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<latexit sha1_base64="BB90J5nrI1RGs263OVSnI1Ojjco="></latexit>
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<latexit sha1_base64="UpBEr7lM8mj4lg7g54Dpeu1Qi2E="></latexit>
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<latexit sha1_base64="JUoUAHdcg1J1GsWfCnEpiHT5wKM=">AAACJHicdZBBSxtBFMdntWqaqk306GVoKHgKuyrRo6AHb41gTCAbwtvZtzo4M7vMvK2EJR/Fa/wy3qSHXvpJPDiJEdrSPhj48f+/9+bxTwolHYXhz2Bl9cPa+kbtY/3T5tb250Zz59rlpRXYE7nK7SABh0oa7JEkhYPCIuhEYT+5O5v7/e9onczNFU0KHGm4MTKTAshL40YzTjKHVqLj30qabxk3WmE7XBQP24cnR4fRkYdOeO yRR0urxZbVHTde4jQXpUZDQoFzwygsaFSBJSkUTutx6bAAcQc3OPRoQKMbVYvTp/yrV1Ke5dY/Q3yh/j5RgXZuohPfqYFu3d/eXPyXNywpOxlV0hQloRFvH2Wl4pTzeQ48lRYFqYkHEFb6W7m4BQuCfFr12KLBe5FrDSat4gy0VJMUMygVTavYZe9c93G9Z8L/D9cH7ajT7lwetE7Pl8HV2B77wvZZxI7ZKbtgXdZjgt2zBzZjj8EseAqegx9vrSvBcmaX/VHBr1dO0KZx</latexit>

Outline

<latexit sha1_base64="NYGrCUuhlY6+jUH/5Rn/d5rIBPc="></latexit>

• Mathematical Foundations

– Rotations and the Fourier Transform

– Radon Transform

– Rotation of Polynomials

– Directional Derivatives

• Local Directional Analysis

– Structure Tensor

• Steerable Filters

– Derivative-Based Filters

• Edge Detector: Revisited
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<latexit sha1_base64="kV0GC+QzGZuYpMElw2eUS4nIiRM=">AAACP3icdVDLSiNBFK1Wx0ec0ahLN4VBcCGhWyW6FMaF7iIYFdIh3K6+rYX1aKqqlabJT8zXuNW/8AvciVvBhZUYQQc9UHA451zurZPkglsXhg/BxOTUr+mZ2bna/O8/C4v1peVTqwvDsMO00OY8AYuCK+w47gSe5wZBJgLPkqu/Q//sGo3lWp24MseehAvFM87Aealf34yTzKLhaOkBN8iGKgjuSsoVPfJhpG2jGVrL1UW/3g ib4Qg0bG7v7WxHO560wl1PaTS2GmSMdr/+GqeaFRKVYwKs7UZh7noVGMeZwEEtLizmwK78mq6nCiTaXjX61YCueyWlmTb+KUdH6ueJCqS1pUx8UoK7tP97Q/E7r1u4bK9XcZUXDhV7X5QVgjpNhxXRdFSEKD0BZri/lbJLMMCcL7IWG1R4w7SUoNIqzkByUaaYQSHcoIpt9sFrvq6PTujP5HSrGbWareOtxv7BuLhZskrWyAaJyC7ZJ4ekTTqEkX/kltyR++AueAyeguf36EQwnlkhXxC8vAFvvbGa</latexit>

Directionality in Image Processing

<latexit sha1_base64="C6QTAyJ0SGXA+Au7dPdC+KFqcWM="></latexit>

• Importance of directional cues
<latexit sha1_base64="/s1GUSrJdfr8nKXNCrQ9U0jCOWI="></latexit>

– Edges, ridges, patterns, texture
<latexit sha1_base64="rOtO/QxGHzcJLwq+3Q+8ARkfCSQ="></latexit>

– Visual perception is orientation-sensitive
<latexit sha1_base64="5YiZt3M8dSJMVndmnNmsBdPiqsA="></latexit>

– Neurons in the primary visual cortex have orientation selectivity
<latexit sha1_base64="TSwVnt3TCjRUjofjhZ/F1fziUww="></latexit>

(Hubel and Wiesel, 1958)

<latexit sha1_base64="TeikqHRZjTHPvmNwD06vvV2MR8Y="></latexit>

• Invariant Processing and Feature Detection

<latexit sha1_base64="jHVJF37BrAzQ6cg7NRLrdon1RCw="></latexit>

• Computational challenges
<latexit sha1_base64="17XW4XqlnetAsabcPCs1wqawrE4="></latexit>

– Selectivity to orientation
<latexit sha1_base64="Sw+ggP10JLYAvrEm+agZn4Bvo20="></latexit>

– Steerability (orientation can be arbitrary)
<latexit sha1_base64="CuaEeDhRN+OOQIa5ziGfvuLfSkw="></latexit>

– Separable filters are not orientation-sensitive

<latexit sha1_base64="kf5zoiLzSbOef0bqE55fSGpghlw="></latexit>

– Invariant operators: Gradient magnitude, Laplacian, . . .
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<latexit sha1_base64="LUxuPDA2SNp9AOOjY3wVrEJ5/rQ=">AAACNXicdVBLSzMxFM34tr6qLt0EyweuyoxKdSko4kZQsCp0SrmTuWODeQxJRilD9/4at/pXXLgTt/4BF6a1gorfgcDhnHOTm5PkglsXhk/B2PjE5NT0zGxlbn5hcam6vHJudWEYNpkW2lwmYFFwhU3HncDL3CDIROBFcr0/8C9u0Fiu1Znr5diWcKV4xhk4L3Wq63GSWTQcLT0G10XpdQaCHupCpcOM7VRrYT0cgob1rd3trW jbk0a44ymNRlaNjHDSqb7HqWaFROWYAGtbUZi7dgnGXy2wX4kLizmwa7jClqcKJNp2OfxLn/7zSkozbfxRjg7V7xMlSGt7MvFJv2vX/vYG4l9eq3DZbrvkKi8cKvb5UFYI6jQdFENTbpA50fMEmOF+V8q6YIA5X18lNqjwlmkpQaVlnIHkopdiBoVw/TK22Rev+Lq+OqH/J+eb9ahRb5xu1vYORsXNkDWyTjZIRHbIHjkiJ6RJGLkj9+SBPAYPwXPwErx+RseC0cwq+YHg7QN6Pa2v</latexit>

Mathematical Foundations

<latexit sha1_base64="woKvQj9PkngfjV5UrN9qoUMj3bA="></latexit>

• Rotations and the Fourier Transform

• Radon Transform

• Rotation of Polynomials

• Directional Derivatives
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<latexit sha1_base64="xy1pQFWL+DZlS+haeSGcB7FZhQM=">AAACQHicdVBNSxxBFOwxJupq4hqPXposgheXGZXVo2AIORpxVdhZljc9b9zG/hi63yjLsL8ivyZX8yvyD3KTXEMO9q4rRNGChqLqPep1ZaWSnuL4VzT3Zv7tu4XFpcbyyvsPq821j2feVk5gV1hl3UUGHpU02CVJCi9Kh6AzhefZ1dHEP79G56U1pzQqsa/h0shCCqAgDZrbaVZ4dBI9P7E0FT0Hk3MaIv8SUiQ6furA+MI6PW i24nY8BY/buwd7u8leIJ14P1CezKwWm+F40PyX5lZUGg0JBd73krikfg2OpFA4bqSVxxLEFVxiL1ADGn2/nn5rzDeDkvOQG54hPlX/36hBez/SWZjUQEP/3JuIL3m9ioqDfi1NWREa8RBUVIqT5ZOOeC4dClKjQEA4GW7lYggOBIUmG6lDgzfCah16qtMCtFSjHAuoFI3r1BePvBHqeuyEv07OdtpJp935ttM6/DwrbpFtsE9siyVsnx2yr+yYdZlg39kPdst+RrfR7+gu+vMwOhfNdtbZE0R/7wEwN7H4</latexit>

Rotations and the Fourier Transform
<latexit sha1_base64="KDDk35NWrtphUfYOQXyYXZVA9L8=">AAAFOnicbZNdb9MwFIZTVmCUrwGXcGHtQwKpTE62dhvSpLEvkNikMm0MaekmJzlpzWynsh1YZflvccUf4ZY7xC0/ALfNUBNwZOno9fMeH/vE0YBRpTH+XrsxU7956/bsncbde/cfPJx79PiDynIZw0mcsUx+jIgCRgWcaKoZfBxIIDxicBpd7ozWTz+DVDQTx3o4gC4nPUFTGhPtpIu5r6GGKx2l5ghiwtgri3YyoanIs1y9TD </latexit>

Recall: Continuous-domain Fourier transform f̂(ω) =

∫

R2

f(x)e→ jωTx dx

<latexit sha1_base64="MAEMkBFW6YRIeY9vDXCzGUPlcW4="></latexit>

Spatial-domain rotations correspond to what in the Fourier domain?

<latexit sha1_base64="xUDf2/6vyDyRww0AobYJFoxHm+E="></latexit>

Rω =

[
cos ω → sin ω
sin ω cos ω

]
<latexit sha1_base64="IHJGEHTUH+d/lG1h8J4MUZhratg="></latexit>

counterclockwise
rotation

<latexit sha1_base64="FRW6mlNEOFzVUzJg26sS2a4gjKo="></latexit>

f(x)
<latexit sha1_base64="o0ej6yT6DZgBeIQWDxKXo1FT55A="></latexit>

F→↑↑↑↓
<latexit sha1_base64="tW+Bt1w0Cxan1LnCYqdXn1R95Fg="></latexit>

f̂(ω)
<latexit sha1_base64="o0ej6yT6DZgBeIQWDxKXo1FT55A="></latexit>

F→↑↑↑↓
<latexit sha1_base64="oywm932GpIgXtdnE+MVpicX6MJ8="></latexit>

f(Rωx)
<latexit sha1_base64="eObsqqTHDyGPJmhD/1df8ObuveI="></latexit>

f̂(Rωω)

<latexit sha1_base64="zP7OgmFm35b0XK988OgeiuV7bsA="></latexit>

Spatial-domain rotations correspond to Fourier-domain rotations

<latexit sha1_base64="lXqxKjuODLs1KRvUEbDvyOYsoWM="></latexit>

(proof by change-of-variables)
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<latexit sha1_base64="vRDm6Wyn6+QIc89PCO33N7m45S4=">AAACLHicdZBNSwMxEIazflu/qp7ES7AInsquSvUo6MGjilWhW8psdlaD+ViSrFKW4q/xqn/Gi4hXf4UH01pBRQcCD+87w0zeJBfcujB8DkZGx8YnJqemKzOzc/ML1cWlM6sLw7DJtNDmIgGLgitsOu4EXuQGQSYCz5Pr/b5/foPGcq1OXTfHtoRLxTPOwHmpU12Jk8yi4WjpCaRa0VMDymbayE61FtbDQdGwvrW7vRVte2iEOx 5pNLRqZFhHnep7nGpWSFSOCbC2FYW5a5dgHGcCe5W4sJgDu4ZLbHlUING2y8EXenTdKyn1e/1Tjg7U7xMlSGu7MvGdEtyV/e31xb+8VuGy3XbJVV44VOxzUVYI6jTt50FTbpA50fUAzHB/K2VXYIA5n1olNqjwlmkpQaVlnIHkoptiBoVwvTK22RdXfFxfmdD/4WyzHjXqjePN2t7BMLgpskrWyAaJyA7ZI4fkiDQJI3fknjyQx+AheApegtfP1pFgOLNMflTw9gGlramx</latexit>

Radon Transform

<latexit sha1_base64="N0figwW2gwQIfdeE920v1yzdROk=">AAAE2nicbZNLb9NAEMddGqCEVwtHLqu0lYoURWunTtsDUun70EqhappKdVSt7XWyZB/W7hoaWb5wQ1z5OHwRrlzhQ7BOXBS7rDXSaOb3H49nvH5MidIQ/lx4sFh7+Ojx0pP602fPX7xcXnl1qUQiA9wLBBXyykcKU8JxTxNN8VUsMWI+xX1/vJ/n+5+wVETwCz2J8YChIScRCZA2oZvlS4/54ja9GGFwjkLBgZaIq0hIBkQE1q </latexit>

The Radon transform of f(x, y) corresponds to all line integrals of f(x, y)

<latexit sha1_base64="putgZfIi6Uw9UfUPqNKJa0nJNdQ=">AAAEuXicbVNdT9swFDXQbaz7gu1xL1YBiUkVslNaYB8SAwo8wNQhSpFIh5zEoaaxU9nOtiryL9qv2eO2PzOnDVMT5uhKx+eec33t2N4oYkoj9GtufqHy4OGjxcfVJ0+fPX+xtPzyQsWJ9GnXj6NYXnpE0YgJ2tVMR/RyJCnhXkR73nA/y/e+UqlYLM71eET7nNwIFjKfaEtdL7U/xXoC38JV1+OpqwdUEwM/wHXXjxWczuvQVU </latexit>

Notation: ω = (cos ω, sin ω) → R2

<latexit sha1_base64="+6b02L129N/rRVAQgJWplJS+U+A=">AAAEynicbVNNTxsxEDWQtjT9gvbYixVA6iFC3g0JIPXANxyClCJCkNgUeb1e4sb2Rra3JVr51p/VP9Jrr+2PqJMsVXapVyPNvnlvZmyPwxFn2iD0c2FxqfLk6bPl59UXL1+9frOy+vZKJ6kitEsSnqjrEGvKmaRdwwyn1yNFsQg57YXDw0m895UqzRJ5acYj2hf4TrKYEWwcdLtytQ8nUsgkXA8ENoMwzC7sZ38dEixhSKGiLp </latexit>

A line in R2 can be represented by all x → R2 such that
<latexit sha1_base64="Ji0gOyXG++WsEB4lIkhX/Q6q0Do="></latexit>

ωTx = t
<latexit sha1_base64="Q8mF307g+1Aytk0RDB1hFNGH5pg="></latexit>→

<latexit sha1_base64="wdovOqpfsbTktByZMlVPKnYv3XU="></latexit>

x cos ω + y sin ω = t

<latexit sha1_base64="p/4F2JiOmW5rEP24rXmR0Q5ysYc="></latexit>

pω(t) = R{f}(ω, t) =
∫

R2

f(x)ω(ωTx→ t) dx

<latexit sha1_base64="uUocT+Fx/3LcB/Iyni/qQhB8urw=">AAAEm3icbVNdT9swFDXQbaz7gu1xmmQVoe2hQnZKC+yJUb40FalDlCKRCjnJDfVqJ5XtbFRRfsJ+zV63H7J/M7cNUxPm6ErX555zfO3Y3lhwbQj5s7S8Unn0+Mnq0+qz5y9evlpbf32p40T50PNjEasrj2kQPIKe4UbA1VgBk56AvjdqT+v9b6A0j6MLMxnDQLLbiIfcZ8ZCN2vvXQN3xgvTiyHECuTHDB9bbw4Ka8F9wGaO36 </latexit>

Theorem: Fourier slice theorem

<latexit sha1_base64="3uBqSmHkqSVSXokXPj58IVMh/JI="></latexit>

How can we even

compute this?

<latexit sha1_base64="bmac7f0tptdLQOVqFXMAi6Ugn8I="></latexit>

p̂ω(ω) = f̂(ω cos ε,ω sin ε)
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<latexit sha1_base64="vRDm6Wyn6+QIc89PCO33N7m45S4=">AAACLHicdZBNSwMxEIazflu/qp7ES7AInsquSvUo6MGjilWhW8psdlaD+ViSrFKW4q/xqn/Gi4hXf4UH01pBRQcCD+87w0zeJBfcujB8DkZGx8YnJqemKzOzc/ML1cWlM6sLw7DJtNDmIgGLgitsOu4EXuQGQSYCz5Pr/b5/foPGcq1OXTfHtoRLxTPOwHmpU12Jk8yi4WjpCaRa0VMDymbayE61FtbDQdGwvrW7vRVte2iEOx 5pNLRqZFhHnep7nGpWSFSOCbC2FYW5a5dgHGcCe5W4sJgDu4ZLbHlUING2y8EXenTdKyn1e/1Tjg7U7xMlSGu7MvGdEtyV/e31xb+8VuGy3XbJVV44VOxzUVYI6jTt50FTbpA50fUAzHB/K2VXYIA5n1olNqjwlmkpQaVlnIHkoptiBoVwvTK22RdXfFxfmdD/4WyzHjXqjePN2t7BMLgpskrWyAaJyA7ZI4fkiDQJI3fknjyQx+AheApegtfP1pFgOLNMflTw9gGlramx</latexit>

Radon Transform
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<latexit sha1_base64="yxllpxeHlddoE0bRrEvaPLk5Ius=">AAACOHicdZDNShxBFIWrjYlm8jdJltkUDkJWQ7fK6FJIFlmOJKPC9DDcrr6lhfXTVN2ONM08gU/j1jxJdtkFt1lnkZpxBBVzoODjnHupqlNUWgVK05/JypPVp8/W1p93Xrx89fpN9+27w+BqL3AknHb+uICAWlkckSKNx5VHMIXGo+Ls0zw/+o4+KGe/UVPhxMCJVVIJoGhNu5t5IQN6hYF/JUQPhdKKGu4kHzrdWGcU6DDt9t J+uhBP+9t7O9vZToRBuhuRZ8uox5YaTrt/89KJ2qAloSGEcZZWNGnBkxIaZ528DliBOIMTHEe0YDBM2sV3ZnwzOiWXzsdjiS/cuxstmBAaU8RJA3QaHmZz87FsXJPcm7TKVjWhFTcXyVpzcnzeDS+VR0G6iQDCq/hWLk7Bg6DYYCf3aPFcOGPAlm0uwSjdlCih1jRr8yBvuRPruu2E/x8Ot/rZoD842Ortf14Wt84+sA32kWVsl+2zL2zIRkywC3bJrtiP5Cr5lfxOrm9GV5Llznt2T8mffwcArvY=</latexit>

Steerability of Polynomials

<latexit sha1_base64="C+J+imNZWhBttNozZw0g+vgDHa4="></latexit>

Property: The rotated version of a 2D polynomial of degree p is a 2D
polynomial of degree p. This implies that polynomials are “steerable”.

<latexit sha1_base64="F84GyUB7dBfPMJlsZqxWXoGKQCs="></latexit>

Why is this useful?
<latexit sha1_base64="YSb6LKyzGG/RXTDDr3QT5Hr8g/U="></latexit>

How do we establish this property?

<latexit sha1_base64="RqNH+TVXlA9MJZfcd0M5pPlgpRM="></latexit>

Key observations for establishing this property:

<latexit sha1_base64="I/kUA7QOpzPJh8eF0tsCuKFZ+v4="></latexit>

– A 2D polynomial of degree p is a linear combination of monomials
of degree n → p:

<latexit sha1_base64="EJAPZn2xYe7ZgeWL5vkKY8OaTnU="></latexit>

xk1yk2 with k1 + k2 = n

<latexit sha1_base64="bBkk6JghN7PicfJS+h0gF7+qQNg="></latexit>

– A rotation of a monomial of degree k yields a polynomial of degree k

<latexit sha1_base64="tHbRf25Geq1WDoGIydbaq5SU60U="></latexit>

A rotation of a polynomial is a polynomial of the same degree
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<latexit sha1_base64="DTnOr+LY4zsci3CozUEc0Mg+zrA=">AAACQXicdVBNSwMxEM36bf2qevQSLIKnZVdL9ShY0KOCVaFbymx2VoNJdkmylbL0X/hrvOqf8Cd4E696MK0VVHQg8HjvzWTmxbngxgbBkzcxOTU9Mzs3X1lYXFpeqa6unZus0AxbLBOZvozBoOAKW5ZbgZe5RpCxwIv45nCoX/RQG56pM9vPsSPhSvGUM7CO6lb9KE4Nao6GHmlIOCpLQSW0yTWyoQUEbTq95/w9NN1qLfCDUd HA392v74Z1BxrBnoM0HEs1Mq6TbvU9SjJWSDeXCTCmHQa57ZSgLWcCB5WoMJgDu4ErbDuoQKLplKO7BnTLMQlNM+2e22vEfu8oQRrTl7FzSrDX5rc2JP/S2oVN9zslV3lhUbHPj9JCUJvRYUg0GV0v+g4A09ztStk1aGDWRVmJNCq8ZZmULqkySkFy0U8whULYQRmZ9AtXXFxfmdD/wfmOHzb8xulO7aA5Dm6ObJBNsk1CskcOyDE5IS3CyB25Jw/k0Xvwnr0X7/XTOuGNe9bJj/LePgAORbJo</latexit>

Gradient and Directional Derivatives

<latexit sha1_base64="Tqv6coYsryT1U817xqcU3gdeNGc="></latexit>

Direction specified by u → R2 with ↑u↑2 = 1 (unit vector)

<latexit sha1_base64="lm320lj6brWcpXDcWeKBftyyShU="></latexit>

• First-order directional derivatives

<latexit sha1_base64="31vhflH802yldyJUtEF9ZZRyxOc="></latexit>

Duf(x)

<latexit sha1_base64="U2zxdQvG8qTnl5fYNXh2RxWqwF8="></latexit>

= lim
h→0

f(x)→ f(x→ hu)

h
<latexit sha1_base64="QKcH5uEyTtxCFzitK/lgm+jC8dQ="></latexit>

= uT→f(x)
<latexit sha1_base64="N3Zr5Y3Nv3z5KPWAs7yHCs+dJ8w="></latexit>

= u1
ωf(x)

ωx
+ u2

ωf(x)

ωy

<latexit sha1_base64="o0ej6yT6DZgBeIQWDxKXo1FT55A="></latexit>

F→↑↑↑↓
<latexit sha1_base64="o0ej6yT6DZgBeIQWDxKXo1FT55A="></latexit>

F→↑↑↑↓
<latexit sha1_base64="q14j0XSWwh7wKAX2Q/K2F3usPAY="></latexit>

j(u1ω1 + u2ω2)f̂(ω)

<latexit sha1_base64="jM0DVoViXbSVnmHJZIbLMTJE3Mg="></latexit>

n(x) =
→f(x)

↑→f(x)↑2
maximizes the directional derivative

<latexit sha1_base64="kGz/yp7Sk0IXCQdyE1dfr+0qJrw="></latexit>

juTωf̂(ω)
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0 255
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<latexit sha1_base64="f2Wvtqbwzclzb/aaocFZzro0gJo=">AAACQXicdVDBTttAFFxTWiC0JbRHLisipF5q2YCSHCM1B24FiQBSHEXP6+dkxe7a2l0HRVb+gq/pNf2JfgI31Gt76DoYCSoYaaXRzDy9fRPnghsbBL+8tTfrb99tbG41tt9/+LjT3P10YbJCMxywTGT6KgaDgiscWG4FXuUaQcYCL+Prb5V/OUNteKbO7TzHkYSJ4ilnYJ00bvpRnBrUHA094ZMp6q/fdYKa9rlGVkVA0L7zZy 4/QzNutgI/WIEG/lH3+Cg8dqQddBylYW21SI3TcfNvlGSskKgsE2DMMAxyOypBW84ELhpRYTAHdg0THDqqQKIZlau7FvTAKQlNM+2esnSlPp0oQRozl7FLSrBT879XiS95w8Km3VHJVV5YVOxhUVoIajNalUST1fVi7ggwzd1fKZuCBmZdlY1Io8IblkkJKimjFCQX8wRTKIRdlJFJH3nD1fXYCX2dXBz6Ydtvnx22ev26uE2yR/bJFxKSDumRE3JKBoSRW/KDLMlPb+ndeffe74fomlfPfCbP4P35BwvSsmc=</latexit>

Higher-Order Directional Derivatives

<latexit sha1_base64="ph1tsgh7V5BXjRxcBM8WMtsbOR8="></latexit>

• Directional derivative of order n

<latexit sha1_base64="Tqv6coYsryT1U817xqcU3gdeNGc="></latexit>

Direction specified by u → R2 with ↑u↑2 = 1 (unit vector)

<latexit sha1_base64="Ilfg9t/M6ONYtp07x7afwgoNGTQ="></latexit>

Dn
uf(x)

<latexit sha1_base64="iADi12yAUB55ZsvPsdIR952R8Fk="></latexit>

= DuDu · · ·Du︸ ︷︷ ︸
n times

f(x)
<latexit sha1_base64="o0ej6yT6DZgBeIQWDxKXo1FT55A="></latexit>

F→↑↑↑↓
<latexit sha1_base64="2LBi59xHsPnRV4JVsS3jF2zhpYc="></latexit>

( juTω)nf̂(ω)

<latexit sha1_base64="0QaujpidmwZOAHNyUYrsql5FB6E="></latexit>

Exercise: Let uω = (cos ω, sin ω). Explicitly determine D2
uω

f(x)
as a function of ω and partial derivatives of f .
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<latexit sha1_base64="lQwd37KhC8fh0gjqqjGYpY3nq5Q=">AAACN3icdZBNSwMxEIazflu/qh69BKvgqexaqR4VPehNwarQLWU2O6vBJLskWWVZ+gf8NV71n3jyJl69ezCtFVR0IPDwvjPM5I0ywY31/SdvZHRsfGJyaroyMzs3v1BdXDozaa4ZtlgqUn0RgUHBFbYstwIvMo0gI4Hn0fV+3z+/QW14qk5tkWFHwqXiCWdgndStroVRYlBzNPSAa2R9FQQ9cm1I9xwWhptutebX/UFRv97Y2W oEWw6a/rZDGgytGhnWcbf6HsYpyyUqywQY0w78zHZK0JYzgb1KmBvMgF27JW2HCiSaTjn4TY+uOyWmSardU5YO1O8TJUhjChm5Tgn2yvz2+uJfXju3yU6n5CrLLSr2uSjJBbUp7UdD40EAonAATHN3K2VXoIFZF2Al1KjwlqVSgorLMAHJRRFjArmwvTI0yRdXXFxfmdD/4WyzHjTrzZPN2u7BMLgpskJWyQYJyDbZJYfkmLQII3fknjyQR+/Be/ZevNfP1hFvOLNMfpT39gF/Ba4k</latexit>

Directional Image Analysis

<latexit sha1_base64="vIHWHJdoYqU4JpE8MZRmLbGootA="></latexit>

• Structure Tensor

• Implementation

• Examples of 2D Directional Analysis
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<latexit sha1_base64="lRxsu+zWT8/wXH1r5VnSrLhOB/M=">AAACLXicdZBLaxRBFIWrk6hxfGSMO90UDoKroTsJkywDceEyYuYB08Nwu/r2pEg9mqpbytAM5Ne4Tf5MFoK49U+4sGYyASN6oODjnHupqlPUSnpK02/JxubWg4ePth+3njx99nyn/WJ34G1wAvvCKutGBXhU0mCfJCkc1Q5BFwqHxcXJMh9+RuelNWc0r3GiYWZkJQVQtKbtV3lReXQSPf9ELggKDvkZGm/dtN1Ju+lKPO3uHx 3sZwcReulhRJ6tow5b63Ta/pWXVgSNhoQC78dZWtOkAUdSKFy08uCxBnEBMxxHNKDRT5rVHxb8bXRKXlkXjyG+cv/caEB7P9dFnNRA5/7vbGn+KxsHqo4mjTR1IDTi9qIqKE6WLwvhpXQoSM0jgHAyvpWLc3AgKNbWyh0a/CKs1mDKJq9ASzUvsYKgaNHkvrrjVqzrrhP+fxjsdbNet/dxr3P8fl3cNnvN3rB3LGOH7Jh9YKeszwS7ZF/ZFbtOrpKb5Hvy43Z0I1nvvGT3lPz8Dd55qlc=</latexit>

Structure Tensor
<latexit sha1_base64="3OAKjXHlQlrDIFpgN1Q69OluAng="></latexit>

• Structure tensor at location x0
<latexit sha1_base64="hv1zyc8TC3Xi8uQ3faNCoyRA5zA="></latexit>

J(x0) =

∫

R2

w(x→ x0)↑f(x)↑f(x)T dx

<latexit sha1_base64="svmmKrjo7YAx3BWfBHW/QOkvHL8="></latexit>

– w(x): nonnegative symmetric “observation window” (e.g., Gaussian)
<latexit sha1_base64="Ag6qyOc5yiAyLHhJ+WFuLrAcf44="></latexit>

– J: 2→ 2 symmetric matrix
<latexit sha1_base64="A7TFmLKy5xLaqTATdUK8sKukTHw="></latexit>

– Eigenvectors and eigenvalues: Jui = ωiui, i = 1, 2 with ω1 → ω2

<latexit sha1_base64="R5+hAMQWJBQJVYOfexgtLh8FM50="></latexit>

Why are the eigenvalues real?

<latexit sha1_base64="8o52ukz7C7nEuc855zvoPJCzL5o="></latexit>

• Interpretation for window centered at x0 = 0
<latexit sha1_base64="6Zgwyziy/rSlZkBXoAvZFtEzt24="></latexit>

– Weighted inner product
<latexit sha1_base64="HuLikOcXcztAB3Ov/PKBF/wkOD0="></latexit>

with →f1, f2↑w =

∫

R2

w(x)f1(x)f2(x) dx

<latexit sha1_base64="9Wy0YCBvD6zOmaHSPad5F2s+IbA="></latexit>

– Energy of u-directional derivative
<latexit sha1_base64="DvQ4KLcKcGx26ukrVCz56MyO/AQ="></latexit>

→Duf→2w = ↑uT↓f,uT↓f↔w = uT↑↓f,↓f↔wu = uTJu

<latexit sha1_base64="LJYapQaesFEn0yA3xiNm9DlbQZ8="></latexit>

e.g., [J]1,1 =

〈
ωf

ωx
,
ωf

ωx

〉

w

<latexit sha1_base64="8oL6McgXDlWZPLJqUYuD8yp+61s="></latexit>

J = →↑f,↑f↓w

<latexit sha1_base64="c0GvUQfAMmlux5tJazkpgyI4jTY="></latexit>

– Dominant orientation of a neighborhood: u1 = argmax→u→=1→Duf→2w
<latexit sha1_base64="vwhTdXXaVKJmvEpuPyLH1p9uMY8="></latexit>

Eigenvalues: ωi = uT
i Jui



14

<latexit sha1_base64="1k3EQoE/SvjN9ihYSmjWmt+CsQ0=">AAACPHicdVDLThRBFK0GHzi+Bl26qTgx0c2kG8jAkgQXusPIAMn0hNyuvgUV6tGpuqWZdOYb+Bq28B3u3Rm3rlxYMzSJGj2rk3POrXvrVI1WgfL8S7ayeufuvftrD3oPHz1+8rS//uwwuOgFjoXTzh9XEFAri2NSpPG48Qim0nhUne8t/KNP6INy9oBmDU4NnFollQBK0kn/TVnJgF5h4B/JR0HRIz9AG5zn702j0aClLjvIh/ kSPB9u7mxtFluJjPLtRHnRWQPWYf+k/7OsnYiLB4SGECZF3tC0BU9KaJz3yhiwAXEOpzhJ1ILBMG2XX5rzV0mpuUxXSGeJL9XfJ1owIcxMlZIG6Cz87S3Ef3mTSHJn2irbREIrbhbJqDk5vuiH18qjID1LBIRX6VYuzsCDoNRir/Ro8bNwxoCt21KCUXpWo4Soad6WQd7yXqrrthP+f3K4MSxGw9GHjcHu2664NfaCvWSvWcG22S57x/bZmAl2wS7ZFbvOrrKv2bfs+010JetmnrM/kP34BbiysNM=</latexit>

Structure Tensor Implementation

<latexit sha1_base64="B9eg3MsKF5byo8/y3m7nLvQjVvQ="></latexit>

Exercise: How would you implement the structure tensor?

<latexit sha1_base64="n2tUFhJElEWMiVk0jzZMiVJuC5U="></latexit>

J(x, y) =

[
J11(x, y) J12(x, y)
J12(x, y) J22(x.y)

]

<latexit sha1_base64="yG3NeB6R4EZ/yDgRzM1wKgA+BQ8="></latexit>

• Structure tensor allows us to understand local features
<latexit sha1_base64="LN6x3EDrEb2xkuMQxiV7zABSkus="></latexit>

– Gradient “energy”: E = trace(J) = J11 + J22
<latexit sha1_base64="+yE0YpStDl6YHlY+zDQOcy1hgqQ="></latexit>

– Orientation: u1 = (cos ω, sin ω) with ω =
1

2
arctan

(
2J12

J22 → J11

)

<latexit sha1_base64="NaG3PdrUqINaZnud3BUJ9V0dMBM="></latexit>

– Coherency:

<latexit sha1_base64="hdf4JxVzRuRJaPTacIX4TRyrCzE="></latexit>

C =
ω1 → ω2

ω1 + ω2
=

√
(J22 → J11)2 + 4J2

12

J22 + J11

<latexit sha1_base64="qgUbUkafoCcBlSMgbcHKJhN7qoE="></latexit>

0 → <latexit sha1_base64="7Xt93V0uLhL5xQPaAy7jLCYx3Lg="></latexit>→ 1

<latexit sha1_base64="xDTsPh9pZgJFBfPItk/W8gHghDU="></latexit>

– Harris corner index: H = det(J)→ ω trace(J)2 with ω ↑ [0.04, 0.06]
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<latexit sha1_base64="xWHCN+umzfP1ml5HHbVRo9IMcsY=">AAACPXicdZDPShxBEMZ7jEl0TeIaj14aF0FyWGZUVo+KBjwayKqwsyw1PdXa2H+G7p7oMOw7+DRe9TXyAN7EqxcP9q4raIgF3fz4viq668sKKZyP47/R1Ifpj58+z8w25r58/TbfXPh+6ExpGXaZkcYeZ+BQCo1dL7zE48IiqEziUXa2O/KP/qB1wujfviqwr+BECy4Y+CANmj/SjDu0Ah39eQGqkAEMp3vCIht1gKQ74aqccI NmK27H46Jxe31rYz3ZCNCJNwPSZGK1yKQOBs3HNDesVKg9k+BcL4kL36/BesEkDhtp6bAAdgYn2AuoQaHr1+OdhnQlKDnlxoajPR2rrydqUM5VKgudCvyp+9cbif/zeqXnW/1a6KL0qNnzQ7yU1Bs6Cojm49VlFQCYFeGvlJ2CBeZDjI3UosZzZpQCndcpByVklSOHUvphnTr+wo0Q10sm9H04XGsnnXbn11pre28S3AxZIstklSRkk2yTfXJAuoSRS3JFrslNdB3dRnfR/XPrVDSZWSRvKnp4ApousLE=</latexit>

Examples of Directional Analysis

Input Dx Dy

OrientationCoherency

-𝛱 0 +𝛱0 0.5 1

Orientation
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<latexit sha1_base64="JRk8GYKYvb2w7r9AQnkIbKsFECw="></latexit>

• Problem: Design a (real time?) system that can determine the orientation
of a (linear) pattern placed at an arbitrary location in an image.

<latexit sha1_base64="o0ej6yT6DZgBeIQWDxKXo1FT55A="></latexit>

F→↑↑↑↓ <latexit sha1_base64="jWpTEw9FGBwuHIrURU7uc13FxOM="></latexit>

gω(x) = f(Rωx)
<latexit sha1_base64="xUDf2/6vyDyRww0AobYJFoxHm+E="></latexit>

Rω =

[
cos ω → sin ω
sin ω cos ω

]

<latexit sha1_base64="mKsbt0Um4zY0jHklKqf/pPkmQUM="></latexit>

gω(x)
<latexit sha1_base64="o0ej6yT6DZgBeIQWDxKXo1FT55A="></latexit>

F→↑↑↑↓
<latexit sha1_base64="eObsqqTHDyGPJmhD/1df8ObuveI="></latexit>

f̂(Rωω)
<latexit sha1_base64="o0ej6yT6DZgBeIQWDxKXo1FT55A="></latexit>

F→↑↑↑↓

<latexit sha1_base64="7tJyjlDF07XNA9Lf2BbFqLo5TeU="></latexit>

We want to find the orientation in the Fourier domain with the least spread.

<latexit sha1_base64="UMLYfGwWGgkRppQyzUoHEVGb2H0=">AAACPnicdZDNahsxFIU1adq67p/TLrsRMYVCwczYxglZBZJCd/khTgyewWg0d2IRSTNIdxKGwQ+Rp8nWeYy+QHcl2yyyiDyxoS3tBYmPc3SlqxPnUlj0/R/e2rP15y9eNl41X795++59a+PDqc0Kw2HIM5mZUcwsSKFhiAIljHIDTMUSzuKLvYV/dgnGikyfYJlDpNi5FqngDJ00aX0N49SCEWDpgds11jr9ZlGoGnfoMVwKKx CSSavtd/y6qN/pbfd7Qd/BwN9ySIOl1SbLOpy0HsIk44Vy13LJrB0Hfo5RxQwKLmHWDAsLOeMX7BzGDjVTYKOq/tSMfnZKQtPMuKWR1urvHRVT1pYqdifdpFP7t7cQ/+WNC0y3o0rovEDQ/OmhtJAUM7pIiCbCAEdZOmDcCDcr5VNmGEeXYzM0oOGKZ0oxnVRhypSQZQIpKyTOqtCmK266uFaZ0P/DabcTDDqDo257d38ZXIN8IpvkCwnIFtkl38khGRJOrskNmZNbb+799H55d09H17xlz0fyR3n3j/k6sWc=</latexit>

Orientation Estimation: Revisited



17

<latexit sha1_base64="/CmsYBVtnLa7NwxXwF9dIzyEHvg=">AAACLXicdZBLaxsxFIU17iPJ9BGn3bUbUVPoyszYxs4y0C6ydGicBDxDuKO5kwjrMUiaBDMY8mu6Tf9MFoXSbf5EFpHtMbSlPSD4OOdeJJ2sFNy6KPoRtJ48ffZ8a3snfPHy1evd9t6bE6srw3DCtNDmLAOLgiucOO4EnpUGQWYCT7PZ52V+eoXGcq2O3bzEVMKF4gVn4Lx13n6XZIVFw9HSsdF+S9KvWlTrsBN1o5Vo1O3vD/ rxwMMwGnmkcRN1SKPxefshyTWrJCrHBFg7jaPSpTUYx5nARZhUFktgM7jAqUcFEm1ar/6woB+9k9NCG3+Uoyv3940apLVzmflJCe7S/p0tzX9l08oV+2nNVVk5VGx9UVEJ6jRdFkJzbpA5MfcAzHD/VsouwQBzvrYwMajwmmkpQeV1UoDkYp5jAZVwizqxxYZDX9emE/p/OOl142F3eNTrHHxpitsm78kH8onEZEQOyCEZkwlh5IZ8I7fke3Ab3AU/g1/r0VbQ7Lwlfyi4fwSpyKo5</latexit>

Problem Solution
<latexit sha1_base64="50hdW5RCegciSdcJoUy2105dFC0="></latexit>

• Compute the “Fourier inertia” matrix (second-moment matrix)
<latexit sha1_base64="wbX5TFDT3KE0xCVssMxuL+Gt6rs="></latexit>

M =




∫∫

ω2
1 |f̂(ω)|2 dω1 dω2

∫∫
ω1ω2|f̂(ω)|2 dω1 dω2

∫∫
ω2ω1|f̂(ω)|2 dω1 dω2

∫∫
ω2
2 |f̂(ω)|2 dω1 dω2





<latexit sha1_base64="XJwIObziutljtHU8ktInGqM+Ki8="></latexit>

Second-order moments measure spread

<latexit sha1_base64="LDFMW/bmQNdwP3rM8alFCjD8zpk="></latexit>

= (2ω)2




→εxf, εxf↑ →εxf, εyf↑

→εyf, εxf↑ →εyf, εyf↑



 <latexit sha1_base64="Dp/Rr7jVAGRQWV8qfuQ99xlhBaY="></latexit>

(fast algorithm via Parseval-Plancherel)

<latexit sha1_base64="ctghRNFZ2tDDkiqcFfHdyCauXhM="></latexit>

Which direction will have the least spread?
<latexit sha1_base64="vCPgM6ztEgfOCdv8rMXjquODzXE="></latexit>

The direction of the
smallest eigenvalue

<latexit sha1_base64="+1EqLz01QzJumO2fPFx/SWFDufs="></latexit>

=




→ jω1f̂(ω), jω1f̂(ω)↑ → jω1f̂(ω), jω2f̂(ω)↑

→ jω2f̂(ω), jω1f̂(ω)↑ → jω2f̂(ω), jω2f̂(ω)↑




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<latexit sha1_base64="1qHPKEiZYgZGXUIJ6BI1pGYk1TU=">AAACNnicdVBNSxtBGJ61rU3T1qb16GUwlNpL2I0SPQbqwWNEo0I2yLuz7+rgfCwz7yphyQ/or+lVf4oXb+K1P6CHTmIEW9oHBh6eD2bmyUolPcXxbbT04uWr5deNN823796vfGh9/HTkbeUEDoVV1p1k4FFJg0OSpPCkdAg6U3icXXyb+ceX6Ly05pAmJY41nBlZSAEUpNNWO80Kj06i5wNnQ0vzA6uqmck3hDX0Jf8aUnEnno PHnc2drc1kK5BevB0oTxZWmy0wOG39SnMrKo2GhALvR0lc0rgGR1IonDbTymMJ4gLOcBSoAY1+XM8/M+Wfg5LzwrpwDPG5+rxRg/Z+orOQ1EDn/m9vJv7LG1VU7IxracqK0IjHi4pKcbJ8tgzPpUNBahIICCfDW7k4BweCwn7N1KHBK2G1BpPXaQFaqkmOBVSKpnXqiyfeDHM9bcL/T466naTX6e132/3dxXANtsbW2QZL2Dbrsz02YEMm2Hf2g12zm+g6uovuo4fH6FK06KyyPxD9/A3jwa1D</latexit>

Problem Solution (cont’d)
<latexit sha1_base64="Gj/RQ6NhgcZ1/dxrCVsy84EEGjM="></latexit>

• Eigendecomposition of M gives us the axes of inertia

<latexit sha1_base64="q2yLCRDe+VXcSNxPi6EYQrv1Ftg="></latexit>


ω1 0

0 ω2



 =




uT
1

uT
2



M
[
u1 u2

]
<latexit sha1_base64="qRTlqjqe5PcEc4pjebKU5eRMJ5k="></latexit>

ω1 → ω2

<latexit sha1_base64="PVzrAllP/O50azLwbo6whTUvOSY="></latexit>

u1: eigenvector in the direction of the long axis
u2: eigenvector in the direction of the short axis

<latexit sha1_base64="m3BLEQHU49qRMCacXUVbY6gyjsA="></latexit>

• Pipeline:

1. Compute the Fourier inertia matrix M via the fast algorithm

2. Compute the eigendecomposition of M and store u2

3. Return the angle of u2

→ ω = arctan
u22

u21
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<latexit sha1_base64="mupyr8tMff8TccTFuxyS4topD1M=">AAACPXicdZDLSgMxFIYz9VbrrerSTbAI4qLM2NJ2WVHBnQpWC50imcwZDU0yQ5JRytB38Gnc1tfwAdyJWzcuTC+Cih5I+Pj/c3L5g4QzbVz32cnNzM7NL+QXC0vLK6trxfWNSx2nikKLxjxW7YBo4ExCyzDDoZ0oICLgcBX0Dkf+1R0ozWJ5YfoJdAW5kSxilBgrXRf3/CDSoBhofGp3acY6PtaGiQkyiQ/opLnklt1xYbdcaV QrXtVCza1bxN7UKqFpnV0XP/wwpqmwp1JOtO54bmK6GVGGUQ6Dgp9qSAjtkRvoWJREgO5m4z8N8I5VQhzFyi5p8Fj9PpERoXVfBLbTPvRW//ZG4l9eJzVRo5sxmaQGJJ1cFKUcmxiPAsIhU0AN71sgVDH7VkxviSLU2BgLvgIJ9zQWgsgw8yMiGO+HEJGUm0Hm6+iLCzaur0zw/3C5X/Zq5dr5fql5NA0uj7bQNtpFHqqjJjpBZ6iFKHpAj2iInpyh8+K8Om+T1pwzndlEP8p5/wTKOLDJ</latexit>

Orientation Estimation in Action

<latexit sha1_base64="Q8aH4gaB7OEOWMp5MOQAmw6bjBs="></latexit>

• Image 1:
<latexit sha1_base64="cFTOxb2keX3u9kiEPgv50Esqi8o="></latexit>

Measured angle: 25→ ± 2→
<latexit sha1_base64="T6R0IHjDoJWinH07WwCho0k7eXE="></latexit>

Computed angle: 27→

<latexit sha1_base64="YobDjkrS9+RWwGo80WVQDylgJ0o="></latexit>

• Image 2:
<latexit sha1_base64="beesgihCJp+W7PpUrAVDqxc9m/w="></latexit>

Measured angle: 44→ ± 2→
<latexit sha1_base64="qi2BdQM1NDjEpQQxm09H7tCtOh4="></latexit>

Computed angle: 45.6→
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Energy

Coherency

OrientationInput

Color HSB 
representation

RGB

HSB

Hue: orientation 
Saturation: coherency 
Brightness: input
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Keypoints detector 
(Harris Corner)



22

<latexit sha1_base64="Ot1Wd1zm2U1ehNRj292f2TGit9U=">AAACLnicdZBPSysxFMUz6vNPn0+rLt0Ei/BWZUaluhSeiEsfWhU6pdzJ3NFgkhmSOz7K0IWfxq1+GcGFuH0fwoVpraCiFwI/zrmHJCcplHQUhg/BxOTUj+mZ2bnaz/lfC4v1peUTl5dWYFvkKrdnCThU0mCbJCk8KyyCThSeJpd/hv7pFVonc3NM/QK7Gs6NzKQA8lKvvhonmUMr0fEjQrTgg3xfKvKZXr0RNsPR8LC5ubO1GW 15aIXbHnk0thpsPIe9+nOc5qLUaEgocK4ThQV1K7AkhcJBLS4dFiAu4Rw7Hg1odN1q9IkBX/dKyrPc+mOIj9T3iQq0c32d+E0NdOE+e0PxK69TUrbTraQpSkIjXi/KSsUp58NGeCotClJ9DyCs9G/l4gIsiGEHtdiiwX8i1xpMWsUZaKn6KWZQKhpUscveuObreuuEfw8nG82o1Wz93Wjs7o2Lm2WrbI39ZhHbZrvsgB2yNhPsmt2wW3YX3Ab3wWPw9Lo6EYwzK+zDBP9fAEeqqoU=</latexit>

Steerable Filters

<latexit sha1_base64="WXU/YZSk6vbIqxnCqdWQyBa7Elk="></latexit>

• Directional Pattern Matching

• Steerable Filters

• Derivative Filters
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<latexit sha1_base64="4d3yqpxuY0/7dGft/l9J8Jejo+s=">AAACOXicdZDPThsxEMa9/Ck0hRLg2ItF1KqnaJegwBEJDlyQUqkBpGwUzXpnEwvbu7JnQdEqb8DTcIUX4dhbxZUrB5wQpBa1I1n69H0zY/uXFEo6CsOHYGFxafnDyurH2qe19c8b9c2tM5eXVmBX5Cq3Fwk4VNJglyQpvCgsgk4UnieXR9P8/Aqtk7n5SeMC+xqGRmZSAHlrUP8WJ5lDK9HxY2lRTF1QvANEaA0/BRIjaYaDei NshrPiYbN1sNeK9rxoh/te8mgeNdi8OoP6c5zmotRoSChwrheFBfUrsCSFwkktLh0WIC5hiD0vDWh0/Wr2nwn/6p2UZ7n1xxCfuX9OVKCdG+vEd2qgkXufTc1/Zb2SsoN+JU1REhrxelFWKk45n8Lh6QyBGnsBwkr/Vi5GYEF4GH6TRYPXItcaTFrFGWipxilmUCqaVLHL3nTN43pjwv8vznabUbvZ/rHbODyeg1tlX9gO+84its8O2QnrsC4T7Ibdsjt2H9wFv4LfweNr60Iwn9lmf1Xw9AJjzK8a</latexit>

Directional Pattern Matching

<latexit sha1_base64="2EfGRK4lEnY1Y+aRJESmjURtn/g=">AAAEfHicbZPfT9swEMfT0m2ssA22x71YZUiTlnV2S8uPJwYUeACpQ5Qi0apynUtr1XEix2FUUf7QSfsb9idMc9pUasMcnXS5+3zP50s8DAQPNca/CsW10ouXr9Zflzc237x9t7X9/i70I8Wgw3zhq/shDUFwCR3NtYD7QAH1hgK6w8lpmu8+ggq5L2/1NIC+R0eSu5xRbUKDrcdbGk6OkAMaWBr5BnJMJQMPpEa+iyga8UeQKN </latexit>

Task: detection/enhancement of a given type of directional pattern
Example: edge, line, ridge, filament, corner, etc.

<latexit sha1_base64="Ngz/R+3NvIffYIOQb1YriK+/DEY=">AAAEuHicbVPbbtpAEDUpbVN6S9qXSn1ZESKBQqJdCOQitUpzrxQkGoUQCSO6tsewynqNvOs21PJP9W/6E/2GLtiJwOlYI41nzhmf8exaY86kwvhPbulJ/umz58svCi9fvX7zdmX13bX0w8CGju1zP7ixqATOBHQUUxxuxgFQz+LQtW6PpvXuDwgk88WVmoyh79GhYC6zqdKpwcpv04IhExFT4LFfEBeQNnP61jMV3KnZF6JDHk </latexit>

• Measurement model (signal + noise): f(x) = If0(Rω(x→ x0)) + n(x)
<latexit sha1_base64="TmdV+N5WNmkdYYcm+zy+WEBWzH4="></latexit>

– f0(x): template (e.g., elongated blob)
<latexit sha1_base64="D19EErVa/+19jT9uFtNE503hArc="></latexit>

– x0: spatial location (unknown)
<latexit sha1_base64="D9FAUlc+7orrLmd9zp5NhJfGVwk="></latexit>

– Rω: 2→ 2 rotation by ω (unknown)
<latexit sha1_base64="WdGc9ISFZOZnVFfmH7D0vDxMReQ="></latexit>

– I: intensity (unknown)
<latexit sha1_base64="QApCKd7qiVp7STWkvYgX9+bEfHE="></latexit>

– n(x): additive white Gaussian noise
<latexit sha1_base64="C5QaI0i9J6nhgsWRWFUXbm0b07g="></latexit>

Have we seen this problem before?

<latexit sha1_base64="EUlCxN2IoGYed/iJ57+VmEBCH3s=">AAAEg3icbVPJbtswEJVTp03cLcuxF8JBgBR1A1JekhwKpNkPMeAGcRzAMgKKGtmEKcqgqDauoA/tufd+Q2lbCSy1IxAYzrw386gh3Yngkcb4V2nlRXn15au19crrN2/fvd/Y3LqLwlgx6LJQhOrepREILqGruRZwP1FAA1dAzx2fzvK976AiHspbPZ3AIKBDyX3OqDahh43UcWHIZcI1BPwnpBVkzJnt+o6GRz3vkJyIGNJkHn </latexit>

• Maximum-likelihood estimator (rotating matched filter)
<latexit sha1_base64="IbA2oolY3h+0ujKEkFzLvvXx788="></latexit>

Define h(x) = f0(→x)
<latexit sha1_base64="vpyqr1oJtYaHyFrmbf1HvJMRdqY="></latexit>

and hω(x) = h(Rωx)
<latexit sha1_base64="0L7IbrHTtIRiNb6l48xO/nD+O7w="></latexit>

ω̃(x) = argmaxω(f → hω)(x)
<latexit sha1_base64="53osZ35BUnYdlVjI3qjdolkiRRI="></latexit>

Ĩ(x) = (f → hω̃(x))(x)

<latexit sha1_base64="Cn6rmVdObbwWVWLO1+sRe9uLUrk="></latexit>

Why is this approach bad?
<latexit sha1_base64="BHi9OwJzItrjklNgYfhaSMYJBA4="></latexit>

computationally expensive
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<latexit sha1_base64="Ot1Wd1zm2U1ehNRj292f2TGit9U=">AAACLnicdZBPSysxFMUz6vNPn0+rLt0Ei/BWZUaluhSeiEsfWhU6pdzJ3NFgkhmSOz7K0IWfxq1+GcGFuH0fwoVpraCiFwI/zrmHJCcplHQUhg/BxOTUj+mZ2bnaz/lfC4v1peUTl5dWYFvkKrdnCThU0mCbJCk8KyyCThSeJpd/hv7pFVonc3NM/QK7Gs6NzKQA8lKvvhonmUMr0fEjQrTgg3xfKvKZXr0RNsPR8LC5ubO1GW 15aIXbHnk0thpsPIe9+nOc5qLUaEgocK4ThQV1K7AkhcJBLS4dFiAu4Rw7Hg1odN1q9IkBX/dKyrPc+mOIj9T3iQq0c32d+E0NdOE+e0PxK69TUrbTraQpSkIjXi/KSsUp58NGeCotClJ9DyCs9G/l4gIsiGEHtdiiwX8i1xpMWsUZaKn6KWZQKhpUscveuObreuuEfw8nG82o1Wz93Wjs7o2Lm2WrbI39ZhHbZrvsgB2yNhPsmt2wW3YX3Ab3wWPw9Lo6EYwzK+zDBP9fAEeqqoU=</latexit>

Steerable Filters
<latexit sha1_base64="Ts8Qo7MAJTD0SfSQjkIFgzC8I5I="></latexit>

(Freeman & Adelson, 1991)

<latexit sha1_base64="5uSvi17Xv1nvVASFDJwLKdN1tEU="></latexit>

Definition: A 2D filter h(x), x → R2 is sterrable of order M
if and only if there exist “basis filters” ωm(x) and coe!cients
am(ε) such that

<latexit sha1_base64="5qg3WEQhQ7zKWWdFnLfXeprM+a8="></latexit>

hω(x) = h(Rωx) =
M∑

m=1

am(ω)εm(x) for all ω → [↑ϑ,ϑ]

<latexit sha1_base64="i7YMRTqXkOVsrO1+YU2JDSwud+o="></latexit>

Why is this interesting/useful?
<latexit sha1_base64="vQHgPk7CWM3e5SBwAmk0i4gxMaQ="></latexit>

• Fast implementation

<latexit sha1_base64="oJ6zX5lAI6wrWaazGE/mSO3Pht0="></latexit>

Exercise: Prove that h(x) is steerable → ĥ(ω) is steerable
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<latexit sha1_base64="Ot1Wd1zm2U1ehNRj292f2TGit9U=">AAACLnicdZBPSysxFMUz6vNPn0+rLt0Ei/BWZUaluhSeiEsfWhU6pdzJ3NFgkhmSOz7K0IWfxq1+GcGFuH0fwoVpraCiFwI/zrmHJCcplHQUhg/BxOTUj+mZ2bnaz/lfC4v1peUTl5dWYFvkKrdnCThU0mCbJCk8KyyCThSeJpd/hv7pFVonc3NM/QK7Gs6NzKQA8lKvvhonmUMr0fEjQrTgg3xfKvKZXr0RNsPR8LC5ubO1GW 15aIXbHnk0thpsPIe9+nOc5qLUaEgocK4ThQV1K7AkhcJBLS4dFiAu4Rw7Hg1odN1q9IkBX/dKyrPc+mOIj9T3iQq0c32d+E0NdOE+e0PxK69TUrbTraQpSkIjXi/KSsUp58NGeCotClJ9DyCs9G/l4gIsiGEHtdiiwX8i1xpMWsUZaKn6KWZQKhpUscveuObreuuEfw8nG82o1Wz93Wjs7o2Lm2WrbI39ZhHbZrvsgB2yNhPsmt2wW3YX3Ab3wWPw9Lo6EYwzK+zDBP9fAEeqqoU=</latexit>

Steerable Filters
<latexit sha1_base64="Ts8Qo7MAJTD0SfSQjkIFgzC8I5I="></latexit>

(Freeman & Adelson, 1991)



<latexit sha1_base64="/PqX6ch+Lthok37ruHOGR3nkZHU="></latexit>

basis functions

            

<latexit sha1_base64="JXUam/Bn3X/3mczm/AoA3UR4lF8="></latexit>

expansion coe!cients
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<latexit sha1_base64="pRwSEw1slQc0vya+m3h/xuzD9WA=">AAACNHicdVBNaxsxFNSmH0mdpnGbYy9qTaAns2sbO8dAQ8gxpXUc8JrwVvvWFpa0i/Q2wSw+99f0mvyWQm8h1/6CHip/QVvSAcEwM+9JmqRQ0lEYfg+2njx99nx750Vt9+Xeq/366zcXLi+twL7IVW4vE3CopME+SVJ4WVgEnSgcJNOPC39wjdbJ3HyhWYEjDWMjMymAvHRVfxcnmUMr0fHPhGjBD/JTqQgtP0Enxz7TCJvhEj xsto867ajjSTfsecqjtdVga5xf1X/FaS5KjYaEAueGUVjQqAJLUiic1+LSYQFiCmMcempAoxtVy6/M+aFXUp7l1h9DfKn+OVGBdm6mE5/UQBP3r7cQH/OGJWVHo0qaoiQ0YnVRVipOOV/0wlNpUZCaeQLCSv9WLiZgQfgm/CaLBm9ErjWYtIoz0FLNUsygVDSvYpdteM3XtemE/59ctJpRt9n91Gocn6yL22Fv2Xv2gUWsx47ZGTtnfSbYV/aN3bK74Db4EdwHD6voVrCeOWB/Ifj5G9HOrMg=</latexit>

Steerable Filter Design

<latexit sha1_base64="RfJVQxlmm2tDjgeaxIOPJCbkEXc="></latexit>

Subspace of steerable derivative-based templates:
<latexit sha1_base64="PN835ihaLNarUe9gmOLD27KDNXA="></latexit>

h(x, y) =
M∑

m=0

m∑

n=0

bm,n
ωmε(x, y)

ωxm→nωyn

<latexit sha1_base64="ZM2q37BrsPKW1Ji3X7wva6bnAlA="></latexit>

Isotropic low-pass function (e.g., Gaussian): ω(x, y)

<latexit sha1_base64="waZCcBpss95GgdZtb1DqgIMeP8k="></latexit>

Exercise: Prove that this is steerable.
<latexit sha1_base64="bOjce2jjVkvxllGlbFdNUg5AZzg="></latexit>

ω(x) isotropic → ω(x) = ωiso(↑x↑2) → ω̂(ω) = ε(↑ω↑2)
<latexit sha1_base64="XuTG/g0r7tP5lxFXO3TKMOBM+JI="></latexit>

h(x) steerable → ĥ(ω) steerable
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<latexit sha1_base64="8QlHSPBr9aXc6YUIuSXuZPg4sFI=">AAACS3icdZBLbxMxFIU9gUIJj6awZGMRIbGKZtoqzbISpWJZHmkrZaLqjuc6terHyL4Dikb5K/01bNs9v4Md6gJPkkqA4K4+neMj33uKSqtAafo96dy7v/Hg4eaj7uMnT59t9bafnwRXe4Fj4bTzZwUE1MrimBRpPKs8gik0nhaXb1v/9Av6oJz9TPMKpwZmVkklgKJ03hvlhQzoFQb+iRA9xCA/Uppihkvn+btyhhxsyT+qlg 6RUKyi/XSQLoeng93R3m62F2GY7kfk2drqs/Ucn/du89KJ2qAloSGESZZWNG3AkxIaF928DliBuIQZTiJaMBimzfLCBX8dlXK5j3SW+FL9PdGACWFuivjSAF2Ev71W/Jc3qUmOpo2yVU1oxeojWWtOjrd18VL5eK+eRwDhVdyViwvwINqCurlHi1+FMyY21OQSjNLzEiXUmhZNHuQdd2Ndd53w/8PJziAbDoYfdvoHh+viNtlL9oq9YRnbZwfsPTtmYybYFfvGrtlNcp38SH4mt6unnWSdecH+mM7GLy8YtME=</latexit>

Steerable Filters for Edge and Ridge Detection

<latexit sha1_base64="t8BeYmqSY80RD1o5nVbi1Qyq78k="></latexit>

• Gradient-based edge detector

<latexit sha1_base64="ridTDv4VGUwkiTMCLZdSWMG3NlM="></latexit>

https://bigwww.epfl.ch/demo/ip/demos/edgeDetector/

<latexit sha1_base64="KQlw+hXJiedwuH2b5t88MK68MTg="></latexit>

h(x) = ω1(x) =
εω(x)

εx
<latexit sha1_base64="CoBKgHoX11rtrEOjAOFMZFDB4yI="></latexit>

ω2(x) =
εω(x)

εy
<latexit sha1_base64="6O4hVYc+qu2K/ZbIUvn9woAx5gs="></latexit>

h(Rωx) = Duωω(x) = uT
ω→ω(x) = cos εω1(x) + sin εω2(x)

<latexit sha1_base64="rE7UkJ0o/m+LN/5yq5JnrgyiaGo="></latexit>ω1

<latexit sha1_base64="8Vzx/PvNCoF2qTRpAomStCdiN7U="></latexit>ω2

<latexit sha1_base64="VALI7goUaHMba8lDel1+IrVQhmE="></latexit>

• Second-order derivatives = ridge detector
<latexit sha1_base64="GQT5FV1G+pKRq7f3zbboQcb6A/4="></latexit>

h(x) = ω20(x) =
ε2ω(x)

εx2
<latexit sha1_base64="BKZJqeeBT/3RWHuuxSwcm10ouPU="></latexit>ω02,ω11

<latexit sha1_base64="LM1ZvYzSjnOFmE6xImxzLKJbj9E="></latexit>ω11

<latexit sha1_base64="6MWcU6QvOMIaNx8HENsgv0PwhUw="></latexit>ω20

<latexit sha1_base64="Y8y1abr7DyRJrbzOnwYs6OZR/JE="></latexit>ω02

<latexit sha1_base64="f19YUFH2Nt/wxmqwefyMcdvYeps="></latexit>

h(Rωx) = D2
uω

ω(x) = (cos ε)2ω20(x) + 2 cos ε sin εω11(x) + (sin ε)2ω02(x)
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<latexit sha1_base64="C3fRf3XpCufXqvCpLIHyYkO2VCU=">AAACNHicdZBNSwMxEIazflu/qh69RIvgqexaqR4FFTyqWBW6pcxmZ2swyS5JVi1Lz/4ar/pbBG/i1V/gwbRWUNGBwMP7zjCZN8oEN9b3n7yR0bHxicmp6dLM7Nz8Qnlx6cykuWbYYKlI9UUEBgVX2LDcCrzINIKMBJ5HV3t9//wateGpOrXdDFsSOoonnIF1Uru8GkaJQc3R0BMed5Duo0XW9+jBLchMYLtc8av+oKhfre1s1Y ItB3V/2yENhlaFDOuoXX4P45TlEpVlAoxpBn5mWwVoy5nAXinMDWbArqCDTYcKJJpWMTilR9edEtMk1e4pSwfq94kCpDFdGblOCfbS/Pb64l9eM7fJTqvgKsstKva5KMkFtSnt50Jjrt3dousAmObur5RdggZmXXqlUKPCG5ZKCSouwgQkF90YE8iF7RWhSb645OL6yoT+D2eb1aBerR9vVnb3h8FNkRWyRjZIQLbJLjkkR6RBGLkj9+SBPHoP3rP34r1+to54w5ll8qO8tw/Na6zH</latexit>

Ridge Detection Example

2nd order 4th order
<latexit sha1_base64="eLii5hD6zb1x8jn6uNoBGwQuHHw="></latexit>

without steering
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<latexit sha1_base64="0pN+LUOxsEkW57SlJBbCFQCAXFk=">AAACOnicdZA9TxtBEIb3yBdxvpykpFlhRUll3QEylEgQKSVEMSD5LGtub9as2I/T7hzR6eSfkF+TlvwQWrooLSVF1sZIJEqmevS+M5qZt6i0CpSml8nKg4ePHj9Zfdp59vzFy1fd12+Ogqu9wKFw2vmTAgJqZXFIijSeVB7BFBqPi7O9uX98jj4oZ79QU+HYwNQqqQRQlCbd93khA3qFge+BtQ3/WE6R7yOhIOf5ZzxXQRGWk2 4v7aeL4ml/c2drM9uKMEi3I/JsafXYsg4m3Zu8dKI2aEloCGGUpRWNW/CkhMZZJ68DViDOYIqjiBYMhnG7eGjG30Wl5DIeIJ0lvlDvT7RgQmhMETsN0Gn425uL//JGNcmdcatsVRNacbtI1pqT4/N0eKl8fFw3EUB4FW/l4hQ8CIoZdnKPFr8KZwzYss0lGKWbEiXUmmZtHuQdd2Jcd5nw/8PRRj8b9AeHG73d/WVwq2yNrbMPLGPbbJd9YgdsyAT7xr6zC/YjuUiukp/Jr9vWlWQ585b9Ucn1b4y8ryQ=</latexit>

Canny Edge Detector Revisited
<latexit sha1_base64="Q6EDIEUs3wV5C4LXdXyyAZniRrw="></latexit>

• State-of-the-art edge detector

<latexit sha1_base64="MN0DqfTJShmSPlOf6QS5AMi/XAo="></latexit>

• Smoothing
<latexit sha1_base64="MGIzg5MdBUyW7/BOhIxiRxaYv6Y="></latexit>

– Gaussian filter: isotropic + separable (the only one)
<latexit sha1_base64="C44PFQjeehKh5Nmdy+Ub9CANFQo="></latexit>

– Implementation: cascade of simple recursive filters
<latexit sha1_base64="z1dKQHyq+f1t37sTudR1+zLI7PA="></latexit>

• Discrete gradient filters



30

<latexit sha1_base64="0pN+LUOxsEkW57SlJBbCFQCAXFk=">AAACOnicdZA9TxtBEIb3yBdxvpykpFlhRUll3QEylEgQKSVEMSD5LGtub9as2I/T7hzR6eSfkF+TlvwQWrooLSVF1sZIJEqmevS+M5qZt6i0CpSml8nKg4ePHj9Zfdp59vzFy1fd12+Ogqu9wKFw2vmTAgJqZXFIijSeVB7BFBqPi7O9uX98jj4oZ79QU+HYwNQqqQRQlCbd93khA3qFge+BtQ3/WE6R7yOhIOf5ZzxXQRGWk2 4v7aeL4ml/c2drM9uKMEi3I/JsafXYsg4m3Zu8dKI2aEloCGGUpRWNW/CkhMZZJ68DViDOYIqjiBYMhnG7eGjG30Wl5DIeIJ0lvlDvT7RgQmhMETsN0Gn425uL//JGNcmdcatsVRNacbtI1pqT4/N0eKl8fFw3EUB4FW/l4hQ8CIoZdnKPFr8KZwzYss0lGKWbEiXUmmZtHuQdd2Jcd5nw/8PRRj8b9AeHG73d/WVwq2yNrbMPLGPbbJd9YgdsyAT7xr6zC/YjuUiukp/Jr9vWlWQ585b9Ucn1b4y8ryQ=</latexit>

Canny Edge Detector Revisited
<latexit sha1_base64="F1eBNAAtKvb80RUzWka3GLlGdh4="></latexit>

• Non-maximum suppression at x0
<latexit sha1_base64="55KZmftist7ufthdLDxKLqrB1tI="></latexit>

u =
→f(x0)

↑→f(x0)↑2
: unit vector in gradient direction

<latexit sha1_base64="nheuCKXwYivv4yZx7s2sA1A28tQ="></latexit>

if →↑f(x0)→2 ↓ →↑f(x0 ± u)→2
<latexit sha1_base64="pA5VSjNQG9ITp+hvvwrQ6jJtqfY="></latexit>

then g(x0) = →↑f(x0)→2
<latexit sha1_base64="YXqNg2dyTfwY7YjrBBswwgQRf14="></latexit>

else g(x0) = 0

<latexit sha1_base64="1J9N1udC7Fad5zHZc08pvGkA9f0="></latexit>

• Hysteresis threshold
<latexit sha1_base64="eDe0IF5BNVzGRrqky/RTtuAmdUk="></latexit>

Set of points: k → Z2

<latexit sha1_base64="4rgseUvLMtxXt5sd89K/mTcS/TI="></latexit>

Two auxiliary edge maps:
<latexit sha1_base64="o3zB8Ejl8IFkLjNeOFzPPGTm0F0="></latexit>

Elow = {k : Tlow → g[k] → Thigh}
<latexit sha1_base64="4Qn4fAOK0PZ9tfJkFocW007Df6k="></latexit>

Ehigh = {k : Thigh → g[k]}
<latexit sha1_base64="tebYYGN+YeLabhODW5P6R6BVJI0="></latexit>

Final edge map:
<latexit sha1_base64="uCo/Vm2jacDsGD0Qo2ENrTWbLYA="></latexit>

E = {k → Elow ↑ Ehigh : there exists a path that connects k to Ehigh}


