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<latexit sha1_base64="BB90J5nrI1RGs263OVSnI1Ojjco="></latexit>
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<latexit sha1_base64="lAgGLXj1rAWO9WIy3a6zmH5vCbI=">AAACKnicbZDLSgMxFIYz3h1vVRcu3ASL4KrMFKwuC25cKlgrdEo5kznThiaZIckoZejTuK0v407c+hguTGsFbwcCH/9/zknyx7ngxgbBi7ewuLS8srq27m9sbm3vVHb3bk1WaIYtlolM38VgUHCFLcutwLtcI8hYYDseXkz99j1qwzN1Y0c5diX0FU85A+ukXuUgYqgsaq76vt/mU6T1oH7aq1SDWjAr+hfCOVTJvK56lfcoyVgh3TYmwJhOGOS2W4K2nAkc+1FhMAc2hD52HCqQaLrl7ANjeuyUhKaZdkdZOlO/T5QgjRnJ2HVKsAPz25uK/3mdwqbn3ZKrvLCo2OdFaSGozeg0DZpwjcyKkQNgmru3UjYADczl4DZpVPjAMilBJWWUguRilGAKhbDjMjLpF/survB3OH/htl4LG7XGdb3abM6DWyOH5IickJCckSa5JFekRRgZk0cyIU/exHv2XrzXz9YFbz6zT36U9/YBfzenWA==</latexit>
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<latexit sha1_base64="ap/hjNfz2WB3KDs1189zbLtZ5e4="></latexit>

ECE 172A: Introduction to Image Processing
Image Reconstruction: Part I
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<latexit sha1_base64="JUoUAHdcg1J1GsWfCnEpiHT5wKM=">AAACJHicdZBBSxtBFMdntWqaqk306GVoKHgKuyrRo6AHb41gTCAbwtvZtzo4M7vMvK2EJR/Fa/wy3qSHXvpJPDiJEdrSPhj48f+/9+bxTwolHYXhz2Bl9cPa+kbtY/3T5tb250Zz59rlpRXYE7nK7SABh0oa7JEkhYPCIuhEYT+5O5v7/e9onczNFU0KHGm4MTKTAshL40YzTjKHVqLj30qabxk3WmE7XBQP24cnR4fRkYdOeO yRR0urxZbVHTde4jQXpUZDQoFzwygsaFSBJSkUTutx6bAAcQc3OPRoQKMbVYvTp/yrV1Ke5dY/Q3yh/j5RgXZuohPfqYFu3d/eXPyXNywpOxlV0hQloRFvH2Wl4pTzeQ48lRYFqYkHEFb6W7m4BQuCfFr12KLBe5FrDSat4gy0VJMUMygVTavYZe9c93G9Z8L/D9cH7ajT7lwetE7Pl8HV2B77wvZZxI7ZKbtgXdZjgt2zBzZjj8EseAqegx9vrSvBcmaX/VHBr1dO0KZx</latexit>

Outline

<latexit sha1_base64="dfs1nNpAJu0BmEs+BTEaMeOGuUw="></latexit>

• Image reconstruction as an inverse problem

• Imaging operators and modalities

• Discretization of inverse problems
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<latexit sha1_base64="/D0MHFYX+cUyRJWPI8Qw5pXtGFY=">AAACR3icdVBNSxtBGJ5NW2tj1bQ99jI0CJ7CroboUbCHeoulUSEbwruz7+rgfCwz71bCkj/SX9Or/Qf+Cm/FgwdnY4S21AcGHp7n/ZonK5X0FMc3UevFy1crr1fftNferm9sdt69P/G2cgJHwirrzjLwqKTBEUlSeFY6BJ0pPM0uDxv/9Ds6L635RrMSJxrOjSykAArStNNPs8Kjk+j5UbCQf0VhjSdXiaaAg+dg+JFpZiAfOh sG62mnG/fiBXjc293v7yb9QAbxXqA8WVpdtsRw2rlPcysqjYaEAu/HSVzSpAZHUiict9PKYwniMhwwDtSARj+pF7+b862g5LywLjxDfKH+2VGD9n6ms1CpgS78v14j/s8bV1TsT2ppyorQiMdFRaU4Wd5ExXPpUJCaBQLCyXArFxfgQFAIo506NHglrNZg8jotQEs1y7GAStG8Tn3xxNshrqdM+PPkZKeXDHqD453uwedlcKvsI/vEtlnC9tgB+8KGbMQE+8F+smv2K7qObqPf0d1jaSta9nxgf6EVPQC5LLOl</latexit>

Image Reconstruction as an Inverse Problem

<latexit sha1_base64="756DiILgOuXKw5lsHxF/PXRo2F8="></latexit>

• Linear forward model

<latexit sha1_base64="5GK8Jt0+JB7E7d257vzYiam2YEI="></latexit>n
<latexit sha1_base64="RvxM/iuXQXXIQSnVJIbNKPaJt3c="></latexit>x

<latexit sha1_base64="C1NWDF50Zvd3jZeNdVtqo3AJDQo="></latexit>

object

<latexit sha1_base64="nEv/4jjTwDIwNYsvxRUa1xnn5xU="></latexit>y
<latexit sha1_base64="VUkjR96cg79ILArIaEDglxiR9ks="></latexit>

data

<latexit sha1_base64="g60th919a33NKTvWjSiVf3H8Azw="></latexit>

y = Hx+ n

<latexit sha1_base64="EKfrSoY6pdvoB3vHUHb+c6+Vw98="></latexit>

Given y, reconstruct x
<latexit sha1_base64="1NXICHMe8ege67b45DnF3H/PpVw="></latexit>

Why is this problem hard?
<latexit sha1_base64="vJ9kqEkLYOzhBpADTSj5CCIA5Sk="></latexit>

“invert H” <latexit sha1_base64="hQC6udgdAgQSMS4riqhH8AMaF70="></latexit>

– noise amplification

– di!cult to invert H (large or non-square)

– all interesting inverse problems are ill-posed
<latexit sha1_base64="qDG/30hyuVIy9sqfAct1gS2hsUY="></latexit>

• Backprojection (poor man’s solution): x̂ = H
Ty

<latexit sha1_base64="aheiX48/2pWtTOrj/o6rv/8iyBM="></latexit>

What are some examples of inverse problems?
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<latexit sha1_base64="5Y5ODxJBV23Rru/EKCF8y7I4n+s=">AAACPXicdZDNShxBFIWr/Yk60TiapZvCIRBcDN0qo0tBF8kixEBGhelhuF19eyymfpqq2wlDM+/g02Srr+EDZBeyzcaFNeMISUgOFHyccy/FPVmppKc4vo8WFpeWX6ysrjVerm+82mxubV94WzmBXWGVdVcZeFTSYJckKbwqHYLOFF5mo9NpfvkFnZfWfKZxiX0NQyMLKYCCNWjupVnh0Un0/H2IpBnyjyU6IOs8B5PzDzYHJS kMDJqtuB3PxOP2wfHhQXIYoBMfBeTJPGqxuc4HzYc0t6LSaEgo8L6XxCX1a3AkhcJJI608liBGMMReQAMafb+e3TThb4KT88K68Azxmfv7Rg3a+7HOwqQGuvZ/Z1PzX1mvouK4X0tTVoRGPH1UVIqT5dOCeC4dClLjACBcuFxwcQ0OBIUaG6lDg1+F1TqUU6cFaKnGORZQKZrUqS+euRHqeu6E/x8u9ttJp935tN86OZsXt8p22C57yxJ2xE7YO3bOukywG/aN3bK76Db6Hv2Ifj6NLkTzndfsD0W/HgGD57Ck</latexit>

Imaging Operators and Modalities

<latexit sha1_base64="TqWrh3rFGccxHqYvhWpAMD2scnA="></latexit>

• Fourier Transform

• Windowing

• Convolution

• Radon Transform
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<latexit sha1_base64="gCbAixghw5F6F2D60ZVQvFMEL9A=">AAACR3icdVBNSyNBEO2JumpW16hHL41hwVOY0RA9Ci6LF8GFjQqZEGp6qk1jfwzdPUoY8kf21+xV/4G/wpt48LCdGGEVfdDw6r0qqvplhRTOx/F9VJubX/iyuLRc/7qy+m2tsb5x5kxpGXaZkcZeZOBQCo1dL7zEi8IiqEzieXZ1NPHPr9E6YfRvPyqwr+BSCy4Y+CANGu004w6tQEdPwA9RBZ2BpD+NVaWcNlHDJ+UN2JyemB ylGzSacSuegsatvYP2XtIOpBPvB0qTmdUkM5wOGs9pblipUHsmwbleEhe+X4ENyySO62npsAB2BZfYC1SDQtevpr8b0+9BySk3Njzt6VT9f6IC5dxIZaEzXD90772J+JHXKz0/6FdCF6VHzV4W8VJSb+gkKpoLi8zLUSDArAi3UjYEC8yHQOupRY03zCgFOq9SDkrIUY4cSunHVer4K6+HuF4zoZ+Ts91W0ml1fu02D3/MglsiW2Sb7JCE7JNDckxOSZcw8of8JbfkLrqNHqLH6OmltRbNZjbJG9SifxaOs9g=</latexit>

Mathematical Formulation of Forward Models

<latexit sha1_base64="VmhWG+kTPMHXNxtuugMcA7tp12Y="></latexit>

• Unknown object: s(x), x → R2 (or more generally x → Rd)
<latexit sha1_base64="42ko612S7TDyLWvKE7vK8uEp9j0="></latexit>

defined in the analog domain
<latexit sha1_base64="OBLgPQguiWcvCexJY3Q8wl0EJZk="></latexit>

s → L2(R2)
<latexit sha1_base64="IsVpXzV23tUL0aY6+7GRyJfbVxo="></latexit>

(finite-energy objects)

<latexit sha1_base64="OYPMCwCfRoGv+a/h2OsUMys/XQA="></latexit>

• Imaging operator/forward model: H{s} = y → RM

<latexit sha1_base64="zQIEfUKpdPSa1MS28MC+2qY0PHg="></latexit>

H : L2
(R2

) → RM

<latexit sha1_base64="l3y/QHnHUEoN1Ok0EUDN9bx8ZBk="></latexit>

from analog to discrete

<latexit sha1_base64="ICiHeOjzjK68fuUrXVmGuCSz85w="></latexit>

• Boundedness (BIBO) and linearity assumption:

<latexit sha1_base64="Fzp8ZUbQYgVT4JX4zsGrtujFyns="></latexit>

→H{s}→2 ↑ C→s→L2

<latexit sha1_base64="90LUIgB+gjb8UZRYvZMhjNXxSgA="></latexit>

H{ω1s1 + ω2s2} = ω1H{s1}+ ω2H{s2}, for all s1, s2 → L2
(R2

),ω1,ω2 → R
<latexit sha1_base64="BK56ce2AKQ8Z2OQ6HXOX1RWT3iY="></latexit>

→ ym = ↑ωm, s↓ =
∫

R2

ωm(x)s(x) dx
<latexit sha1_base64="HKMXf7QLDYbxk9QvCybK5GQ/YaI="></latexit>

(Riesz representation theorem)

<latexit sha1_base64="lIpqfiq64iUT3PyTcy/wt8dl3o0="></latexit>

{ωm}Mm=1 are called the analysis functions
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<latexit sha1_base64="wcYsMzcqTC/YSL0E+rAcM9gZIE8=">AAACPnicdVBNSxxBFOxRY3RNzJocc2lcBEFYZlRWyUliCLlFwVVhZ1ne9LzRxv4Yut9ElmF/hL/Gq/kZ+QO5hVw95GDvuoJKLGgoqt6jXldWKukpjn9FM7Nzr+ZfLyw2lt68XX7XXHl/7G3lBHaFVdadZuBRSYNdkqTwtHQIOlN4kl3sj/2TH+i8tOaIhiX2NZwZWUgBFKRBcyPNCo9OouefwUvBv5fogKz7xL+GDImOHzkwvr BOD5qtuB1PwOP21u72VrIdSCfeCZQnU6vFpjgYNP+luRWVRkNCgfe9JC6pX4MjKRSOGmnlsQRxAWfYC9SARt+vJ58a8bWg5DzkhmeIT9THGzVo74c6C5Ma6Nw/98bi/7xeRcVuv5amrAiNuA8qKsXJ8nFDPJcOBalhICCcDLdycQ4OBIUeG6lDg5fCag0mr9MCtFTDHAuoFI3q1BcPvBHqeuiEv0yON9tJp9053GztfZkWt8A+slW2zhK2w/bYN3bAukywK3bNbtjP6Cb6Hf2J/t6PzkTTnQ/sCaLbOyvEsPU=</latexit>

Basic Operator: Fourier Transform

<latexit sha1_base64="Peek1t2Vhl2hSmqtSvZC3AT2Qf4="></latexit>

F : L2(R2) → L2(R2)
<latexit sha1_base64="itOlmsw11Mke0ud3aIwfSRqTtmU="></latexit>

ŝ(ω) = F{s}(ω) =

∫

R2

s(x)e→ jωTx dx

<latexit sha1_base64="/BXxyHk77ZBIZVl8bBePA+EaGaE="></latexit>

Reconstruction formula (inverse Fourier transform)

<latexit sha1_base64="QkpcAhMDKs7hxredY5oA3talSp0="></latexit>

Exercise: What would be the analysis functions of the forward
model that samples the Fourier transform at {ωm}Mm=1?

<latexit sha1_base64="4m+6KwFQx3+LgZov0Fsaqh5eIGI="></latexit>

s(x) = F→1{ŝ}(x) = 1

(2ω)2

∫

R2

ŝ(ω)e jω
Tx dω
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<latexit sha1_base64="tWMPCsKf/7Z8EPm/aYxreMDgnv4=">AAACNnicdZBPSxtBGMZn/dc0rTbaYy+DodBT2FWJ4imoh96q0BghG+Td2Xfj4PxZZt5VwpIP0E/Tq34UL72VXvsBenASI7SlfWDgx/O8LzPzZKWSnuL4IVpaXllde9F42Xz1en3jTWtz69zbygnsC6usu8jAo5IG+yRJ4UXpEHSmcJBdH8/ywQ06L635TJMSRxrGRhZSAAXrstVOs8Kjk+j5EXgp+KcSHZB1h3wgTW5vpRmHqb gTz8Xjzu7B3m6yF6Ab7wfkySJqs4VOL1u/0tyKSqMhocD7YRKXNKrBkRQKp8208liCuIYxDgMa0OhH9fwzU/4+ODkvrAvHEJ+7v2/UoL2f6CxMaqAr/3c2M/+VDSsqDka1NGVFaMTTRUWlOFk+a4bn0qEgNQkAwsnwVi6uwIGg0F8zdWjwVlitweR1WoCWapJjAZWiaZ364pmboa7nTvj/4Xynk3Q73bOddu9kUVyDvWPb7ANL2D7rsY/slPWZYF/YV3bH7qO76Fv0PfrxNLoULXbesj8U/XwEgKetow==</latexit>

Basic Operator: Windowing

<latexit sha1_base64="Y8AGj5KDxX1dzB8dLie6Msqde9M="></latexit>

W : L2(R2) → L2(R2)

<latexit sha1_base64="Jj6jmew62p15ilG35CVlBp7g/zo="></latexit>

W{s}(x) = w(x)s(x)

<latexit sha1_base64="EFHbwZxyhOAftDbx29mKCCKM0hI="></latexit>

w is a positive and bounded window function:

<latexit sha1_base64="qbeIWrB6h9SBUUPyPcqQVLHVG/8="></latexit>

w(x) → 0 and w(x) ↑ C for all x ↓ R2

<latexit sha1_base64="rPjd19lQhQCyXDQ5smwgj9SSE/4="></latexit>

• Special case: Modulation
<latexit sha1_base64="XXlmujIf31m6lTtBf8pgJiIfn8M="></latexit>

w(x) = e jω
T
0x

<latexit sha1_base64="RNSJzUUczq3QfwsTAYSKlLOOIY8="></latexit>

Structured Illumination Microscopy (SIM)
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<latexit sha1_base64="lcYxuKmlyr7ETiYnlSQ4EoNocUo=">AAACN3icdZBPaxNBGMZnW61xqzWtRy+DacFT2G1CkmOgPehBqGLaQjaEd2ffTYfOn2VmVglLvkA/jdf6TTx5E6/ePTibP6ClfWDgx/O87wzzpIXg1kXR92Br+9HjnSeNp+Hus+d7L5r7B+dWl4bhiGmhzWUKFgVXOHLcCbwsDIJMBV6k1yd1fvEZjeVafXLzAicSZornnIHz1rR5mKS5RcPR0vc+QccZ/YhWK1AM6Ts/zdVs2m xF7WgpGrU7g24n7nroRX2PNF5HLbLW2bT5J8k0KyUqxwRYO46jwk0qMP56gYswKS0WwK5hhmOPCiTaSbX8zYIeeSejuTb+KEeX7r8bFUhr5zL1kxLclb2b1eZ92bh0+WBScVWUDhVbPZSXgjpN62poxg0yJ+YegBleV8GuwABzvsAwMajwC9NSgsqqJAfJxTzDHErhFlVi8w2Hvq5NJ/RhOD9ux71278Nxa3i6Lq5BXpHX5A2JSZ8MyVtyRkaEkRvyldySb8Ft8CP4GfxajW4F652X5D8Fv/8CXrauEQ==</latexit>

Magnetic Resonance Imaging

<latexit sha1_base64="B1/9z3qgJ/W+KzEfqXD0UPg19Vk="></latexit>

• Simplified forward model for MRI

<latexit sha1_base64="e6xFSeeKHo6R3XdkUZCaN+RVBAA="></latexit>

(sampling of the Fourier transform)

<latexit sha1_base64="UKqwBVzRJEio+Z2EhBonN1yZTk4="></latexit>

• More-realistic forward model for MRI

<latexit sha1_base64="G3+p3ifSmAyMVNkeLPHfklaS2NA="></latexit>

(sampling of the short-time (short-space?) Fourier transform)
<latexit sha1_base64="DWDqJmQyU0+8rm8XaL0AIroxQNw="></latexit>

(window models the e!ect of the coil)

<latexit sha1_base64="J6C6FJIHFqwq4hBgY44hT/X2Uuw="></latexit>

ŝ(ωm) =

∫

R2

s(x)e→ jωT
mx dx

<latexit sha1_base64="Alh5Ca3gKNvG4PYRgK3si177XLY="></latexit>

ŝw(ωm) =

∫

R2

w(x)s(x)e→ jωT
mx dx
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<latexit sha1_base64="CnRcm+TDT5+rFN6LBmehO+VVngI=">AAACOHicdZDNShxBFIWrTaJmYnRMltkUGQRXQ7cOo7gSdZFdFBwVpge5XX1bC+unqbqtDM08gU/jVp8ku+zEbdZZpOZHSMQcKPg4516q6mSlkp7i+Ec09+btu/mFxfeND0sfl1eaq59OvK2cwJ6wyrqzDDwqabBHkhSelQ5BZwpPs6v9cX56jc5La45pWOJAw4WRhRRAwTpvrqVZ4dFJ9HwPvBT8e4kOyLodvm/NtVXVdK4Vt+ OJeNze3O5sJp0A3XgrIE9mUYvNdHje/J3mVlQaDQkF3veTuKRBDY6kUDhqpJXHEsQVXGA/oAGNflBPvjPia8HJeWFdOIb4xP17owbt/VBnYVIDXfqX2dh8LetXVGwPamnKitCI6UVFpThZPu6G59KhIDUMAMLJ8FYuLsGBoNBgI3Vo8EZYrcHkdVqAlmqYYwGVolGd+uKZG6Gu5074/+Fko510292jjdbuway4RfaFfWXrLGFbbJd9Y4esxwS7ZXfsnj1E99HP6DF6mo7ORbOdz+wfRb/+AG95rqE=</latexit>

Basic Operator: Convolution

<latexit sha1_base64="dTmp13ghOGykF3l+sr/GhMfqPE0="></latexit>

H : L2
(R2

) → L2
(R2

)
<latexit sha1_base64="BveJ8qxTr4Js2kB9sSo7GLrPsP0="></latexit>

H{s}(x) = (h → s)(x) =
∫

R2

h(x↑ y)s(y) dy

<latexit sha1_base64="aPXjhOjx9RafvSqfb4oyZchcu/M="></latexit>

Impulse response: h = H{ω}

<latexit sha1_base64="BEqgnEEG3gAEqi97vJ1iXsa1zw0="></latexit>

Exercise: What would be the analysis functions of the forward
model that samples the convolution at {xm}Mm=1?

<latexit sha1_base64="SfCyQy0SzOFhU8/RNoNwylA7Kf8="></latexit>

• Convolution as frequency-domain product: (h → s)(x) F↑↓ ĥ(ω)ŝ(ω)
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<latexit sha1_base64="dC7Uxyn+B3OuhlZlMwpBUcMN94w=">AAACPHicdZDPShxBEMZ71BhdE7Mmx1waF0Evy4zKKjlJzCG3qLgq7CxLTU+NNvafobsmsgz7DD6NV/McuecWcvWUQ3rXFVRiQcOP76uiqr+sVNJTHP+MZmbnXs2/XlhsLL15u/yuufL+xNvKCewKq6w7y8Cjkga7JEnhWekQdKbwNLvcH/un39F5ac0xDUvsazg3spACKEiD5kaaFR6dRM8/g5eCfyvRAVn3iR9Bbg0/dmB8YZ 0eNFtxO54Uj9tbu9tbyXaATrwTkCdTq8WmdTBo/k1zKyqNhoQC73tJXFK/BkdSKBw10spjCeISzrEX0IBG368nXxrxtaDkPOwNzxCfqI8natDeD3UWOjXQhX/ujcX/eb2Kit1+LU1ZERpxv6ioFCfLx/nwXDoUpIYBQDgZbuXiAhwICik2UocGr4TVGkxepwVoqYY5FlApGtWpLx64EeJ6yIS/DCeb7aTT7hxutva+TINbYB/ZKltnCdthe+wrO2BdJtg1u2G37Ed0G/2Kfkd/7ltnounMB/akort/Om6v+Q==</latexit>

Basic Operator: Radon Transform

<latexit sha1_base64="/JKRoRkmaJNL9BmrK10OXFrWoIU="></latexit>

• Radon transform (line integrals)

<latexit sha1_base64="b/Fflcy33esgRFbw5O02G+kJrtI="></latexit>

Rω{f}(t) =
∫

R2

f(x)ω(ωTx→ t) dx

<latexit sha1_base64="putgZfIi6Uw9UfUPqNKJa0nJNdQ="></latexit>

Notation: ω = (cos ω, sin ω) → R2

<latexit sha1_base64="+6b02L129N/rRVAQgJWplJS+U+A="></latexit>

A line in R2 can be represented by all x → R2 such that
<latexit sha1_base64="Ji0gOyXG++WsEB4lIkhX/Q6q0Do="></latexit>

ωTx = t
<latexit sha1_base64="Q8mF307g+1Aytk0RDB1hFNGH5pg="></latexit>→

<latexit sha1_base64="wdovOqpfsbTktByZMlVPKnYv3XU="></latexit>

x cos ω + y sin ω = t

<latexit sha1_base64="lovOlGKvtg8WzLWREjuah0SVB60="></latexit>

Exercise: What would be the analysis functions of the forward
model that samples the Radon transform at {(ωm, tm)}Mm=1?
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<latexit sha1_base64="INYitaEbQmnjEMN+urZRqv9B5jI=">AAACO3icdZBLSxxBFIWrzUOdPJyYZTZFhoCroVtldCnEhVkEJuCoMD0Mt6tvjYX1aKpuG4Zm/kJ+jVvzP7J2J9lm58KacYQkJAcKPs65l+KeotIqUJr+SFaePH32fHVtvfXi5avXG+03myfB1V7gQDjt/FkBAbWyOCBFGs8qj2AKjafFxcd5fnqJPihnj2la4cjAxCqpBFC0xu2tvJABvcLA+2CdBwPcSf4pjik74Z9dCVpRjM ftTtpNF+Jpd2d/dyfbjdBL9yLybBl12FL9cfsuL52oDVoSGkIYZmlFowY8KaFx1srrgBWIC5jgMKIFg2HULC6a8Q/RKbl0Pj5LfOH+vtGACWFqijhpgM7D39nc/Fc2rEnujxplq5rQioePZK05OT6vh5fKoyA9jQDCx8sFF+fgQVAssZV7tPhVOGPAlk0uwSg9LVFCrWnW5EE+civW9dgJ/z+cbHezXrf3ZbtzcLgsbo29Y+/ZFsvYHjtgR6zPBkywb+yKXbPvyXVyk9wmPx9GV5Llzlv2h5Jf94eKr6I=</latexit>

Panorama of Imaging Modalities
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<latexit sha1_base64="fxhd5KNGqVZ58RLscqtyDeTrLNI=">AAACK3icdZDBSxwxFMYzatWurW71UugluBR6WmZUVo+Ce/Co4Kqws8ibzBsNJpkheWPZDtu/xuv6z3hSvPpfeDC7jlCLfhD48X3vkeRLCiUdheFdMDM792l+YfFzY+nL1+WV5rfVY5eXVmBP5Cq3pwk4VNJgjyQpPC0sgk4UniSXe5P85Aqtk7k5omGBAw3nRmZSAHnrrPk9TjKHVqLjXemERZJ/6qgVtsOpeNje3NnajLY8dM JtjzyqoxardXDWfIrTXJQaDQkFzvWjsKBBBZakUDhqxKXDAsQlnGPfowGNblBNfzDiP72T8iy3/hjiU/ffjQq0c0Od+EkNdOH+zybme1m/pGxnUElTlIRGvFyUlYpTzid18FRaFKSGHkBY6d/KxQVYEORLa8QWDf4WudZg0irOQEs1TDGDUtGoil32yg1f12sn/GM43mhHnXbncKO1262LW2Q/2Dr7xSK2zXbZPjtgPSbYX3bNxuwmGAe3wX3w8DI6E9Q7a+yNgsdnc4epow==</latexit>

Discretization

<latexit sha1_base64="+qSiI4GR3s0kMbZxVF+OcG82OHo="></latexit>

• Discretization: How to turn the problem into linear algebra

• Examples

– Di!raction-limited convolution (Fluorescence microscopy)

– MRI

– CT

<latexit sha1_base64="RvxM/iuXQXXIQSnVJIbNKPaJt3c="></latexit>x <latexit sha1_base64="nEv/4jjTwDIwNYsvxRUa1xnn5xU="></latexit>y
<latexit sha1_base64="C1NWDF50Zvd3jZeNdVtqo3AJDQo="></latexit>

object
<latexit sha1_base64="VUkjR96cg79ILArIaEDglxiR9ks="></latexit>

data

<latexit sha1_base64="g60th919a33NKTvWjSiVf3H8Azw="></latexit>

y = Hx+ n
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<latexit sha1_base64="q+6UHy3t6iFsz3bkUcp2trxgLo8=">AAACS3icdVBNSxxBFOzZaGI2X2s85tK4BHJxmVFZF09CFsnRgKvCziJvet5oY38M3W8S1mH/ir8mV3PP7/AWPKR3HUHFFDQUVa9ed1dWKukpjv9ErRdLyy9frbxuv3n77v2HzurHI28rJ3AkrLLuJAOPShockSSFJ6VD0JnC4+zi69w//oHOS2sOaVriRMOZkYUUQEE67QzSrPDoJHo+lF44JHm5sHb5vjSScGMoNZp5HhTft0 5Xqol24168AI97W4PtrWQ7kH68EyhPGqvLGhycdm7T3IoqLCOhwPtxEpc0qcGRFApn7bTyWIK4gDMcB2pAo5/Uix/O+Oeg5LywLhxDfKE+TNSgvZ/qLExqoHP/1JuLz3njiorBpJamrAiNuLuoqBQny+d18Vw6FKSmgYBwMryVi3NwICiU2k4dGvwprNZg8jotQEs1zbGAStGsTn1xz9uhrvtO+P/J0WYv6ff63ze7e8OmuBX2ia2zLyxhO2yPfWMHbMQEu2K/2DX7HV1HN9Hf6PZutBU1mTX2CK3lfz2Zte0=</latexit>

Discretization: Finite-Dimensional Formulation
<latexit sha1_base64="/SZnJC+CedkDYQVRICmSk5VYCiM="></latexit>

Selection of an appropriate basis of functions ωk : R2 → R
with k ↑ ! ↓ Z2 and |!| = N .

<latexit sha1_base64="9hAkwYU28H+5GjmWqBYuwj9KQ98="></latexit>

Assume, a priori, that
<latexit sha1_base64="svEFkMWSo3QYKy8H1jUJ76X9H7g="></latexit>

s(r) =
∑

k→!

s[k]ωk(r)

<latexit sha1_base64="ytbymCyiQEw6baw1/YHxULL590c="></latexit>

Create a vector x = (s[k])k→! → RN

<latexit sha1_base64="C/R3jhMRSeoMy+SpabZWF/aErOs="></latexit>

• Measurement model (image formation):
<latexit sha1_base64="G++LPQc787G3ot98wLwiVFAMgoQ="></latexit>

ym =

∫

R2

s(r)ωm(r) dr + n[m] = →s, ωm↑+ n[m], m = 1, . . . ,M

<latexit sha1_base64="nzimyb0OtjfwukDuk+NKlkMbSgY="></latexit>

ωm: mth detector (analysis function)
<latexit sha1_base64="38pg8l5THZcWmgfnvBCNAVqVjvs="></latexit>

n[m]: additive noise
<latexit sha1_base64="hvn7JT5Pf5ZbslTkfDyEy9RYD0I="></latexit>

[H]m,k = →ωm,εk↑ =
∫

R2

ωm(r)εk(r) dr

<latexit sha1_base64="9IkcfIbWP9zxnIc/A8I7UIogxaY="></latexit>

Reshape into H → RM→N :
y = Hx+ n

<latexit sha1_base64="1Ejur7vOOujt3V0DoVZLm8ePtoc="></latexit>

We have now reduced the problem to a linear algebra problem
(given x, we can synthesize s(r))
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<latexit sha1_base64="iKVNj7rj0N0oOiIdMvdarTD9kvI=">AAACOHicdZBLSxxBFIWrjYlm8nCSLLMpHISshm6V0aXkIVkayKgwPQy3q29pYT2autXq0MwvyK/J1vwSd9kFt65dWDOOoCE5UPBxzr1U1SkqrSik6WWy8GTx6bOl5eetFy9fvV5pv3m7T672AvvCaecPCyDUymI/qKDxsPIIptB4UJx8muYHp+hJOfs9jCscGjiySioBIVqj9lpeSEKvkPiXczCVjuAk/wikiO/WVkzHaNTupN 10Jp52N7Y3N7LNCL10KyLP5lGHzbU3at/kpRO1QRuEBqJBllZh2IAPSmictPKasAJxAkc4iGjBIA2b2XcmfC06JZfOx2MDn7kPNxowRGNTxEkD4Zj+zqbmv7JBHeT2sFG2qgNacXeRrDUPjk+74aXyKIIeRwDhVXwrF8fgQYTYYCv3aPFMOGPAlk0uwSg9LlFCrcOkyUnecyvWdd8J/z/sr3ezXrf3bb2z83le3DJ7z1bZB5axLbbDvrI91meC/WA/2QX7lVwkv5M/ydXd6EIy33nHHim5vgUrd654</latexit>

Examples of Basis Functions

<latexit sha1_base64="fBbJUxoaQ66dg6pKY6smsW8eoKk="></latexit>

Shift-invariant representation: ωk(x) = ω(x→ k)
<latexit sha1_base64="6eMTcblXL42fx9C9YjRNltRIhyE="></latexit>

Separable generator: ω(x) = ω(x)ω(y)

<latexit sha1_base64="U55ntD+kptBqWmY3fwokvbzzVsU="></latexit>

• Pixel basis:
<latexit sha1_base64="2DfE3nTUteIiRpJMQlZe7hIs/5o="></latexit>

ω(x) = rect(x)

<latexit sha1_base64="n+7lEspd0i3mwsuqZI8pQ0wNQXY="></latexit>

• Bilinear basis:
<latexit sha1_base64="x9kijZBT/yHJV/RYNH9ehHoJlgA="></latexit>

ω(x) = (rect → rect)(x) = tri(x)

<latexit sha1_base64="icW5dWm2zGlD9zpKufH9s+d8E6U="></latexit>

• Bandlimited basis:
<latexit sha1_base64="QQS0zIU7KSt9cTO0uey5mVrJ5Vk="></latexit>

ω(x) = sinc(x)
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<latexit sha1_base64="UDMJ9m0vCVRzEdMBQb65RhsinNA=">AAACR3icdVBNSxtBGJ5Na7Wx1liPvQwNBS8NuxqieAqo4KEHBaNCNsi7s+/o4HwsM7OxYckf6a/xqv+gv6I36aGHziYR2tI+MPDwfDAzT1ZI4Xwcf4saL14uvVpeed1cfbP2dr218e7cmdIyHDAjjb3MwKEUGgdeeImXhUVQmcSL7Pag9i/GaJ0w+sxPChwpuNaCCwY+SFetbppxh1ago0dfQBUSabJPDwXnFlgd+fRZKOExpw dGj40s57V23IlnoHFnZ6+7k3QD6cW7gdJkYbXJAidXrZ9pblipUHsmwblhEhd+VIH1gkmcNtPSYQHsFq5xGKgGhW5UzX43pR+DklNubDja05n6e6MC5dxEZSGpwN+4v71a/Jc3LD3fG1VCF6VHzeYX8VJSb2g9Fc2FReblJBBgVoS3UnYD9S5h0GZqUeMdM0qBzquUgxJykiOHUvpplTr+zJthrudN6P/J+XYn6XV6p9vt/uFiuBXynnwgWyQhu6RPjskJGRBGvpJ78kAeo4foe/QU/ZhHG9Gis0n+QCP6BXPgs4U=</latexit>

Example 1: Di!raction-Limited Convolution

<latexit sha1_base64="Tofs27aDbDU5PkqU4c9HSj4oW4E="></latexit>

Hypothesis: ĥ2D(ω) = 0 for →ω→ ↑ ω0 (di!raction-limited)

<latexit sha1_base64="+BDzYA0ZbUY5l9dfyVdl/odrxgs="></latexit>

• Discretization
<latexit sha1_base64="wyqmy/FPGM5BN0Aearrjill4Y4w="></latexit>

ω0 → ε and representation in (separable) sinc basis ϑk(x) = sinc(x↑ k)
<latexit sha1_base64="zm8aXcheVh2lhRvW6cLqlKC9K7Y="></latexit>

Analysis functions: ωm(x) = h2D(x→m)

<latexit sha1_base64="QP87lIHG+pkq7F+vClThnUG6jAg="></latexit>

[H]m,k = →ωm(x), sinc(x↑ k)↓
<latexit sha1_base64="BCno2XUxdJK5Cas+XQJcQMeZLKI="></latexit>

= h2D(m→ k)

<latexit sha1_base64="k3ggo1Fn44iUgRh1coGnjg3Y9ag="></latexit>

Radial Profile
<latexit sha1_base64="119Rt/KTZkX0BJMtTysstsemKQQ="></latexit>

Airy Disk
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<latexit sha1_base64="rTNafB9AFZaSfyfibUvQ2hRMJ5Q=">AAACSHicdVDdShtBGJ2N2mpqa7SX3gwGwd6E3WijeCWooBeCSqNCNoRvZ7+Ng/OzzMyqYcmT+DS91SfwLXpXBC+cxAhtqQcGDueHjzlJLrh1YfgYVKamZz58nJ2rfpr//GWhtrh0ZnVhGLaZFtpcJGBRcIVtx53Ai9wgyETgeXK1O/LPr9FYrtUPN8ixK6GveMYZOC/1at/jJLNoOFq6fwsyF0ib2/TIh9BxRk/RagWKIT30Ra 76dO3o9PBbr1YPG+EYNGysb22sRxuetMJNT2k0sepkguNe7TlONSskKscEWNuJwtx1SzD+iMBhNS4s5sCuoI8dTxVItN1y/L0hXfVKSjNt/FOOjtU/GyVIawcy8UkJ7tL+643E/3mdwmVb3ZKrvHCo2OuhrBDUaTraiqbcIHNi4Akww0eDsEswwJxftBobVHjDtJSg0jLOQHIxSDGDQrhhGdvsjVf9XG+b0PfJWbMRtRqtk2Z9Z28y3CxZJitkjURkk+yQA3JM2oSRO/KT3JOH4D74FfwOnl6jlWDS+Ur+QqXyAvS4so0=</latexit>

Example 2: Magnetic Resonance Imaging (MRI)

<latexit sha1_base64="B1/9z3qgJ/W+KzEfqXD0UPg19Vk="></latexit>

• Simplified forward model for MRI

<latexit sha1_base64="e6xFSeeKHo6R3XdkUZCaN+RVBAA="></latexit>

(sampling of the Fourier transform)

<latexit sha1_base64="H5P9Fegyc19yHKMp7ryuhik4EPE="></latexit>

ωm(x) = e jω
T
mx

<latexit sha1_base64="J6C6FJIHFqwq4hBgY44hT/X2Uuw="></latexit>

ŝ(ωm) =

∫

R2

s(x)e→ jωT
mx dx

<latexit sha1_base64="Oh2IL0mXEhSGG0PatG1b9PUDgx8="></latexit>

• Discretization in separable sinc basis

<latexit sha1_base64="WD/SuepIoAElrntolHY346IxOqM="></latexit>

suppose that →ωm→2 < ω

<latexit sha1_base64="JZRh8xSt7ZI+wxUf6h0+wyTY5TU="></latexit>

[H]m,k = →ωm(x), sinc(x↑ k)↓
<latexit sha1_base64="YneFgI2A4mFPr/RSIe13GvC0dIo="></latexit>

= →e jω
T
mx, sinc(x↑ k)↓

<latexit sha1_base64="rMdilgE9t1Vn3nTdbLcOQhCJbTA="></latexit>

= e→ jωT
mk
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<latexit sha1_base64="aT24W5P/e/ZgnzMkNrRbQGDan6g=">AAACQHicdZDLSiNBFIardS6auUVduikmDDiLCd1GorgSojBLhUSFdAinq08nhXVpqqrVpslT+DRu9Sl8A3cyW3FhJUaYGWYOFHz8/zmcOn+SC25dGN4FC4tv3r57v7Rc+/Dx0+cv9ZXVY6sLw7DHtNDmNAGLgivsOe4EnuYGQSYCT5KzztQ/OUdjuVZdV+Y4kDBSPOMMnJeG9R9xklk0HC09uASZC6StXdrRMi8cprSrpR4ZyM cl3eh0vw/rjbAZzoqGzdbOViva8tAOtz3SaG41yLwOh/WnONWskKgcE2BtPwpzN6jAOM4ETmpxYTEHdgYj7HtUINEOqtlZE/rNKynNtPFPOTpTf5+oQFpbysR3SnBj+7c3Ff/l9QuX7QwqrqY3KvayKCsEdZpOM6IpN8icKD0AM9z/lbIxGGDOJ1mLDSq8YFpKUGkVZyC5KFPMoBBuUsU2e+Waj+s1E/p/ON5sRu1m+2izsbc/D26JrJOvZINEZJvskZ/kkPQII1fkmtyQ2+AmuA8egl8vrQvBfGaN/FHB4zMC3LC1</latexit>

Example 3: Computed Tomography (CT)

<latexit sha1_base64="/JKRoRkmaJNL9BmrK10OXFrWoIU="></latexit>

• Radon transform (line integrals)

<latexit sha1_base64="b/Fflcy33esgRFbw5O02G+kJrtI="></latexit>

Rω{f}(t) =
∫

R2

f(x)ω(ωTx→ t) dx

<latexit sha1_base64="putgZfIi6Uw9UfUPqNKJa0nJNdQ="></latexit>

Notation: ω = (cos ω, sin ω) → R2

<latexit sha1_base64="kAXMHa043SStgbSZOs27Iq8geoY="></latexit>

Recall the Radon transform of a separable function ω(x) = ω1(x)ω2(y):

Rω{ω}(t) = ωω(t),

where

ωω(t) =
1

| cos ε|ω1

(
t

cos ε

)
→ 1

| sin ε|ω2

(
t

sin ε

)

<latexit sha1_base64="gQqGFVMqRP9VS99EsUhxoASNDu8="></latexit>

[H](i,j),n = Rωi{ω(x→ n)}(tj) = ωωi(tj → nTωi)
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<latexit sha1_base64="3YafUbDzci7ktv95ddPnJJHBzjI=">AAACP3icdVBdSxtBFJ3Vfti01mgffRkaCn2oYVcl5jFQKfUtQqNCNoS7s3d1cD6WmbuVsORP9Nf01f6L/oK+lb4W+uBsjNCKPTBwOOfcOzMnK5X0FMffo5XVR4+fPF171nr+Yv3lRntz68TbygkcCausO8vAo5IGRyRJ4VnpEHSm8DS7fN/4p5/ReWnNJ5qVONFwbmQhBVCQpu13aVZ4dBI9/yCNJNw5lBpNkwfFj0wzi3zobF iop+1O3I0X4HF3r7+/l+wH0osPAuXJ0uqwJYbT9p80t6IKC0ko8H6cxCVNanAkhcJ5K608liAu4RzHgRrQ6Cf14ldz/iYoOS+sC8cQX6h/T9SgvZ/pLCQ10IW/7zXiQ964oqI/qaUpK0Ijbi8qKsXJ8qYinkuHgtQsEBBOhrdycQEOBIUyWqlDg1fCag0mr9MCtFSzHAuoFM3r1Bd3vBXquuuE/5+c7HaTXrd3vNsZHC6LW2Pb7DV7yxJ2wAbsIxuyERPsC/vKrtm36Dr6Ef2Mft1GV6LlzCv2D6LfN1P6sYs=</latexit>

Finite-Dimensional Inverse Problem

<latexit sha1_base64="LnoTxKjRkKcmzsinXKHR65YRgHo="></latexit>

• Discretized forward model:
<latexit sha1_base64="0KreJx8CT8HxHp+/AlVBZAb4198="></latexit>

y = Hx+ n

<latexit sha1_base64="DtX8upV24HNNw+PnwVyxLLK+pxY="></latexit>

x → RN

<latexit sha1_base64="lR4deq+xC02pQSsvHrLWyV6CU2U="></latexit>

H → RM→N

<latexit sha1_base64="iviY1rxJhwlaCHmQwcJVCrLj5aM="></latexit>

y → RM

<latexit sha1_base64="y7apqgQlVY68m9dFDQVqP2BsQQc="></latexit>

n → RM

<latexit sha1_base64="4iwIwvW0Gboc3l6b4gS+gKQh1cU="></latexit>

• Inverse problem: How to e!ciently recover x from y?


