
ImageReconstruction

Noise- Free Scenario

· Measurement model :

y = Hx Typical regine

MkNand inter *[ ]

& Given y ,
how do we recover X ?

·

Easycase : It is square & invertible

= X = Hy

·tractical case : It is not squal or not

invertible.

& How do we know a solution exists ?

Write H =(.... n]



Exer : What isx in this of Eh-

Hx = [ ...]]
R(H)

· /Praye of H "

obs: ((H))
= S

=> a solution exists iff ye SA

Alternatively , write

H:[I
th

Hx =/



If rank (H) = M and It has NZM
nonzero columns

,
the tree exists

Xo ERN , to to ,
such that % =0

S

i
. e,

hi. to =0 , m=, . . .,
M.

↓o is orthogonal to th
-

rows of H.

Thel space of It is

null (H) = ExeRV : Hu = 03
In inverse problems any venullCH)

is called a "ghost".

= How big can a null space be?



If to - Mull (H)
,
then &tot null (H)

.

- null (H) = 303 one element

- Mull CH) is infinitely large .

8 if * is a solution to
y = Hx,

then so is

*= + v
,
ve null (H)

Since
O

H = H(Etr) = #+= He

If y = HX
,
ten there are two possibilities:

D null(H) = 203 => unique solution

② Inull (H)(71 => infinite of solutions
.



Flowchart of existed of solutions to y=Hx

lyc R(H) ?Pno
#heare no

~m(H) = 303solutions

⑭ byes
Tiusinitelymany ⑭solutions

So late

Remark: The favorable Scenario (yes- yes-

brownnever happens in practice
almost

2 What do we do if free are
-

no solutions ? Can we find X
suchthat Y & HX ?



-Least-Squares
solutiono

min lly-Hall?"
VERN

2 where

i . e, minimize & (Ym - yn)cY = Hy
,

-

+CalculusReviea ser
25(V)

25 (V)/2V,

= I · I = 85(v)
25 (v) / 2 Un

Necessary condition for optimality .
25(V)
-- - O

av

(Also Sufficient if 5(V) is cux in v)



Useful identifies

(aTr = (v) =

(VAv)
= (A+AT)

if A is symmetrics

-AtS
to (s

Let HERMXN and rank (H) = r.

Then
,
tree existsethonormal rectors

up- / um
ERM

,
U = [4 .. need

vi , ..., VERN , v = [Y ... JERNN



such that

H = r [YVT ,
w My

an

H = U [* GJVT, we I
with

0j = 0 for all j7N.

Alternatively
N

H=IVeN-r
-

2



whe-ToOY = dingI oa

8
,
3
, 527, ... or

Compact SVD :

H = U . E , V,
T

= [u , ...

un]I
=invit

"Sum of rack I matives"



hum(Echart-Young -Mirsky) :
Let H + RMAN

. They
min IIH-AllS . t . war (A) Er
A

is achieved by
~Ali

=invi
(

where H= VEVT is the SVD of H.

Kto Least-Squares for Inrese Problems

min lly-Hall
,
HARMON

, yeRM .
Ver

J(x)

& When is this minimized ?

A = 0 · (5 is oncex)



5 (x) = (y - Hx)
+

(y- Hx)

= y +y - y+ Hx - xTH+y + xTHTHx

= y
+
y - 2yTHx + xTH+Hx

8= = - 2Hy + 2HTHX

=> H+ y = HTHX

&: Does this always have a solution ?

1 Yes
,
because HTy -> Span (ol(Hi))

=Span (row (H))
But
,
the solution may not be unige.

(more on his later)
ObS : if HTH is invertible
-

X = (H+H) - H +y



Iterative Solution to Least Squares
-
Want to so le :

H +y = H
+Hx

Let to be an initial guess . then

e = HTHxo - Hy eR

is the "error" of the guess. We

can try to reduce the error by
considering

X1 = Xo-Me ,
for some small

M20
.

This process can be repeated

X(+ = Xx - MHT(H+y y)
,
k=2, 13 ...

Observe that if

* -> * as -X,



then
YH+
- XV -> 0

=+ *
- H - 0

=* is a solution to

min 11yaHelly"
XERN

There : Let to ER" be arbitrary
and let

Y(H
= Xx -MHT(H +x -y) , z=+,,...

Then
, XN converges to a solution of

min 113-Halle
VERM

#and only if O <<



-rofSimplifiedthat HTH is invertible.

Then
,
the solution to

H +y = HTAx

is X* = (HTH) " HTY (aque).

* w+ l
= -x - MHT(Hxx - Y)

= Xn
- M(HTHxx - H+y)

= XA - M(HTH)(-)
YN+ 1

= X
*
= (Xx - x*) - M(HTH)(Xx- xt)

Define Er = In - X
*

&
k + 1

= zx - MHTHz

= (I-mHH) z

LetH: VEVT be the SuD of H



and note that VTV= In U+ U = In

+= (VIVT-METTUEVz
I

= v(I- METE) V+zx

VTEr = (l- METE) VTEK

Define On = VTztRu

PN + 1 = (1
-METE) ON

Consider the with component of It

Ortyn = (1 - Mon) Pan ER

When does this iteration
converge ?

It converges if and only if

11-mon D <
for all n = /

,
. .

., N



Two cases :

On
Mon >O

Mz O

①
Mor < 2

M
this holds for all n = /, .. N and so

M11 (sorted sing. valessing2

G



Regularization
-

A common approach to deal
with

nonunighness of solutions as

well as norsy data is to regularize

min
T(x)

Exercise: Find an expression for

the optimal solution.

0 :
2) = - 2 Hy + 2HTHX + 2x = x

ax

= Hy=x1)x always-> invertible

=) X = (HTH#X1)"Ty

unique solution !



&roblemWarrantsa + x116x11, > o

XeRN C (

whee Le R
** N

is some fixed matrix
.

Exercise
-

① Find a system of equations a

solution must satisfy
② Under what conditions on L

is the solution
nurque ?

Observe that if we define

#
=Y ,

5:][
then



15 - Fx( = //() - (c) II.
: /11 AY
= lly-Hx/m + x 112x12

They we already know a solution must solve

#Fx = #+4

Es [HT

(T)/H =HTY

+x(T)) x = H+ y



Solution is warger it and only if

CH+H +R (i)

is invertible . This is granteed if
LTL is investibleE Null (1) = 303.

In which case
,
the solution is

X
*
= (H +H + x( +1)"HT

y


