
Last Time : PR Filte Barks

Design procedur fet
· Perfect - Reconstruction

· FI R

· Two-Channel

filter zarks .

van[IAT-I
..EDMATA c = x(n-2]

PR Conditions
-

· Fo(z) Ho(E) + F, (z) H , (E)
= 2 -L

· Fo(z) Hol-z) + F, (z) H , l
- z) = 0



↓Design Procedure

D Design a half-band Type I linear-

phase filerPo with center of symmetry
Po(z) - Pol-z) = 2z-t , h is an add

integer

② Factoria Po(z) into Ho(z) and Folz)

③ Defic H , (z) = Fol-z)

-call: ples-Hat
-

Center of real function

symmetry

Pamp , (2) + Pampl (2-1) = 2

· Cp +W = It

· ripples must cancel out (8 =Gs)



Last time we showed that

Po(E) = Po
, even
(E4 + z-L

add polyphase
must be a delay

and that Poseen is a Type # linear-phase

file with certh of symmetry ?

Po
,
alein) : e-Jewpeven

, aupl
(h)

we saw that Peven,ampl(2) is a

one-bard filter

Pere
,aup /
(a)

I
Cartoon

I I
diagram

zwp

(ECE(61 A/B/C) MATLAB : firh

Remark : We are experts at step # in

the design procedure.



Step8 . Given Po(z)
,
how do we distribute

-

its zeros across Holz) and Fo(E) ]

Ex : What's the simplest half-band filter ?-

Po(z) = -(l + 2-1)

= ! (1 + (z+ + z-2) = 2 + z+ + -z
- 2

Po[n] I

2nd-order interp . Filter↳ Type I linear-phase

Po(z) I Fo(z) · Holz)

&
CHE + (+z-) Chet)

E



:· Fo (z) = Ho(z)

· Fo & Ho are of the same order (= 1)

· Fo(z) = z Holz
=)

-> orthogonal filter bar N
-> orthogonal wavelets

· Hi(z) = Fol-z)
Shift in

Hilein) = Folein-m)) Frequency

h
,
[n3 = eith fo [h3 modulation in

tine

= El)" fo[n] flip add coeffs

· F
,
(z) = - Hol-z)

f , Cn3 : (1)
" "

ho[n] flip even coefs

hodny in In Focus t i
Haar

- - Waveled

filters
hidn] in fidn3

db(l)

-i - Danbechies



& Are the other possible factorizations ?

Po(z) = FolE) · Holz)

&
CHz-igh CHE-1) ↓

XX
or flipthese

& What is the next possible order ?

1: 6th-order

Obs : Gene rule is to add & to get
-

the next valid order
,



6th-order :
-

Remark: There are many different possible-

design choices.

& How do we getanorthogonal filter
bank/wavelets ?

A Fo(z) = z
- 3 Holz-)

↓el : Orthogonality is guaranteed when

Fo(E) =- Ho(z-1) flipped zees

: Fo andHo have the same order.
-

EX: db(L) warded filters

Po(z) = Fo(z) - Hole)

. ·
Type I linear-phase not livee-phase not liveer-prese



Remark: Orthogonal filte barks cannot be
-

linear-phase except for the Haar .

Note: In the example above
,
even though

Fo & Ho are not linear-phase,
the product filth Po(z) = Foll Holt)
is linear-phase.

E: bior (3 , 11

Po(z) = Fo(z) Hole)

.·
Type I linear-phase Type #line-phase Type I linear-phase

Remark: This filte bank is called biorthogonal.-
-



EX:

Po(z) = Fo(z) Hole)

.·
XX
or flipthese

Remark : This kind of system is not
-

very useful . The general rule

of thumb is to balance the
-

zeros as much as possible.



14th-order
-

To guarantee orthogonality , we want

Fo (E) = z-HolE-)
EX : db(4)
-

Po(z) = Fo(z) · Ho(z)

·
Type I line-phase not linear-prage not linear-phase

min-phase max-phase
86s : This factorization produces an orthogonal-

filfh bank/wave let system.

Obs : This factorization is not unique.-



EX : Sym(4)
-

Po(z) = Fo(z) · Ho(z)
·

⑧·
2: This factorization produces an orthogona
filte bark/wavelet system.

# bir (4, 1) JPEG 2000

Po(z) = Fo(z) · Ho(z)
-

·
Type I linear-phase type I linear-plosse type I line-phase

&3 : This factorization produces a biorthogonal FB .



Remark : More zeres @f #
,
the "Smoother"

-

the resulting files are

· Smoother wavelets

· BettenSignal-approximation properties ,

&

Goal : People try to design filters with

the maximum of 200s & I.

· Max-flat filters .

At this point we areexperts" at the

design procedure for

· Perfect - Reconstruction
· FIR

· Two - Channel

filter banks with linear-phase product
filters

.

·

Designing (bi) orthogonal wallets



~~
Polyphase Representation of Filte Banks

Exercise
--

+-AA
⑰ ⑰
↳Miyag-yan]

Show that y[us = Xa-1]
.

Insider:

-L
Goal : Write down all of these filters-

in their respective polyphase representations.



AnalysisBank :

-LetA

=]]
polyphase matrix

Hp(zt)
The analysis bankis equivalent to :

-



EntusicBank :

(2%)[FOCE) FCE)] : (E

13)
Ford (22) From

1Fo
,
even (72) Fi

,ealz4

-

polyphase matrix

Ep(z2)
The Synthesis bank is equivalet to:

T



By applying the Noble identities
,
we find

the equivalent system

=
polyphase representation of

the two-channel filter bank.

&bs : Perfect - reconstruction is guaranteed by :

Ep(7) #p(E) = z-
* I identity

matrix

Exercise : Verify that this is true and

determine L
.

& Are the other conditions that quarantee PR?


