
Last Time : General Wavelet Analysis Pipeline

Letup:

fit) : underlying analy signal
& [n] : discrete approximation at some

highcolition I that you

actually get to
work with

Ce .g ., image , audio signal, etc .)
3H)

,
H : Scaling and wavelet functions

that give rise to a MRA.

Fundamental assumption :

fito [12n] @n(t)
n tX



tipeline:
a DWT on any
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-> Ifrate as many times as you want

-> The filters cone from the

scaling and wavelet functions
·ho[ns=Ens

,
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· h , ans = [ [-n], Ens = <N,n]
② Do some (typically now linear) processing
on ,

e .
g ,
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,
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,
di-



-> for thresholding procedures people
typically only threshold the
detail officients

③ Perform an IDUT on the processed

signals , resulting in [n]·

① processed
analy signal :

=I = 21 [n] @en')
NEY

Slogan: "Think analog , act digital
"

MRA DW T

: This whole pipeline is "blind" to

the underlying MRA
,
G
, and 4 .

· We only need the filters no d hi
cor
, equivalently no & ) ,



Remark: Last time we saw how @ & 4
-

determine to & E . Today we will
see how no & I determine & & 4.

Atfire : "filters from worts"

#day: "Wavelets from filhes"

-Eden: We can iterate the DLT as many
fines as we want . Therefore

,
we

should be able to itrate it
-

infinitelyanyres .

This procedure needs to converge

Equivalently , given Go[n] , the itration

Cascade

algorithm
g( + i (t) =[Tons (((et - n)
z

ne

must converge. h[n]



Obs : We are looking for the fixedpoint-

of the two-scale equation.

Left: V is called the fedpoint of

XN+
= F(x)

if X= F(x) ·

Obs : Given an initial value to
,
if the

-

sequence EX30 converges to ↓,

i. e

.,lim =X , theis

a fixed point of F.

Ex: Does the Sequence=
converge ?

What is its fixed point ?

X 1 = E , xz== to , ..., X=



This segrace converges to 0 for

any choice of Xo .

fixed
8= point

Exer : h[n] ↓ What is the
-

S
fixed point

of the case

algorithm ?

E(t) = Elet) + el2t-1) +↓ C(2t-2)

Let us try to run the cascade

algorithm with the initial condition

G(t) M
-
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Ever : Do or mat --

itration . -7
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2 : How do we understand this in geneal ?-

A Fourier transform
.

E(t) = [h(as <(2+ -u)
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·herein
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: Elo) =Jet
= SECt) de
-x

we after impose that JCH) + =1

Leng , this halds for the box
Infinite

- Product formula

#(a)i
e() = (2) eartdo
-

inverse Fourier transform
"Wavelets from filths"



Ebs: Convegance of this infinite product
is the same as convegace of the
cascade algorithm , which is the

same as converged of an infinite -
leve Dut

-

-

Remark : If Heir) is continuously-

difentiable at c = 0
,
and

Min IHleir) O,
WeC-E]

then the infinite product converges.
(Mallat

,
1989).



E:

ECH hang I

# -
8

compute (a) from the

infinite product formula.

#Heir)= l + eir]
= (He-in)

H'r(ein)= li + eizia)
2Ni = 1

-

2N terms
2V-1- j2-NakTaver atI = Ze
N = 0



=r)

lei= I-in .7
0 = 2-w

->
i

N-X

E(r)=
modulated

Sinc

=e



mark: This reces Enla's celebrated

infinite product formula for the sinc.
-

Fundamental treem of Waret Analysis (Mallat
, 1989)

LetCEL(R) beadid scaling function.

The
,
the filth hims = <E

,4) must

satisfy

D (Heim(+ /Hesin +H)) = 2
② Hei8) =Chin=

③ min IHlein)) > 0
·

We[
On theste hand

, give a filter hims
Such that Heir) Satisfies D

,
O
, &B,

the the inverse ferrier transform of



(a)ziaE
existe and is a valid scaling function.

: This gives a one-to-one correspondance
between scaling functions C and

Filters h.

if you allow*h canaa
*

L
conjugate mirror filtrs

EX: Haar

2-]
not



E: bo[u3 = Goton]

h, [m3 = E, [ - n]

vans-fB--TDBT
AAAAID-X

Show that this is a PR &B

with 1=0
·

#o(z)Ho(z) + F
,
(z) H

,
(z) = Zent

Hein)Heim) + H(eie)#(ii ++) = 2
(Heir)12 + (Heiser= 2
↳ This is D from the fundamental

Hesem
.


