4CeyIGEBg="></latexit>

• Language: Set Theory
<latexit sha1_base64="l+SQKINxwr3p1tqLDjGeN0CXKVA="></latexit>

– Binary images (bitmap)
<latexit sha1_base64="s2kZVyZRUUdglelXe+yqiYL1na4="></latexit>

=→ Sets of points in 2D space (Z2)

<latexit sha1_base64="elvRXyWtej0AUQLh24MzTZQBZ94="></latexit>

A

<latexit sha1_base64="8xeNZm8LKZ0NyWTHw/GZ7/BJ9Gc="></latexit>

object vs. background

<latexit sha1_base64="oW/sQPiiyzQkz19myawqKmUJq2o="></latexit>

– Quantized graylevel images
<latexit sha1_base64="F3H5VhGOD7gskinxOVdHzQnfsf8="></latexit>

=→ Sets of points in 3D space (Z3)
<latexit sha1_base64="m0k/zrMPwylFWJKxpU+TgBASKmQ="></latexit>

(x, y,Q(f(x, y))) → Z3

<latexit sha1_base64="MRKP6Pa5IS8wgE0nBkUwQspdlDs="></latexit>

f(x)

<latexit sha1_base64="VkNGgEOOPXEr8XXnGHH8G//ecUA="></latexit>x
<latexit sha1_base64="Fu3lq39NBXx3o34xTHx/dmdsNyY="></latexit>

1D signal

<latexit sha1_base64="VYzQjyaieiFoBkQfIZKqoXVkKXY="></latexit>

• Types of transformations
<latexit sha1_base64="otGjliT2S9R4umLNLzs5MJdejlA="></latexit>

– Set-theoretic: Union, intersection, etc.
<latexit sha1_base64="iaXxvt7Y45g3FxTv9tQFygYoTkA="></latexit>

– With a stucturing element: dilation, erosion

<latexit sha1_base64="Rs3OyHiPMQ9kZexsCT1KIZ6t3EY="></latexit>

2D image
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<latexit sha1_base64="/hVI7Ey+ifamRdF88u0XbKOJ6hM=">AAACOnicdVDLShxBFK32FTPxMTHLbAoHiauhW2UUV4pZuBEMZFSYHobb1bdniqlHU1UdaZr5hHyNW/0Qt9kFty5dWPMQEtEDBYdzzq1bdZJccOvC8D6Ym19YXPqw/LH2aWV1bb3+eePC6sIwbDMttLlKwKLgCtuOO4FXuUGQicDLZHgy9i9/obFcq5+uzLEroa94xhk4L/Xq3+Iks2g4WnqmTT7wA/3ykB7nfvk0Q4/9fbZXb4 TNcAIaNncP9najPU9a4b6nNJpZDTLDea/+FKeaFRKVYwKs7URh7roVGMeZwFEtLizmwIbQx46nCiTabjX50IhueSWlmTb+KEcn6r8TFUhrS5n4pAQ3sK+9sfiW1ylcdtCtuMoLh4pNF2WFoE7TcTs05QaZE6UnwAz3b6VsAAaY8x3WYoMKr5mWElRaxRlILsoUMyiEG1WxzV54zdf10gl9n1zsNKNWs/Vjp3H0fVbcMvlKNsk2icg+OSKn5Jy0CSO/yQ25JXfBbfAn+Bs8TKNzwWzmC/kPweMzJHavdw==</latexit>

Morphology: Application Areas

<latexit sha1_base64="koxmNNH6IgHjqEMWA/WfB5/YTqc="></latexit>

Classification of objects or image features based on shape
<latexit sha1_base64="X4S5Ns7NJK7jyBvar476GALx3w8="></latexit>

• Examples
<latexit sha1_base64="t6w1AUae4sB57NwVdotlHUlQiiI="></latexit>

– Extraction of objects with a specific shape
<latexit sha1_base64="yDVjf8n5pkKyLZiwM/9oBJrYnA8="></latexit>

– Extraction with a size smaller or greater than a limit
<latexit sha1_base64="sv0mgs/JUMxnKiBne7m4VThSQM4="></latexit>

– Contour detection
<latexit sha1_base64="vkrymmDSpma5ZrZZGLnnbLnkRII="></latexit>

• Typical stages in an image-processing pipeline where it is useful
<latexit sha1_base64="adbw9wZfhuvnIVfg2TeUdSzWQ8A="></latexit>

– Preprocessing: noise reduction, simplification
<latexit sha1_base64="5981k7TiXPIw9BID6QxcdIY+MMk="></latexit>

– Feature detection
<latexit sha1_base64="FcbhpbJQPEYVBD6bC/k3o3cBEdY="></latexit>

– Segmentation: Contour extraction
<latexit sha1_base64="x1I/nr+VTL7YPBQn17O4sB/6YK8="></latexit>

– Postprocessing: shape cleaning and simplification
<latexit sha1_base64="odzYyQO38Tn/TCgEDOfldbvfk3Y="></latexit>

• Main application areas
<latexit sha1_base64="7dWmQyzmKp8Yu6Fta05ZnzsmVhs="></latexit>

– Material sciences, mineralogy, granulometry
<latexit sha1_base64="4Tiwilan+z5x5BAF2Cwd8+3TIXA="></latexit>

– Medicine and biology: Cell counting, cytology, gel electrophoresis, microarrays
<latexit sha1_base64="FtL3T65o6KrkRTG7SQ8W0qjRewE="></latexit>

– Robotics and machine vision
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<latexit sha1_base64="5uP7claEZnfIdMm++DEdKVlTFwo=">AAACLnicdZDNSgMxFIUz/lv/qi7dBIvgqsxoqS5FXbhUsCp0SrmTudFgkhmSjFKGLnwat/oyggtx60O4MK0VVPRA4OOcewn3JLkU1oXhczA2PjE5NT0zW5mbX1hcqi6vnNmsMAxbLJOZuUjAohQaW044iRe5QVCJxPPk+mCQn9+gsSLTp66XY0fBpRZcMHDe6lbX4oRbNAIt3QcrGD1ELrQYhLZbrYX1cCga1rd3G9tRw0Mz3P FIo1FUIyMdd6vvcZqxQqF2TIK17SjMXacE4wST2K/EhcUc2DVcYtujBoW2Uw6P6NMN76SUZ8Y/7ejQ/b5RgrK2pxI/qcBd2d/ZwPwraxeO73ZKofPCoWafH/FCUpfRQSM0FQaZkz0PwIw/nVF2BQaY871VYoMab1mmFOi0jDkoIXspciik65ex5V9c8XV9dUL/h7OtetSsN0+2anuHo+JmyBpZJ5skIjtkjxyRY9IijNyRe/JAHoOH4Cl4CV4/R8eC0c4q+aHg7QMmVapz</latexit>

Basic Definitions

<latexit sha1_base64="UZK+y8MdyYFO1u3RtY5eiMUt+Lo="></latexit>

• “Universe” set
<latexit sha1_base64="z38/7u5MjKn7yxoKTfy4tPMsnJQ="></latexit>

E is the set of every possible element (e.g., E = Z2 or E = Z3 or E = R2)
<latexit sha1_base64="mGGsK+/mA46NVFRic7h+ZDdeZWQ="></latexit>

• Sets and subsets
<latexit sha1_base64="SxKmgztBTqye719+5uQNy79Oo34="></latexit>

A,B → E
<latexit sha1_base64="nLDfoyQnw+5/sUCJcHVgxv/ityw="></latexit>

Elements: a = (a1, a2) → A, b = (b1, b2) → B

  
<latexit sha1_base64="elvRXyWtej0AUQLh24MzTZQBZ94="></latexit>

A

<latexit sha1_base64="Li5t8Me53zt61Q8jO5g3wSYM2Dw="></latexit>

B

<latexit sha1_base64="bHww/aW3LEe9d44JKBKorR34QJE="></latexit>

• Translation by x = (x1, x2)
<latexit sha1_base64="diOBHXcv546RM9/k7Wevhhb9xvQ="></latexit>

(A)x = {c : c = a+ x, a → A}

<latexit sha1_base64="zDwJv9eSMtBWle7yNwVA4kAz4qw="></latexit>x1

<latexit sha1_base64="z1+pRMSmWX4z2nSnIbfYcSysZtU="></latexit>x2
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<latexit sha1_base64="3OYBkVIgmxAAxP+LquZHbLUpr7A=">AAACN3icdZBLSxxBFIWrNQ+dvEazzKZwEmI2Q7fK6FKMiywNOCpMD8Pt6ltaWI+m6rYyNPMH/DVu9Z+4yi5km72L1IwjJCE5UHA4514u9RWVVoHS9C5ZWHzy9NnzpeXWi5evXr9pr6weBVd7gX3htPMnBQTUymKfFGk8qTyCKTQeF+efp/3xBfqgnD2kcYVDA6dWSSWAYjRqv88LGdArDHwPghJ8H6WyaloGvi6cpY/lp1G7k3 bTmXja3dzZ2sy2ouml29HybF512FwHo/Z9XjpRG7QkNIQwyNKKhg14UkLjpJXXASsQ53CKg2gtGAzDZvabCf8Qk5JL5+OzxGfp7xsNmBDGpoiTBugs/N1Nw391g5rkzrBRtqoJrXg4JGvNyfEpGl4qj4L0OBoQPjIQXJyBB0ERYCv3aPFSOGPAlk0uwSg9LlFCrWnS5EE++lbE9ciE/98cbXSzXrf3daOzuz8Ht8TesTW2zjK2zXbZF3bA+kywK3bNbthtcpN8S74nPx5GF5L5zlv2h5KfvwBiEK19</latexit>

Basic Definitions (cont’d)

<latexit sha1_base64="hnTGrnUt9r/niRtDfAQNdraCca8="></latexit>

• Reflection or symmetry
<latexit sha1_base64="LHouOo0T/5rjtlKw7QZrVMq+e8E="></latexit>

As = {x → E : x = ↑a, a → A}

<latexit sha1_base64="DFYF0UItgCzZJ+XmU8Hat5mnB70="></latexit>

• Complement
<latexit sha1_base64="hLqS6rtAY2gzsbnuLYC6vzMII7c="></latexit>

Ac = {x → E : x → E \A}
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<latexit sha1_base64="zcznbzYt2DKn/ZrUBz4ycmRtpjw=">AAACQ3icdVBNSyNBFOxR13Xjrhvd414ao7CnMBMlegwYwaOKUSETw5ueN9rYH0N3zy5hyN/w13jV/+Bv2NuyRwV7YgQVLWgoql7xXleSC25dGN4FM7Nzn+Y/L3ypLX79tvS9vrxybHVhGPaYFtqcJmBRcIU9x53A09wgyETgSXK5U/knv9FYrtWRG+U4kHCueMYZOC8N62GcZBYNR0u7XExECiqlu0ZXGcoVXYsluIskKQ/HZ6 21Yb0RNsMJaNjc2N7ciDY9aYdbntJoajXIFPvD+n2calZIVI4JsLYfhbkblGAcZwLHtbiwmAO7hHPse6pAoh2Uk5+N6bpXUppp459ydKK+TJQgrR3JxE9WR9q3XiW+5/ULl20PSq7ywqFiT4uyQlCnaVUTTblB5sTIE2CG+1spuwADzPkya7FBhX+YltJ3VcYZSC5GKWZQCDcuY5s985qv67kT+jE5bjWjdrN90Gp0utPiFshPskp+kYhskQ7ZI/ukRxi5ItfkhtwGN8Hf4F/w/2l0JphmfpBXCB4eAS0nslA=</latexit>

Dilation and Erosion in R2

<latexit sha1_base64="FWASNFINK//1U6TctGY53D91C/s="></latexit>

• Structuring element <latexit sha1_base64="Li5t8Me53zt61Q8jO5g3wSYM2Dw="></latexit>

B <latexit sha1_base64="uNf9elVFqL89BOSxQuaQRevD2mI="></latexit>

Bs

<latexit sha1_base64="ga0Bvgv1Id87b+em2on9W7AthOE="></latexit>

• Dilation

<latexit sha1_base64="kqyhHNYpxHkLPJtrchHN1IT/s3Q="></latexit>

• Erosion
<latexit sha1_base64="dB8LVIknrMK7e7WyK6RXYX1XlDo="></latexit>

A→B = {x ↑ E : (B)x ↓ A} =
⋂

x→Bs

(A)x

<latexit sha1_base64="8v6sAnR/Jbe265Mq0r9yxqjMw+A="></latexit>

A→B = {x ↑ E : (Bs)x ↓A ↔= ⊋} =
⋃

x→A

(B)x

<latexit sha1_base64="3C3oXqmrAUpd4DkYTHYmPKmG4eg="></latexit>

• Example

di
la
tio
n

er
os
io
n

<latexit sha1_base64="Li5t8Me53zt61Q8jO5g3wSYM2Dw="></latexit>

B

<latexit sha1_base64="elvRXyWtej0AUQLh24MzTZQBZ94="></latexit>

A
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<latexit sha1_base64="zcznbzYt2DKn/ZrUBz4ycmRtpjw=">AAACQ3icdVBNSyNBFOxR13Xjrhvd414ao7CnMBMlegwYwaOKUSETw5ueN9rYH0N3zy5hyN/w13jV/+Bv2NuyRwV7YgQVLWgoql7xXleSC25dGN4FM7Nzn+Y/L3ypLX79tvS9vrxybHVhGPaYFtqcJmBRcIU9x53A09wgyETgSXK5U/knv9FYrtWRG+U4kHCueMYZOC8N62GcZBYNR0u7XExECiqlu0ZXGcoVXYsluIskKQ/HZ6 21Yb0RNsMJaNjc2N7ciDY9aYdbntJoajXIFPvD+n2calZIVI4JsLYfhbkblGAcZwLHtbiwmAO7hHPse6pAoh2Uk5+N6bpXUppp459ydKK+TJQgrR3JxE9WR9q3XiW+5/ULl20PSq7ywqFiT4uyQlCnaVUTTblB5sTIE2CG+1spuwADzPkya7FBhX+YltJ3VcYZSC5GKWZQCDcuY5s985qv67kT+jE5bjWjdrN90Gp0utPiFshPskp+kYhskQ7ZI/ukRxi5ItfkhtwGN8Hf4F/w/2l0JphmfpBXCB4eAS0nslA=</latexit>

Dilation and Erosion in R2

<latexit sha1_base64="FWASNFINK//1U6TctGY53D91C/s="></latexit>

• Structuring element <latexit sha1_base64="Li5t8Me53zt61Q8jO5g3wSYM2Dw="></latexit>

B <latexit sha1_base64="uNf9elVFqL89BOSxQuaQRevD2mI="></latexit>

Bs

<latexit sha1_base64="ga0Bvgv1Id87b+em2on9W7AthOE="></latexit>

• Dilation

<latexit sha1_base64="kqyhHNYpxHkLPJtrchHN1IT/s3Q="></latexit>

• Erosion
<latexit sha1_base64="dB8LVIknrMK7e7WyK6RXYX1XlDo="></latexit>

A→B = {x ↑ E : (B)x ↓ A} =
⋂

x→Bs

(A)x

<latexit sha1_base64="8v6sAnR/Jbe265Mq0r9yxqjMw+A="></latexit>

A→B = {x ↑ E : (Bs)x ↓A ↔= ⊋} =
⋃

x→A

(B)x

<latexit sha1_base64="E/ODv88iUssSoqi7jsllSzZjlzg="></latexit>

• Duality relations
<latexit sha1_base64="0J1jk14H2T/81dhp75iFlasnFYw="></latexit>

A→B = (Ac ↑Bs)c

<latexit sha1_base64="4g51nCpVrkPA9WnL+3CpQGp5G2Y="></latexit>

A→B = (Ac ↑Bs)c

<latexit sha1_base64="1UEWIWazbMJnIRsIldSe8WmuH5M="></latexit>

“Erosion = Dilation of complement”
<latexit sha1_base64="Bz8oX7QW3oQywkUy7ARig66PjUo="></latexit>

“Dilation = Erosion of complement”
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<latexit sha1_base64="w1YgF8U6OM9Rmp+dX5GWoOi2ZY8=">AAACQ3icdVBdaxNBFJ2NH62p2rQ++jKYFvoUdtOS5DHQCD5GMG0wG8Pd2bvJkPlYZmaVsORv9Nf4Wv+Dv8E38VHB2SQFFXtg4HDOPdw7J8kFty4Mvwa1Bw8fPd7bf1I/ePrs+WHj6PjK6sIwHDEttBknYFFwhSPHncBxbhBkIvA6WV5W/vVHNJZr9c6tcpxKmCuecQbOS7NGGCeZRcPR0gEXG5GCSulro6sM5YqexBLcIknK9+ sP7ZNZoxm2wg1o2DrvXZxHF550wq6nNNpZTbLDcNb4GaeaFRKVYwKsnURh7qYlGMeZwHU9LizmwJYwx4mnCiTaabn52ZqeeiWlmTb+KUc36p+JEqS1K5n4yepI+69Xif/zJoXLetOSq7xwqNh2UVYI6jStaqIpN8icWHkCzHB/K2ULMMCcL7MeG1T4iWkpfVdlnIHkYpViBoVw6zK22R2v+7ruOqH3k6t2K+q0Om/bzf5gV9w+eUlekTMSkS7pkzdkSEaEkRvymdySL8Ft8C34HvzYjtaCXeYF+QvBr986t7JY</latexit>

Dilation and Erosion in Z2

<latexit sha1_base64="FWASNFINK//1U6TctGY53D91C/s="></latexit>

• Structuring element

<latexit sha1_base64="ga0Bvgv1Id87b+em2on9W7AthOE="></latexit>

• Dilation

<latexit sha1_base64="kqyhHNYpxHkLPJtrchHN1IT/s3Q="></latexit>

• Erosion

<latexit sha1_base64="8v6sAnR/Jbe265Mq0r9yxqjMw+A="></latexit>

A→B = {x ↑ E : (Bs)x ↓A ↔= ⊋} =
⋃

x→A

(B)x

<latexit sha1_base64="dB8LVIknrMK7e7WyK6RXYX1XlDo="></latexit>

A→B = {x ↑ E : (B)x ↓ A} =
⋂

x→Bs

(A)x
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<latexit sha1_base64="fjvwmAGnuq+fBbxAoTMpjpBgA4I=">AAACJHicdZBLSwMxFIUzvq2vqks3wSK4KjNaqktBF+5UsA/olHInc6cNJpkhyShl6E9xq3/Gnbhw4y9xYVorqOiBwMc595LLiTLBjfX9V29mdm5+YXFpubSyura+Ud7capo01wwbLBWpbkdgUHCFDcutwHamEWQksBXdnI7z1i1qw1N1bYcZdiX0FU84A+usXnkzjBKDmqOhFxkqrvq9csWv+hNRv3p4XDsMag7q/pFDGkyjCp nqsld+D+OU5RKVZQKM6QR+ZrsFaMuZwFEpzA1mwG6gjx2HCiSabjE5fUT3nBPTJNXuKUsn7veNAqQxQxm5SQl2YH5nY/OvrJPb5LhbcJXlFhX7/CjJBbUpHfdAY66RWTF0AExzdytlA9DArGurFGpUeMdSKUHFRZiA5GIYYwK5sKMiNMkXl1xdX53Q/6F5UA3q1frVQeXkbFrcEtkhu2SfBOSInJBzckkahJE7ck8eyKP34D15z97L5+iMN93ZJj/kvX0AM6GmYQ==</latexit>

Opening

<latexit sha1_base64="EPlIoeEO1XlEDtzCAj+OPsUt3+w="></latexit>

• Opening operator

<latexit sha1_base64="vRacOrrfN5H6upZ/mpIPfj4/y3Y="></latexit>

A →B = (A↑B)↓B

<latexit sha1_base64="YB+wG98OIWKDv/zjpC8iV6Nazyc="></latexit>

– Interpretation 1: “Smallest” set that contains a given erosion A→B
<latexit sha1_base64="ESnY5/jGbB1sBThliU4xUDwFZXA="></latexit>

– Interpretation 2: Union of all shifted B’s included in A
<latexit sha1_base64="GPPTUNC0PeM25lLbgvKidfHdtfk="></latexit>

A →B =
⋃

x→E
{(B)x : (B)x ↑ A}

<latexit sha1_base64="KN52U7arre2NwwMpoJst2xmj19I="></latexit>

• Properties
<latexit sha1_base64="oxAOMjax2BTckTdXSFsdTSrLrwo="></latexit>

– Subset A →B ↑ A
<latexit sha1_base64="5OZ2Iw+bConJInLznk4ki1SMT4g="></latexit>

– Invariance to origin A → (B)x = A →B for all x ↑ E
<latexit sha1_base64="cXm4fOIeXYaPAzvQaJzigxJ5MTE="></latexit>

– Idempotence (A →B) →B = A →B
<latexit sha1_base64="v2NRxnc4q4TckU8S4EJsBd1I0bg="></latexit>

– Order preservation C → D ↑ (C ↓B) → (D ↓B)
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<latexit sha1_base64="ED651tnk+pprD97DQ+kqGL0PV6U=">AAACJHicdZBLSwMxFIUzvq2vqks3wSK4KjMq1WWhLlwqWBU6pdzJ3KnBPIYko5ShP8Wt/hl34sKNv8SFaa2gogcCH+fcSy4nyQW3Lgxfg6npmdm5+YXFytLyyupadX3jwurCMGwzLbS5SsCi4ArbjjuBV7lBkInAy+SmNcovb9FYrtW5G+TYldBXPOMMnLd61fU4ySwajpa2hLZc9XvVWlgPx6Jhff/oYD868NAIDz3SaBLVyE Snvep7nGpWSFSOCbC2E4W565ZgHGcCh5W4sJgDu4E+djwqkGi75fj0Id3xTkozbfxTjo7d7xslSGsHMvGTEty1/Z2NzL+yTuGyo27JVV44VOzzo6wQ1Gk66oGm3CBzYuABmOH+VsquwQBzvq1KbFDhHdNSgkrLOAPJxSDFDArhhmVssy+u+Lq+OqH/w8VePWrUG2d7tebxpLgFskW2yS6JyCFpkhNyStqEkTtyTx7IY/AQPAXPwcvn6FQw2dkkPxS8fQAxzqZg</latexit>

Closing

<latexit sha1_base64="ayEmh0ADmQXgT5rXYCMtfZ6GnCk="></latexit>

• Closing operator

<latexit sha1_base64="v5SzKYC76QfMStYE44Qz8TbbwVY="></latexit>

– Interpretation 1: “Largest” set that contains a given dilation A→B
<latexit sha1_base64="1QZrjduByJAVYxp8MPCzsRJsBrg="></latexit>

– Interpretation 2: Complement of all shifted Bs’s included in Ac

<latexit sha1_base64="W9UVcB+KRjgJf021btEFif7a2/g="></latexit>

A •B =

(
⋃

x→E
{(Bs)x : (Bs)x → Ac}

)c

<latexit sha1_base64="O45Ar4ZPY2BfeSz/LIHrBziyv1E="></latexit>

A •B = (A→B)↑B

<latexit sha1_base64="KN52U7arre2NwwMpoJst2xmj19I="></latexit>

• Properties
<latexit sha1_base64="lGZRp8gFUumt09SSKZWcQI3CQD8="></latexit>

– Superset A •B → A
<latexit sha1_base64="irFBu6JR1XlLuweoGf7/18YDeNg="></latexit>

– Invariance to origin A • (B)x = A •B for all x → E
<latexit sha1_base64="352av9EaAmx7T/Qc+Y9sEAn8t7k="></latexit>

– Idempotence (A •B) •B = A •B
<latexit sha1_base64="AMxGAmOpLlw22WZlDY0M12k4UYQ="></latexit>

– Order preservation C → D ↑ (C •B) → (D •B)
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<latexit sha1_base64="WkYW9a5hxo68IaaNVAWMpWckpIk=">AAACLnicdZDNSiNBFIWr1RmdzI9Rl24Kw8CsQrdKdBkwC5eOTFRIh3C7+rYWVlU3VbeVpsnCp3GrLyO4kNn6EC6mEiOMogcKPs65l6o6SaGkozC8D+bmFz59Xlz60vj67fuP5ebK6pHLSyuwL3KV25MEHCppsE+SFJ4UFkEnCo+T871JfnyB1snc/KGqwKGGUyMzKYC8NWqux0nm0Ep0vFeCklTxQ1TT0I2arbAdTsXD9tbu9l a07aET7njk0SxqsZkORs2nOM1FqdGQUODcIAoLGtZgSQqF40ZcOixAnMMpDjwa0OiG9fQTY/7TOynPcuuPIT51/9+oQTtX6cRPaqAz9zabmO9lg5Ky3WEtTVESGvF8UVYqTjmfNMJTaVGQqjyAsNK/lYszsCDI99aILRq8FLnWYNI6zkBLVaWYQaloXMcue+GGr+ulE/4xHG22o06783uz1e3Nilti62yD/WIR22Fdts8OWJ8JdsWu2Q27DW6Cu+Ah+Ps8OhfMdtbYKwWP/wB4V6qi</latexit>

Duality Relations

<latexit sha1_base64="FPxcfdOStfdlqsq2ROfszDCDnW4="></latexit>

• Erosion and dilation
<latexit sha1_base64="0J1jk14H2T/81dhp75iFlasnFYw="></latexit>

A→B = (Ac ↑Bs)c

<latexit sha1_base64="4g51nCpVrkPA9WnL+3CpQGp5G2Y="></latexit>

A→B = (Ac ↑Bs)c

<latexit sha1_base64="xe3HS/TsJYLfirUQ7nOQrmd05X0="></latexit>

• Opening and closing

<latexit sha1_base64="i34zAQe60orOjQ2sIK8VwVFrd8I="></latexit>

A →B = (Ac •Bs)c

<latexit sha1_base64="oTCqtZ0nbWhLUzqy//vD5Drt0W8="></latexit>

A •B = (Ac →Bs)c
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<latexit sha1_base64="3I0jfqrZfFJ5NnCF7sNN5ESgr98=">AAACN3icdVBNSwMxFMz6bf2qevQSrIKnsqtSPRbswYugYK3QLeVt9q0NJtklySpl6R/w13jVf+LJm3j17sG0VlDRgcAw84b3MlEmuLG+/+RNTE5Nz8zOzZcWFpeWV8qraxcmzTXDJktFqi8jMCi4wqblVuBlphFkJLAVXR8N/dYNasNTdW77GXYkXCmecAbWSd3yVhglBjVHQxtuGyiG9AQyCiqmLbAu2cO4W674VX8E6lf3Dv f3gn1Hav6BozQYWxUyxmm3/B7GKcslKssEGNMO/Mx2CtCWM4GDUpgbzIBdwxW2HVUg0XSK0W8GdNspMU1S7Z6ydKR+TxQgjenLyE1KsD3z2xuKf3nt3CaHnYKrLLeo2OeiJBfUpnRYDY25RmZF3xFgmrtbKeuBBjasoRRqVHjLUildN0WYgOSiH2MCubCDIjTJFy+5ur46of+Ti91qUKvWznYr9ca4uDmyQTbJDgnIAamTY3JKmoSRO3JPHsij9+A9ey/e6+fohDfOrJMf8N4+APA7rdI=</latexit>

Distance Map and Watershed

<latexit sha1_base64="+2xjr43E6bkQ1Z6vmpd8uIMQbLY="></latexit>

original image
<latexit sha1_base64="AhaHBdIJ9O030jjDlEUhp5LH9ck="></latexit>

thresholded image

<latexit sha1_base64="ak4VfWMRvA8+YFZHce0AjthP97w="></latexit>

local maxima → seeds of watersheds

Dam

<latexit sha1_base64="wz2hu01eAHRRHFHOs4qV8j3K40I="></latexit>

https://bigwww.epfl.ch/demo/ip/demos/watershed/
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<latexit sha1_base64="T64zE7xWGZ1iIqrNQZWrACU6Bs4=">AAACMXicdZBPaxNBGMZnq60x2rrVoyCDQfAUdtOS5BiooBchgmkL2RDenX03GTJ/lpnZlGXJrZ/Ga/wyuYlXv4IHJ2kKKvrAwI/neV9m5kkLwa2Lok1w8ODh4dGjxuPmk6fHJ8/C0+eXVpeG4Yhpoc11ChYFVzhy3Am8LgyCTAVepYuLbX61RGO5Vp9dVeBEwkzxnDNw3pqGr5I0t2g4WvreQCVwiYJ+1KaY+9VZNQ1bUTvaiU bts/75WXzuoRv1PNJ4H7XIXsNp+DPJNCslKscEWDuOo8JNajCOM4GrZlJaLIAtYIZjjwok2km9+8eKvvFORnNt/FGO7tzfN2qQ1lYy9ZMS3Nz+nW3Nf2Xj0uX9Sc1VUTpU7O6ivBTUabothWbcIHOi8gDMcP9WyuZggDlfXTMxqPCGaSlBZXWSg+SiyjCHUrhVndj8npu+rvtO6P/hstOOu+3up05r8G5fXIO8JK/JWxKTHhmQD2RIRoSRW/KFrMnXYB1sgm/B97vRg2C/84L8oeDHLztarA4=</latexit>

Graylevel Morphology

<latexit sha1_base64="MRKP6Pa5IS8wgE0nBkUwQspdlDs="></latexit>

f(x)

<latexit sha1_base64="VkNGgEOOPXEr8XXnGHH8G//ecUA="></latexit>x
<latexit sha1_base64="Fu3lq39NBXx3o34xTHx/dmdsNyY="></latexit>

1D signal

<latexit sha1_base64="J8mDHwI1gp0e09amgONDR15cIwM="></latexit>

“umbra” = object <latexit sha1_base64="J3mP6P5g0C9E94VvXETzOizn55w="></latexit>

Structuring elements are now
sequences, e.g., b[k] = b[k1, k2]

<latexit sha1_base64="qviaYraBsvEXzcHjCEx6/nxF564="></latexit>

• Common structural elements are symmetric
<latexit sha1_base64="5y3XIPIKUeVhY3CgVyD2H5PQqak="></latexit>

– Horizontal: W -neighborhood

<latexit sha1_base64="AayTp4w5qvU4UbjHIsfglRc9tww="></latexit>

– Volumetric: approximation of a ball (rolling ball)

<latexit sha1_base64="ga0Bvgv1Id87b+em2on9W7AthOE="></latexit>

• Dilation

<latexit sha1_base64="kqyhHNYpxHkLPJtrchHN1IT/s3Q="></latexit>

• Erosion

<latexit sha1_base64="1WSE7T/W+s1pwlV2EIYMQvzn2Tk="></latexit>

(f → b)[k] = max
k0→!b

{f [k ↑ k0] + b[k0] : (k ↑ k0) ↓ !f}

<latexit sha1_base64="zWYF4pnY9tTn5OB/sXVANR/p0eY="></latexit>

(f → b)[k] = min
→k0↑!b

{f [k ↑ k0]↑ b[↑k0] : (k ↑ k0) ↓ !f}
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<latexit sha1_base64="ciYN9d3XTyb7YABI7aVw1Ry+xJg=">AAACO3icdZBPSxtBGMZntVqN/1I9ehkaCp7CroboUahSjxGMCtkg786+q4PzZ5mZtSxLvoKfxmv8Hj33VnrtzYOTTQJa2gcGfjzP+zIzT5ILbl0Y/ggWFj8sLX9cWW2srW9sbjU/bV9aXRiGfaaFNtcJWBRcYd9xJ/A6NwgyEXiV3H+d5FcPaCzX6sKVOQ4l3CqecQbOWzfNvTjJLBqOln4zUAp8QEFPuKhjCiqlp0bberQVts NaNGwfHHUOoo6HbnjokUazqEVm6t00X+JUs0KickyAtYMozN2wAuM4EzhqxIXFHNg93OLAowKJdljVPxrRL95JaaaNP8rR2n27UYG0tpSJn5Tg7uzf2cT8VzYoXHY0rLjKC4eKTS/KCkGdppN6aMoNMidKD8AM92+l7A4MMOdLbMQGFX5nWkrfTBVnILkoU8ygEG5UxTabc8PXNe+E/h8u99tRt909328dn8yKWyG75DPZIxE5JMfkjPRInzDySJ7ImDwH4+Bn8Cv4PR1dCGY7O+Sdgj+vzJivyA==</latexit>

Graylevel Dilation and Erosion

<latexit sha1_base64="A6f3HOiU7iVulTq6xcTjfvk+18U="></latexit>

Structuring element:

<latexit sha1_base64="YoOLF0RLzSOAREcWFxW6+4D4CZQ="></latexit>

Reminder:
<latexit sha1_base64="xPde39n45NxEGFg/8TFSFtiE0rg="></latexit>

A→B =
⋃

x→A

(B)x
<latexit sha1_base64="MG3JlV8KTYl+SyC9DxyQPCDKjW0="></latexit>

A→B = {x ↑ E : (B)x ↓ A}

<latexit sha1_base64="C05cOWEii+U/6WTaBAwNGPBGmq4="></latexit>

max
k0→!b

{f [k → k0] + b[k0] : (k → k0) ↑ !f}

<latexit sha1_base64="BdW8PaK5fbJgecIi7A/25EwJME4="></latexit>

f

<latexit sha1_base64="a9bpapvY3rqLuMz0s0comx/4MUk="></latexit>

(f → b)

<latexit sha1_base64="7yhZz2Hd/z7SdsLMWW/WGRQPQsA="></latexit>

(f → b)

<latexit sha1_base64="BdW8PaK5fbJgecIi7A/25EwJME4="></latexit>

f

<latexit sha1_base64="WcUzCE7mVG53KF6EvQhU/TbRKRI="></latexit>

min
→k0↑!b

{f [k → k0]→ b[→k0] : (k → k0) ↑ !f}
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<latexit sha1_base64="ciYN9d3XTyb7YABI7aVw1Ry+xJg=">AAACO3icdZBPSxtBGMZntVqN/1I9ehkaCp7CroboUahSjxGMCtkg786+q4PzZ5mZtSxLvoKfxmv8Hj33VnrtzYOTTQJa2gcGfjzP+zIzT5ILbl0Y/ggWFj8sLX9cWW2srW9sbjU/bV9aXRiGfaaFNtcJWBRcYd9xJ/A6NwgyEXiV3H+d5FcPaCzX6sKVOQ4l3CqecQbOWzfNvTjJLBqOln4zUAp8QEFPuKhjCiqlp0bberQVts NaNGwfHHUOoo6HbnjokUazqEVm6t00X+JUs0KickyAtYMozN2wAuM4EzhqxIXFHNg93OLAowKJdljVPxrRL95JaaaNP8rR2n27UYG0tpSJn5Tg7uzf2cT8VzYoXHY0rLjKC4eKTS/KCkGdppN6aMoNMidKD8AM92+l7A4MMOdLbMQGFX5nWkrfTBVnILkoU8ygEG5UxTabc8PXNe+E/h8u99tRt909328dn8yKWyG75DPZIxE5JMfkjPRInzDySJ7ImDwH4+Bn8Cv4PR1dCGY7O+Sdgj+vzJivyA==</latexit>

Graylevel Dilation and Erosion

<latexit sha1_base64="A6f3HOiU7iVulTq6xcTjfvk+18U="></latexit>

Structuring element:

<latexit sha1_base64="YoOLF0RLzSOAREcWFxW6+4D4CZQ="></latexit>

Reminder:
<latexit sha1_base64="xPde39n45NxEGFg/8TFSFtiE0rg="></latexit>

A→B =
⋃

x→A

(B)x
<latexit sha1_base64="MG3JlV8KTYl+SyC9DxyQPCDKjW0="></latexit>

A→B = {x ↑ E : (B)x ↓ A}

<latexit sha1_base64="C05cOWEii+U/6WTaBAwNGPBGmq4="></latexit>

max
k0→!b

{f [k → k0] + b[k0] : (k → k0) ↑ !f}

<latexit sha1_base64="BdW8PaK5fbJgecIi7A/25EwJME4="></latexit>

f

<latexit sha1_base64="7yhZz2Hd/z7SdsLMWW/WGRQPQsA="></latexit>

(f → b)

<latexit sha1_base64="IaNcOzOfxabRs9IPkMEfz4CbD40="></latexit>

max-filter

<latexit sha1_base64="WcUzCE7mVG53KF6EvQhU/TbRKRI="></latexit>

min
→k0↑!b

{f [k → k0]→ b[→k0] : (k → k0) ↑ !f}
<latexit sha1_base64="NwmhPD4ODpyyknQwpg5Gnl2ZvsQ="></latexit>

= min
→k0↑W

{f [k → k0] : (k → k0) ↑ !f}
<latexit sha1_base64="4dWuuun58K4VHZvvmvSqv1dH3CU="></latexit>

= max
k0→W

{f [k → k0] : (k → k0) ↑ !f}
<latexit sha1_base64="PYkeS1ULwdChbRc+RT8uxIgPVIs="></latexit>

min-filter

<latexit sha1_base64="BdW8PaK5fbJgecIi7A/25EwJME4="></latexit>

f

<latexit sha1_base64="a9bpapvY3rqLuMz0s0comx/4MUk="></latexit>

(f → b)
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<latexit sha1_base64="eXmV8MDOdN/QIaoah4s3NsGSfb8=">AAACQHicdVDLSiNBFK3W8RVf0Vm6KQyCG0O3SnQpjMhshAhGhXQIt6tvJ4X1aKqqldDkK+Zr3OpXzB/MTtyKCysxgg56oOBwzj23qk6SC25dGP4NpqZ/zMzOzS9UFpeWV1ara+sXVheGYYtpoc1VAhYFV9hy3Am8yg2CTAReJte/Rv7lDRrLtTp3gxw7EnqKZ5yB81K3uhMnmUXD0dJTbfK+D/S8KegJF87rqke5ok0DzHGG3W otrIdj0LC+d7i/F+170ggPPKXRxKqRCZrd6kucalZIVI4JsLYdhbnrlGD8NoHDSlxYzIFdQw/bniqQaDvl+FtDuuWVlGba+KMcHasfEyVIawcy8ZMSXN/+743Er7x24bLDTslVXjhU7O2irBDUaTrqiKbcIHNi4Akww/1bKevDqAPfZCU2qPCWaSlBpWWcgeRikGIGhXDDMrbZO6/4ut47od+Ti9161Kg3znZrR8eT4ubJBtkk2yQiB+SI/CZN0iKM/CF35J48BPfBv+AxeHobnQommZ/kE4LnV0IUsf8=</latexit>

Morphological Filtering in Practice

<latexit sha1_base64="KctjwUQqV94MdLUSm3DHVqf4f5M="></latexit>

• Special case:
<latexit sha1_base64="IYL7xdUFAF25X6lMeSCFwRD9d1c="></latexit>

b[y] = 0 and !b = W

<latexit sha1_base64="ZqZ+RsYdyme18dz1Hicy8b2iU8k="></latexit>

Dilation = Max-filter: max
k0→W

{f [k → k0] : (k → k0) ↑ !f}

<latexit sha1_base64="E3tC8XbclsVfzecSlO6Dv/IX8tY="></latexit>

Erosion = Min-filter: min
k0→W

{f [k → k0] : (k → k0) ↑ !f}

<latexit sha1_base64="T7Kxxkbx3MOpOcejC8jrgKa/OzU="></latexit>

• Benefit of iteration
<latexit sha1_base64="VD0tLSdvCUgO/lQQIViME7Pb+O0="></latexit>

Dilation/erosion can be iterated to construct larger equivalent structuring elements

3×3 erosion 2 iterations 
5×5 erosion

3 iterations 
7×7 erosion

input 
240×240

<latexit sha1_base64="+95CxZnEzQ80j9FQhcJjTSQXsnM="></latexit>

W
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<latexit sha1_base64="eXmV8MDOdN/QIaoah4s3NsGSfb8=">AAACQHicdVDLSiNBFK3W8RVf0Vm6KQyCG0O3SnQpjMhshAhGhXQIt6tvJ4X1aKqqldDkK+Zr3OpXzB/MTtyKCysxgg56oOBwzj23qk6SC25dGP4NpqZ/zMzOzS9UFpeWV1ara+sXVheGYYtpoc1VAhYFV9hy3Am8yg2CTAReJte/Rv7lDRrLtTp3gxw7EnqKZ5yB81K3uhMnmUXD0dJTbfK+D/S8KegJF87rqke5ok0DzHGG3W otrIdj0LC+d7i/F+170ggPPKXRxKqRCZrd6kucalZIVI4JsLYdhbnrlGD8NoHDSlxYzIFdQw/bniqQaDvl+FtDuuWVlGba+KMcHasfEyVIawcy8ZMSXN/+743Er7x24bLDTslVXjhU7O2irBDUaTrqiKbcIHNi4Akww/1bKevDqAPfZCU2qPCWaSlBpWWcgeRikGIGhXDDMrbZO6/4ut47od+Ti9161Kg3znZrR8eT4ubJBtkk2yQiB+SI/CZN0iKM/CF35J48BPfBv+AxeHobnQommZ/kE4LnV0IUsf8=</latexit>

Morphological Filtering in Practice

<latexit sha1_base64="wdovvmMem8tnHQ94l723AmSXpX8="></latexit>

• Morphological smoothing
<latexit sha1_base64="nRm+w+Pg6eDOn5/gmHX5Z0beVco="></latexit>

– Opening (i.e., min then max)

<latexit sha1_base64="kzSvJaYHLL8xIt+bV2CAv16Xg1w="></latexit>

f → b = (f ↑ b)↓ b
<latexit sha1_base64="axvNgWIdeea6ek3FekN9NmzVgvg="></latexit>

Smoothing by suppression of small bright features

<latexit sha1_base64="IxtY3JQHxUjdDrJuHWQqMLDwNX4="></latexit>

– Closing (i.e., max then min)
<latexit sha1_base64="Jysj7ZeASzM+hwrNO4smIPvjOuc="></latexit>

f • b = (f → b)↑ b
<latexit sha1_base64="JOlmdP86Vu6hynsFrBuBtwds1XU="></latexit>

Smoothing by suppression of small dark features
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<latexit sha1_base64="eXmV8MDOdN/QIaoah4s3NsGSfb8=">AAACQHicdVDLSiNBFK3W8RVf0Vm6KQyCG0O3SnQpjMhshAhGhXQIt6tvJ4X1aKqqldDkK+Zr3OpXzB/MTtyKCysxgg56oOBwzj23qk6SC25dGP4NpqZ/zMzOzS9UFpeWV1ara+sXVheGYYtpoc1VAhYFV9hy3Am8yg2CTAReJte/Rv7lDRrLtTp3gxw7EnqKZ5yB81K3uhMnmUXD0dJTbfK+D/S8KegJF87rqke5ok0DzHGG3W otrIdj0LC+d7i/F+170ggPPKXRxKqRCZrd6kucalZIVI4JsLYdhbnrlGD8NoHDSlxYzIFdQw/bniqQaDvl+FtDuuWVlGba+KMcHasfEyVIawcy8ZMSXN/+743Er7x24bLDTslVXjhU7O2irBDUaTrqiKbcIHNi4Akww/1bKevDqAPfZCU2qPCWaSlBpWWcgeRikGIGhXDDMrbZO6/4ut47od+Ti9161Kg3znZrR8eT4ubJBtkk2yQiB+SI/CZN0iKM/CF35J48BPfBv+AxeHobnQommZ/kE4LnV0IUsf8=</latexit>

Morphological Filtering in Practice

Original (reduced): 128×128 A: 3×3 min B: 3×3 max

C: 3×3 max of A D: 3×3 min of B
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<latexit sha1_base64="8p/UaeZnKb52EZy+qgxlgi36J+4=">AAACNHicdVDPSxtBGJ211Wr8FevRy9QgeAq7JiQehRbxIigYI2RD+Hb222TI/FhmZithybl/Ta/6txR6K736F3hwEiPUog8GHu9975uZl+SCWxeGv4KlDx+XVz6trlXWNza3tqs7n6+tLgzDDtNCm5sELAqusOO4E3iTGwSZCOwm468zv/sdjeVaXblJjn0JQ8UzzsB5aVD9EieZRcPR0nNt8pEPDL0p6CkXzutqOKjWwno4Bw 3rjeNmI2p60grbntJoYdXIAheD6mOcalZIVI4JsLYXhbnrl2AcZwKnlbiwmAMbwxB7niqQaPvl/CtTeuCVlGba+KMcnav/JkqQ1k5k4icluJH935uJb3m9wmXH/ZKrvHCo2PNFWSGo03TWC025QebExBNghvu3UjYCA8y34DcZVHjLtJSg0jLOQHIxSTGDQrhpGdvshVd8XS+d0PfJ9VE9atVbl0e1k2+L4lbJHtknhyQibXJCzsgF6RBGfpCf5I7cB3fB7+BP8Pd5dClYZHbJKwQPT6korUU=</latexit>

Morphological Filtering

<latexit sha1_base64="b+8g4j3G2XDeXWivgCV6pLZGvz4="></latexit>

• Morphological gradient

<latexit sha1_base64="KceDuxQIZ6bofoIVuJy+RrG+xeU="></latexit>

g = (f → b)↑ (f ↓ b)

<latexit sha1_base64="DMifs4h+0YcrO3NxsXWkFsmlkJM="></latexit>

Property: not sensitive to edge direction when using symmetric b

<latexit sha1_base64="s1z+cD1vH8Uw1Fe6Vj8XsPz4Hqc="></latexit>

• Top hat
<latexit sha1_base64="f+QHv63pv/b6H6Xg/KgLtbl5nkY="></latexit>

Acts like the Laplacian

<latexit sha1_base64="bUz/NfYaKsBliilla3plPg/aAO0="></latexit>

disk, r = 1
<latexit sha1_base64="iikzYlLKKonqFtQwtiSax/FULWs="></latexit>

disk, r = 3

<latexit sha1_base64="mNWqPGyrpFiD2uZSfdTcJzJRNYw="></latexit>

g = f → (f ↑ b)
<latexit sha1_base64="w2kDsXyvMfZ4MrrkPVyjOoe9N8w="></latexit>

g = (f • b)→ f


