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Abstract. We present a variational framework for studying functions learned by deep neural net-
works with rectified linear unit nonlinearities. We introduce a function space built from
compositions of functions of second-order Radon-domain bounded variation. The com-
positional form of these functions captures the structure of deep neural networks. We
prove a representer theorem that shows that deep neural networks with finite width solve
regularized data-fitting problems over this space. The critical width is controlled by the
square of the number of training data. This perspective explains the effect of weight-decay
regularization in neural network training, the importance of skip connections, and the role
of sparsity in neural networks. By considering the function-space perspective, we provide
sharp links between deep learning and variational methods.
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I. Introduction. The goal of statistics and machine learning is to learn an ap-
proximation of data {(z;,y;)}; C R? x RP via a function f:R? — RP such that
f(x;) = y,; for prediction problems in particular, given a new sample (Znew;Ynew) €
R? x RP, the goal is also that f(ZTuew) & Ypew. Without any assumptions on the
problem, there are infinitely many functions that can agree with any given set of data
arbitrarily well. Therefore, this problem is inherently #ll-posed. To circumvent this
issue, some form of regularization must be imposed on the learning problem. In this
paper, we take the perspective of explicit regularization as opposed to that of implicit
reqularization. Thus, our perspective is agnostic to any optimization algorithm.

A classical solution to this problem is to use kernel methods. These are functions
that are solutions to function-space optimization problems over reproducing kernel
Hilbert spaces (RKHSs) [1, 61, 72]. While these optimization problems are defined on
infinite-dimensional spaces, the RKHS representer theorem guarantees the existence
of a unique, parametric solution to the problem. The parametric form lies in the span
of reproducing kernels centered at the data sites, i.e., it takes the form of a kernel
machine. This allows the problem to be recast as a finite-dimensional problem on
kernel machine coefficients. However, the dawn of the deep learning era has shown
that deep neural networks often outperform kernel methods in a wide variety of tasks
ranging from speech recognition [29] to image classification [32]. Moreover, deep
neural networks are the foundation of large language models and related systems at the
forefront of modern artificial intelligence. Thus, there is great interest in developing
a theory of deep learning that parallels our current understanding of kernel methods.

Toward this goal, our prior works [51, 52] developed Banach-space representer
theorems for neural networks with rectified linear unit (ReLU) activation functions
by studying optimization problems on the Banach space of functions of second-order
Radon-domain bounded variation (which we denote by ZBV?). The ReLU activation
function is a common choice in contemporary neural networks. In the univariate case,
this space coincides with the classical second-order bounded variation space. In that
setting, the neural network solutions are exactly the well-known locally adaptive linear
splines [23, 40, 71]. In the multivariate case, this space is fundamentally distinct from
those studied in analysis [22, 54, 64, 65].

In our prior works [51, 52|, we established that optimization problems over this
space can be recast as finite-dimensional neural network training problems. In partic-
ular, the solutions to minimizing the sum of losses/errors of a neural network model
plus a regularization term proportional to the sum of squared neural network weights
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are solutions to these problems. This form of regularization corresponds to the com-
monly used technique of weight decay [33] in gradient-descent methods for neural
network training. Therefore, the Banach space of functions of second-order Radon-
domain bounded variation exactly captures the regularity of finite-width neural net-
works trained with weight decay.

In this paper, we revisit the characterization and extensions of this space to
deep (multilayer) neural networks with ReLU activation functions from the original
version of the present paper [52]. A special property of deep ReLU networks is that
their input-output relation is continuous piecewise linear [43]. The reverse is also true
in that any continuous piecewise-linear function can be represented with a sufficiently
wide and deep ReLU network [2]. Thus, one can interpret a deep ReLU network as
a multivariate spline of degree one. This connection between deep neural networks
and splines has been observed by a number of authors [3, 6, 7, 15, 51, 52, 54, 67].
In particular, one can view a deep neural network as a hierarchical spline [58] to
emphasize the compositional nature of deep neural networks. Due to this special
property, we will work exclusively with ReLLU activation functions.

I.1. Contributions. This paper presents a variational framework to understand
the properties of functions learned by deep neural networks fit to data and it revisits
the compositional function spaces introduced in [52]. We prove a representer theo-
rem for fully connected feedforward deep ReLU networks; i.e., we show that solutions
to certain function-space optimization problems are exactly realizable by such net-
works. These solutions have skip connections and rank-controlled weight matrices.
The contributions of this paper are as follows:

1. We extend the scalar-valued second-order Radon-domain bounded variation
space of [51] to functions that are vector-valued while maintaining a tight
connection to weight-decay regularization. We then consider the composi-
tional version of this space whose members are compositions of functions
from the vector-valued spaces.

2. We prove a representer theorem that shows that deep ReLU networks with
skip connections and rank-controlled weight matrices are solutions to regu-
larized data-fitting problems over functions from this compositional space.
Furthermore, we show that the critical width is controlled by the square of
the number of training data.

3. We show that the function-space problem can be recast as a deep ReLU
network training problem. The regularizer for the function-space problem
can be expressed in terms of neural network parameters and coincides with
notions of weight-decay and path-norm regularization. This provides insight
into the kind of regularity these common regularization schemes impose on
the learned functions.

1.2. Connections to Empirical Studies in Deep Learning. Our results provide
theoretical support and insight for a number of empirical findings in deep learning.
We show that the common regularization method of weight decay corresponds to
Radon-domain total variation (TV) regularization. This characterizes the function-
space properties of neural networks trained with weight decay—the functions they
represent are regular in a precise sense. The optimal solutions to the function-space
problem require “skip connections” between layers, which provides a new theoretical
explanation for their benefits in practice [27]. The sparse nature of our solutions
sheds new light on the roles of sparsity and redundancy in deep learning, ranging from
“drop-out” [30] to the “lottery ticket hypothesis” [25]. Finally, rank-controlled weight
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matrices are a natural by-product of our variational framework that has precedent in
practical studies of deep neural networks. Indeed, it has been empirically observed
that low-rank weight matrices can speed up learning [4] and improve the accuracy
[26], robustness [59], and computational efficiency [73] of deep neural networks.

1.3. Related Prior Work. The function-space perspective of neural networks has
received a lot of renewed attention due to the seminal works of Savarese et al. [60]
and Ongie et al. [48]. In approximation theory, the function-space perspective played
a key role dating back to the 1990s with the breakthrough work of Barron [8, 9] and
subsequent work on variation spaces [5, 35, 36, 42]. Building on the work in [48, 60],
the papers [51, 52] proved representer theorems for shallow and deep ReLU networks
for optimization problems posed over certain function spaces. The techniques used
there are rooted in spline theory and the study of continuous-domain inverse problems
[23, 40, 78]. A common theme in all of these works is to leverage the sparsifying nature
of TV regularization on spaces of measures to learn sparse solutions. Other related
work includes “deep kernel learning” [14] where the authors consider compositional
function spaces based on RKHSs. Another line of research considers compositional
functions from variation spaces [21] to study the approximation theory of deep neural
networks.

1.4. Subsequent Work. Since the original version of the present paper [52] there
has been a growing body of research that considers the function-space perspective
and ZBV>2-type spaces. A number of these directions is briefly discussed below.

Reproducing Kernel Banach Spaces and Representer Theorems. Recent papers have
extended the representer theorem framework to reproducing kernel Banach spaces
(RKBSs), providing a kernel-based/feature-map perspective parallel to the Z BV?
framework. Notable works include [12, 11, 66, 75] that specifically consider nonre-
flexive RKBSs and sparsity-promoting norms. As noted in [12], when specializing
to ReLU atoms, these RKBSs are equivalent (as Banach spaces) to ZBV?2. Other
directions have considered generalizations of ZBV? by considering general families of
activation functions [69] and neurons with multivariate nonlinearities [56]. Closer to
the setup of the present paper (and its original version), there have also been recent
efforts toward studying deep and compositional versions of these spaces [13, 18, 28, 74].

Approximation Theory. The approximation properties of %BVz-type spaces have
received considerable recent attention. In particular, [65] established sharp bounds
on approximation rates, metric entropy, and n-widths of ZBV? and related neural
Banach spaces such as Barron spaces and variation spaces. Building on that work, the
authors of [19] showed that shallow neural networks provide optimal approximation
rates for a broader class of functions than the standard variation spaces by introducing
the notion of weighted variation spaces. It still remains an open problem to precisely
characterize the approximation spaces of shallow neural networks, though these works
are making progress in that direction. Other works have also focused on relating
Z BV>-type spaces to other spaces studied in approximation theory [54, 34, 41, 64, 22].

Statistical Learning Theory. The function-space perspective has also been fruitful
for studying statistical properties of neural networks and related methods. The au-
thors of [54] show that shallow ReLU networks trained with weight decay (to a global
minimizer) are minimax optimal for learning functions in ZBV?. These ideas were
extended in [76] for nonparametric function estimation in ZBV>-type spaces with
various neural architectures, in [37] for classification problems with ZBV? decision
boundaries, and in [38] to study the generalization properties of flat minima of neu-
ral network training problems. More recently, the authors of [57] showed that ReLU
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neural networks are especially well suited to learning single- and multi-index mod-
els. The authors of [49] build on the ZBV? framework to develop nonparametric
goodness-of-fit tests, while the authors of [50] build on the framework to study the
non-Gaussianity of randomly initialized neural networks. Other works apply insights
from [52] to study the inductive bias of neural networks used for denoising problems
[77] and implicit neural representations [44, 63].

1.5. Roadmap. In section 2 we introduce the notation and mathematical prelimi-
naries used in the remainder of the paper and extend the results of [51] to vector-valued
functions. In section 3 we prove our main result, the representer theorem for deep
ReLU networks. In section 4 we discuss applications of our representer theorem to
the training and regularization of deep ReLU networks.

2. Mathematical Preliminaries. Let X be a locally compact Hausdorff space.
The Riesz—Markov—Kakutani representation theorem says that M(X), the Banach
space of finite Radon measures on X, is the continuous dual of Cy(X), the Banach
space of continuous functions vanishing at infinity equipped with the L°°(X)-norm
[24, Chapter 7]. In particular, it holds that

(2.1) lullae=" sup (u,¢),
SGECO(X)
llell Lo =1

where (-, -) denotes the canonical pairing between M (X) and Cy(X).
The M-norm is exactly the TV norm (in the sense of measures). The pairing
(+,-) in (2.1) is concretely specified as the integral

(2.2) () = /X () du(x).

Furthermore, M(X) can be viewed as a “generalization” of L'(X) in the sense
that for any f € L*(X), [|fllerx) = | fllmex). but M(X) is a strictly larger space
that also includes the shifted Dirac impulses 0(- —xg), o € X, with the property that
16(- — x0)[[am(x) = 1. We also remark that the M-norm is the continuous-domain
analogue of the ¢!-norm and is thus sparsity-promoting. In this paper, we mostly
work with X =S?! x R, where S¢~1 = {u € R? : ||u||2 =1}, the (d — 1)-sphere.

The Radon transform of a function f € L!'(R?) is given by

(2.3) Z{f} (w,b) ;:/ f(@)dm, (w,b) S xR,

{z:wTz=b}

where dx is the integration against the (d — 1)-dimensional Lebesgue measure on the
hyperplane {x : w'x = b}. Observe that the Radon domain is parameterized by a
direction w € S~ and an offset b € R. When working with the Radon transform
of functions defined on R, the following ramp filter arises in the Radon inversion
formula:

%

(24) K= (~08)7".

where 0; denotes the partial derivative with respect to the offset variable of the Radon
domain and fractional powers are understood via the Fourier transform. In this paper,
we require the distributional extension of the Radon transform. It turns out that the
Radon transform is well defined for any tempered distribution f € .#/(R%) [39, 55].
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2.1. Function Spaces of Scalar-Valued Shallow ReLU Networks. The main
contribution of [51] is a representer theorem for shallow ReL.U networks with scalar
outputs. That work showed that finite-width ReLU networks with width bounded by
the number of training data are solutions to regularized data-fitting problems over
the second-order Radon-domain bounded variation space. In this section we review
that result, collect some relevant properties of this function space, and provide a short
proof of [51, Theorem 1].

The space of functions of second-order bounded variation in the Radon domain
is then given by

Y ] RTV?(f) < o0
(2.5) ZBV*(R%) =< f:R%— R measurable : esssgp|f(w)|(1+ lz]|2) "L < oo (
xzeR
where
(2.6) RZTV(f) = callOF KZ |

denotes the second-order TV of a function with respect to the offset variable of the
Radon domain, where ¢;' = 2(27)?"! is a constant that arises when working with
the Radon transform. This quantity is a seminorm whose null space (when restricted
to ZBV?(R%)) is the space of affine functions. All the operators that appear in (2.6)
must be understood in the distributional sense. We refer the reader to [51, section 3]
and [39, 55| for details about the distributional extension of the Radon transform and
related operators.

PROPOSITION 2.1 (special case of [51, Theorem 1]). Consider the problem of
interpolating the data {(z;,y;)}Y; CR? x R. Then, under the hypothesis that y; =y;
whenever x; = x;, the solution set to

2.7 i RTV? . N=v;, i=1,....N,
(2.7) e (f) st flz)=wyi, i

is the weak*-closure' of the convex hull of its extreme points which all take the form

K

(2.8) freLu(z) = Z Vg, (w;cra: —bg)+ + c'x+ o,
k=1

where K < N, (-)4 :=max{0,-} denotes the ReLU, v, € R\ {0}, wy €S?™!, by €R,
ceR?, and ¢y €R.

Remark 2.2. Proposition 2.1 says that there always exists a solution to (2.7) that
is realizable by a shallow ReLU network with a skip connection [27], which is the affine
term in (2.8). In other words, Proposition 2.1 is a representer theorem for shallow
ReLU networks.

Remark 2.3. The fact that w; € S¢~1 in (2.8) does not constrain the network
is due to the positive homogeneity of the ReLU. Indeed, given any shallow ReL.U
network with wy, € R?\ {0}, we can use the fact that ReLU is positively homogeneous
of degree 1 to rewrite the implementation as

Hn particular, Q%B\/Q(Rd) is a dual Banach space and the weak*-topology coincides with the
weak topology induced by its predual, which is explicated in Lemma 2.4.
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K
(2.9) 2 > vnllwpla (@l — by)s + @+ co,
k=1

where Wy, := wy /|| w2 € ST and by, := by,/||wi|2 € R.

The 2 TV?-seminorm has an explicit description in terms of network parameters.
Indeed, by [51, Lemma 25] if

K

(2.10) freLu () = Z Vg (wlaz —br)+ + c'x+ e,
k=1

and the network is written in reduced form, i.e., the input weights and biases
{(wg, by) }X_ | are unique up to certain symmetries [51], then

K

(2.11) RTV (freLv) = > _[velllwgll2.
k=1

If the network is not in reduced form, then an infimum above the right-hand side
must be taken over all representations (cf. [62, Equation (6)]). Equation (2.11) is
sometimes referred to as the path-norm of the network [45]. Moreover, we see that
(2.11) is a kind of /!-norm on the network parameters, giving insight into the sparsity-
promoting aspect of the Z TV?-seminorm on the network, where the sparsity is with
respect to the number of active neurons. Equation (2.11) also reveals that path-norm
regularization is equivalent to 2 T'V2-regularization, which is subsequently equivalent
to weight-decay regularization [53]. Thus, weight-decay regularization favors functions
that are regular in the sense of ZBV?(R?).

Recall that 2 BV?(R%) is defined by a seminorm and the null space of 2 TV?(-)
is nontrivial; it is the space of affine functions on R%. It turns out that 2 BV?(R?) can
be turned into a bona fide Banach space when equipped with an appropriate norm.
We collect some of the relevant properties of this Banach space in the next lemma.

LEMMA 2.4. The space ZBV*(R?) equipped with the norm

d

(2.12) £l vz rey := 2TV (f) + [ F(O)| + D _|f(ex) = F(O)],

k=1

where {ek}gzl denotes the canonical basis of R?, has the following properties:
1. It is a Banach space.
2. It is a dual Banach space and, in particular, for any xq € R, the point
evaluation functional f v f(xo) is weak® continuous on ZBV?(RY).
3. Modulo affine functions, the extreme points of the unit ball

(2.13) {feZBVARY) : ZTV3(f) <1}

take the form {@ — £(w @ — b)4 } (4w p)csi—1 xR-

The proof of Lemma 2.4 appears in Appendix A. With this lemma, we immedi-
ately have a short proof of Proposition 2.1.

Proof of Proposition 2.1. From item 2 in Lemma 2.4, we can endow %BVz(Rd)
with a weak* topology. The remainder of the proof relies on recent characterizations
of abstract representer theorems (see [16, 17, 68, 70]). From the weak*-continuity
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of the point evaluation functional on ZBV?(R?) (item 2 in Lemma 2.4), our setting
coincides with the hypotheses of [70, Theorem 3]. First, this abstract result ensures
that the solution set is nonempty, convex, and weak*-compact. Second, it ensures
that it is the weak*-closure of the convex hull of its extreme points, which can all be
expressed as

(214) fextreme = kaek +4q,

k=1
where the number K of atoms satisfies K < N, ¢ is in the null space of the regularizer
(i.e., it is an affine function), and, for k=1,..., K, vy € R\ {0} and e, is an extreme
point of the unit regularization ball. The characterization of extreme points in item
3 in Lemma 2.4 completes the proof. 0

2.2. Function Spaces of Vector-Valued Shallow ReLU Networks. Since a deep
neural network is built from compositions of vector-valued shallow neural networks,
we require the extension of the function spaces of scalar-valued networks to the vector-
valued case and corresponding representer theorems. The extension of the result in
subsection 2.1 to the vector-valued case follows from standard techniques with a slight
nuance in the choice of vector norm to maintain tight connections to weight-decay
and path-norm regularization.

Clearly, the vector-valued space is the D-fold Cartesian product

(2.15) ZBV*(RERP) := ZBVA(RY) x --- x ZBV?(RY).

D times

The primary challenge is endowing ZBV?(R%;RP) with a (semi-)norm that main-
tains tight connections with weight decay. By definition, every f = (fi,...,fp) €
ZBV?(R%:RP) satisfies
(2.16) RKAZf; € M(ST! xR)
for all j€{1,...,D} =:[D]. Write
G KZfi

(2.17) RKASf = :

A
for the vectorized version of 2 KZ. The problem now reduces to choosing a norm

on the vector-valued measure 02 KZf € M(S4™1 x R;RP). Given v = (v1,...,vp) €
M(S41 x R;RP), consider the norm

n D
Q1) Iloai= s SIw(A, = s 37 S(ar
§°=U Ui

=Ui1 4i i=1 =Uis; Aii=1 \j=1
neN neN

With this choice of norm, (M(S?1 x R;RP), ||[|2.m) is a Banach space. We refer the
reader to the monograph [20] for a full treatment of vector-valued measures and the
accompanying results. This leads to a seminorm for f = (f1,..., fp) € ZBV*(R%RP)
defined by

1/2

KA fy
(2.19) ATVA(f) = |0 KR |20 =

RRZfp] ||, 0
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The choice of norm in (2.18) is one of many possible choices of (equivalent) norms
on M(S?! x R;RP). Tt turns out that this is the only choice of norm that guarantees
tight connections between the ZTV? of a function and weight-decay regularization
(see the discussion in [62, Appendix A] for more details). We explicate this in (2.26).

Analogous to Lemma 2.4, we can turn %BVz(Rd;RD) into a bona fide Banach
space when equipped with an appropriate norm. We collect some of the relevant
properties of this Banach space in the next lemma.

LEMMA 2.5. The space ZBV*(R%:RP) equipped with the norm

D d
(2.20) 1£llee Bv2remoy =2 TV(f) + Y <|fj(0)| + Y Ifiler) - fj(0)|>
j=1 k=1

has the following properties:

1. It is a Banach space.

2. It is a dual Banach space and, in particular, for any o € R? and j € [D], the
componentwise point evaluation functional f+— [f(xo)]; is weak™ continuous
on ZBV*(R%:RP).

3. Modulo affine functions, the extreme points of the unit ball

(2.21) {f e ZBV*RERP) . 2TV?(f) <1}
take the form {@ — w(wT® — b) 4 } (4w p)esP—1 x84~ 1 xR -
The proof of Lemma 2.5 appears in Appendix B.

LEMMA 2.6. Let f € ZBV*(R%:RP); then f is Lipschitz continuous and satisfies
the Lipschitz bound

(2.22) 1f (@) = F@)ll2 < 1 flzBv2®ere) |2 =yl

The proof of Lemma 2.6 appears in Appendix C.

THEOREM 2.7. Consider the problem of interpolating the data {(x;,y;)}Y, C
R? x RP. Then, under the hypothesis that y; = y; whenever x; = x;, the solution set
to

2.23 i RTV? . N=v., i=1,....N,
(2.23) el o) (f) st flw)=y; i
is the weak*-closure of the conver hull of its extreme points, which all take the form

K

(2.24) freru(x) = Z 'uk(wZaz —bi)+ + Cx + ¢y,
k=1

where K < ND, (-)4 denotes the ReLU, vj, € RP\ {0}, wy, € ¥, b, € R, C e RP*4,
and co € RP. In particular, there always exists a solution with K <min{N? ND}.

The proof of Theorem 2.7 appears in Appendix D. What is remarkable here is the
existence of a solution that always satisfies the bound K < N2, independent of the
output dimension D. As discussed in Remark 2.3, the fact that wj € S~ does not
constrain the network is due to the positive homogeneity of the ReLLU. Indeed, given
any shallow ReLU network with wj, € R?\ {0}, we can rewrite the implementation as

K

(2.25) freru(®) =D vi w2 (Wjx — bi)4 + Cz + co,
k=1
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dense weights sparse weights sparse and shared neurons

Fig. | Three neural networks with different weight-sparsity patterns. Since weight decay minimizes
the ZTV? of the network, it favors the rightmost architecture. This architecture exhibits
both neuron sparsity and neuron sharing. FEach output depends on the same few neurons.
This observation also gives insight into the regularity of the optimal functions: They favor
functions that only vary in a few directions across all outputs. This is in contrast with the
middle network, where each output has variation in a small number of directions, but this set
of directions can be different for each output. This neuron sharing phenomenon is rigorously
quantified in [62, Theorem 9].

where @y, 1= wy/||wy||2 € ST! and by := by,/||wg||2 € R. Thanks to the definition of
the vector-valued Z TV? (2.19) when the network is in reduced form, we have that

K
(2.26) ZTV?(freLu) :Z”'UkHQ”wk”Z-
k=1

Due to the equivalence of path-norm and weight-decay regularization [53], we see
that, analogous to the scalar-valued case, weight-decay regularization favors functions
that are regular in the sense of ZBV?(R?;R”). What is even more interesting is that
this shows that weight-decay regularization favors networks that share neurons. This
arises due to the fact that the path-norm in (2.26) is essentially a multitask lasso
regularizer [62]. This is summarized in Figure 1.

3. A Representer Theorem for Deep ReLU Networks. In this section, we
prove our representer theorem for deep ReLU networks. We consider functions that
are compositions of functions from the Banach space defined in Lemma 2.5. Let

KB BV geep (RP; .. ;RU)
(3.1) ={f=fPo...ofM. O eczBVIRY1;R¥) (=1,... L}

denote the space of all such functions.

For brevity, we write Z BVgeep(L) for # BVﬁeep (Rdo; ... ;R9r). This specification
reflects two standard architectural hyperparameters for deep neural networks: the
number of hidden layers L and the functional “widths,” dy, of each layer. That is,
each function in the composition ultimately corresponds to a layer in a deep neural
network.

LEMMA 3.1. Let f = fBMo...0 fU ¢ %BV%EEP(L). Then, f is Lipschitz
continuous and satisfies the Lipschitz bound
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(3-2) 1f () = f(y)ll2 < <H|f(£ e B2 e Rru)) lz—yll2.

(=1

Proof. The result follows by repeated application of Lemma 2.6. 0

This lemma reveals that the “norm” on the compositional space controls the
Lipschitz regularity of the underlying function. We now state our representer theorem
for deep ReLU networks.

THEOREM 3.2. Let L be a positive integer corresponding to the depth of a deep
ReLU network and let dy,...,dr be positive integers corresponding to the interme-
diate dimensions of the network. Consider the problem of learning from the data
{(zi,y;) Y, CRY% x R4z, Let L(-,-) be an arbitrary loss function and let A >0 be a
regularization parameter. If a solution exists to the problem

3.3 min Ly, flx))+ 2> 2TV (fO
(33) O ezBV?(RY¥-1;R%) Z (v ; f ),
¢=1,...,L
f= f(L)o of(l)

then there exists a solution of the form
(3.4) fdeep(m) = m(L)7

where 1) is computed recursively via

2 =z
(3:5) 2O = VO p (WO p0) 4 0O 4 O =1, L,

where p applies the ReLU ()4 componentwise and, for {=1,...,L, v e Rd’fXK(Z),
W ¢ RK([)X‘“*, b ¢ RK“), C) ¢ R¥exde-1  gpd cée) e R, where KO <
min{N?% Nd,}.

Remark 3.3. Note that the search space in (3.3) is over the Cartesian product
(3.6) ZBV?(RO;RM) x ... x #BV?(R%*-1;R¥)

rather than %BVgeep(L). This is because, given a function f € %BVﬁeep(L), there
could be many decompositions such that f = f(X) o...o f(1). Therefore, in order for
the regularization term in (3.3) to be well defined, we formulate the problem over
(3.6). Note that since each term in the Cartesian product is a Banach space, the
search space for this problem is itself a Banach space when equipped with the norm

L
(37) ||(f(1 f( ))HQBV(?EEP(L) = Z”f(é)||.%BV2(R‘1E—1;]R‘12)’
=1

where we identify % BVﬁeep(L) with the Cartesian product (3.6). This type of Banach
space has recently been referred to as a neural RKBS [13].

The neural network architecture that appears in (3.5) can be seen in Figure 2.
Moreover, this exact architecture was studied empirically in [26]. It has also been
studied in [31] from the statistical perspective under the name “accordion networks”.
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(3)

wy 'Ul(c wy, Ul(f) wl(c3) Uy

Fig. 2 This figure shows the architecture of the deep neural network in (3.5) in the case of L =3
hidden layers. The orange nodes denote ReL U nodes and the gray nodes denote linear nodes.
Skip connection nodes are omitted for clarity.

Remark 3.4. The regularizer that appears in (3.3) can be replaced by

L
(3.8) do | D (@ TV (F))
=1
where 1, : [0,00) = R, £=0,..., L, is a strictly increasing and convex function, and it

can still have solutions that take the form of a deep neural network as in (3.4). Thus,
there are many choices of regularization that result in a representer theorem for deep
ReLU networks.

Remark 3.5. Notice that (3.4) is precisely the standard L-hidden layer deep
ReLU network architecture with rank-controlled weight matrices and skip connections.
Indeed, the weight matrix of the £th layer is A := WDV More specifically,
by dropping biases and skip connections for clarity, we see that fqeep() in (3.4) can
be computed recursively as

.= x,

(3.9) 9 =pA-Dzy =1, L,
s(x) = A(L):E(L),

where
A0 =W,

(3.10) AO .=wWDV©O - p=1 . L—1,
AL .=V,

From the dimensions of V() and W® in Theorem 3.2, we see that for £ =0,...,L,
rank(A(z)) <min{N? Ndy_1,d;} and rank(A(L)) <dy,.

Proof of Theorem 3.2. Let f~: f(L)o- . ~of(1) be a (not necessarily unique) solution
to (3.3). By applying f to each data point x;, i =1,..., N, we can recursively compute
the intermediate vectors z; ¢ € R4 as follows:
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o Initialize z; ¢ 1= x;. B
e For each ¢=1,...,L, recursively update z; ¢ := f(é)(zi’g,l).
The solution f must satisfy

(3.11) fWe argmin RTVA(f) st. f(zie1)=2iy, i=1,...,N,
FEZBV2(RY—1;Rde)

for £=1,..., L. To see this, note that if (3.11) did not hold, it would contradict the
optimality of f. By Theorem 2.7, there always exists a solution to (3.11) that enforces
the form of the solution in (3.4). |

Remark 3.6. Existence of minimizers is assumed a priori in Theorem 3.2. It turns
out that, under mild conditions (e.g., lower semicontinuity of the loss function), this
is always guaranteed. For the sake of pedagogy, we do not delve into those details in
the present paper, and instead refer the reader to the original version of the article
[52, Theorem 3.2].

4. Applications to Deep Network Training and Regularization. In this section
we discuss applications of the representer theorem Theorem 3.2 to the training and
regularization of deep ReLU networks. Since Theorem 3.2 ensures that solutions to
the function-space problem in (3.3) are realizable by deep ReLU networks (3.4), one
can find a solution to (3.3) by finding a solution to a finite-dimensional deep network
training problem. A direct corollary of (2.26) is the following lemma.

LEMMA 4.1. Given a deep neural network f = f&) o-..o f1) as in (3.4), where
each fO is written in reduced form, it holds that

L K¢
(4.1) Z@Tvz £O) ZZ v [lal|wi ],
/=1

=1 k=1
where 'v( ) is the kth column of VO and wff) is the kth row of W

Lemma 4.1 implies the following corollary to Theorem 3.2.

COROLLARY 4.2. Let 8 denote the parameters of a deep neural network as in
(3.4), and let © denote the space of all such parameters. Write fg to denote a deep
neural network parameterized by 6. Then, the solutions to the finite-dimensional
neural network training problem

L K®
(&) (&
(4.2) ggg E(yz,fe ;) +A;kzlllvk l2]|w;, " [l2

are solutions to (3.3) as long as K) > min{N? Nd,}.

The weight-decay regularizer is actually equivalent to the regularizer in Corollary
4.2. This yields the following corollary about weight-decay regularization.

COROLLARY 4.3. The solutions to

VO + WO 2
(4.3) mmZE Y, fo(xi)) —|—)\; 5

are also solutions to (4.2), where ||-||e denotes the Frobenius norm of a matriz. More-
over, the solutions to (4.3) satisfy the property that ||vk)\|2 = Hw ||2, (=1,...,L,
k=1,...,K®.
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Proof. The kth neuron in the ¢th layer of a deep neural network as in (3.4)
takes the form z — 'u,(f) ('w,(f)Tac - b,(cz))+. Due to the positive homogeneity of the
ReLU, 'v,(f) and w,(f) can be rescaled so that ||'u§f)||2 = Hw,(f)Hg without altering the
function of the network. Therefore, minimization of ||'U§f) 3+ ngf) |3 is achieved when
||v](f) l2 = H'wg) l2- The result then follows from the fact that when ||v§f) Iz = ||'w§f) Il

we have that

/ Y4
o713 + [[w)
2

2 .
(4.4) 2 = |0y |a]|wi |2

|

Remark 4.4. Due to the sparsity-promoting and neuron sharing nature of the
ZTV?, the regularizers that appear in (4.2) and (4.3) promote sparse (in the sense
of the number of active neurons) deep ReLU network solutions (cf. Figure 1).

Remark 4.5. Corollaries 4.2 and 4.3 reveal that training sufficiently wide deep
ReLU networks with linear bottlenecks favors functions that are regular in the sense
of the compositional space # BVgeep(L).

4.1. Connections to Existing Deep Network Regularization Schemes. The
regularizers that appear in (4.2) and (4.3) are principled regularizers for training deep
ReLU networks. In this section we will show how these regularizers are related to
other regularizers that are studied in deep learning.

A common regularization scheme for deep ReLLU networks is the path-norm reg-
ularizer. In particular, several works [10, 45, 46, 47] consider deep ReLU networks
with no biases or skip connections mapping R? — R of the form s(x) = L) | where
D) is computed via

) =g,
(4.5) @ = p(A D=1y ¢=1,... L,
2D = (D) (L)

where p denotes applying the ReLU componentwise, A(©) ¢ RExd A ¢
RK(HUXK(D, ¢=1,...,L—1, and a¥ € RE™  Note that (4.5) is almost the same
as the architecture in our framework if we drop biases and skip connections (see (3.9)
in Remark 3.5). These works then consider path-norm regularization of the form

K@) g(L-1) KO g

(46) Z Z Z Z|*‘ak07k1‘*|aklyk2'."*|akL—17kL|*|a’kL7

kr=1kr_1=1 ki1=1ko=1

where ay, k,,, denotes the (k¢, koy1)th entry in A® and ay, denotes the kpth entry
: L
in a'*).

Consider regularizing a deep ReLU network (with no biases or skip connections)
from our framework with the following regularizer, which arises with a particular
choice of {¢¢}}_, in Remark 3.4:

K@

L
Y4 ¢
(4.7) TS 10 lallewf”l2.
(=1 k=1
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Observe that (4.7) is an upper bound on something that looks very similar to the
path-norm in (4.6). Indeed, first notice that if we write the deep ReLLU network from
our framework in the form in (3.9), we have

o7 (641 ¢ £+l
(4.8) o e e I ) Y
where ag, x,,, denotes the (ke, key1)th entry in A as defined in Remark 3.5. There-
fore,

L KW K@ K@
1
Hvak)H lw 2= 3" - 3wl og w2l 12 [lwl ||z |og |2
(=1 k= k=1 ki=1
KD KD

1
(4.9) >3 S e lak kel larg e 1032 12,

kr=1 k1=1

where the last line holds from (4.8). We see that the last line in the above equation is
the same as the path-norm in (4.6), apart from how it treats weights in the first and
last layers. We also remark that the work in [10] shows that the path-norm in (4.6)
controls the Rademacher and Gaussian complexity of deep ReLU networks.

5. Conclusion. In this paper we have proven a representer theorem for deep
ReLU networks. We have shown that deep ReLU networks with L-hidden layers,
skip connections, and rank-bounded weight matrices are solutions to a variational
problem over compositional ZBV>2-spaces. This function-space problem can be re-
cast as a finite-dimensional neural network training problem with various choices of
regularization on the network parameters. We have therefore derived several new,
principled regularizers for deep ReLU networks. Moreover, these regularizers pro-
mote sparse solutions. We have shown that these new regularizers are related to the
well-known weight decay and path-norm regularization schemes commonly used in
the training of deep ReLU networks. The main follow- up question revolves around
sharper understanding of the composmonal space ,%’BVdeep(L). This first requires
sharper understanding of the % BV?-spaces. The function spaces studied in this pa-
per are not classical, and understanding their analytic properties will play a key role
in understanding the kinds of functions that deep neural networks learn from data.

Appendix A. Topological Properties of Z BV?(R?). In this section we will
prove Lemma 2.4. We rely on many results developed in [51]. While the definition
of ZBV?(R?) given in (2.5) is convenient from an intuitive perspective, it does not
lend itself to analysis due to Z TV?(-) being a seminorm with null space P; (R?), the
space of polynomials of degree at most one, i.e., affine functions on R?. Thus, we
use the result of [51, Theorem 22] to characterize 2 BV?(R?) as a Banach space. In
particular, [51, Theorem 22| considers an arbitrary biorthogonal system of P;(R?) in
order to equip ZBV?(R%) with a bona fide norm.

DEFINITION A.1. Let N be a finite-dimensional space with No := dimN'. The pair
(d,p) = {(n,0n) }, NO ! s called a biorthogonal system for N if p = {pn}fjggl 8 a
basis of N and the “boundary” Sfunctionals ¢ = {(bn}flvial with ¢, € N’ (the continuous
dual of N') satisfy the biorthogonality condition (¢, pn) =38[k—n], k,n=0,..., No—1,
where 8[-] is the Kronecker impulse.
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PROPOSITION A.2 (see [51, Theorem 22, item 3]). Let (¢,p) be a biorthogonal
system for P1(RY). Then ZBVZ(R?) equipped with the norm

(A1) I £l Bve@ay =2ZTV(f) + | d(f)l1,

where ¢(f) = ({(bo, f),--.,(¢a, f)) €ERIL is a Banach space.

Proof of Lemma 2.4, item 1. By Proposition A.2 it suffices to find a biorthogonal
system (¢, p) of P1(R?) such that for every f € ZBV?*(R?) we have

d
(A2) ()l =1£(0) + | f(ex) — F(0)].
k=1

Put po(x) :=1 and py(x) :=xx, k=1,...,d. Clearly, p is a basis for P;(R%). Put
¢o:=6 and ¢y, :=0(- —ex) —6, k=1,...,d, where § denotes the Dirac impulse on R?
and e;, denotes the kth canonical basis vector of R?. Then, (¢,p) is a biorthogonal
system for P;(R9). Indeed, we have (¢o,po) = 1 and (¢, pi) = pr(exr) — pr(0) =
1-0=1,k=1,...,d. We also have
(A.3) (Do, pr) =pr(0)=0, k=1,....d,
(A.4) (¢r:po) =polex) —po(0)=1-1=0, k=1,....d,
(A5) <¢k7pn>:pn(ek)_pn(0)20+0207 kan:17~-'7d7 k#n

A computation shows that (A.2) holds with this choice of biorthogonal system. 0

In order to prove item 2 of Lemma 2.4, we must show that ZBV?(R%) has a
predual (so that it can be endowed with a weak* topology) and consequently show
that the point evaluation functional is weak® continuous. In other words, we must
show that the Dirac impulse, 6(- — o), 2o € R%, lies in the predual.

Before we can prove this, we require an important result from [51]. Recall from
(2.6) that

(A.6) RTV(f) = cal OFAT R fl| g1 )

Put R := cq0?A%'%. As discussed in [51], for every f € ZBV*(RY), u := R f €
M(S?1 x R) is always even, i.e., u(w,b) = u(—w, —b). This means we have

(A7) ZTV(f) = IR 1| pmcea),

where P¢ denotes the manifold of hyperplanes on R%. In particular, we can view
M(P?) as the subspace of M(S*~! x R) with only even finite Radon measures. Indeed,
this is due to the fact that every hyperplane takes the form Ay, ;) 1= {x € Re: w'a =
b} for some (w,b) € S¥™ 1 x R and A(u,p) = M(—w,—b)-

PROPOSITION A.3 (see [51, Lemma 21 and Theorem 22]). Let (¢, p) be a biorthog-
onal system for P1(RY). Then, every f € ZBV*(R?) has the unique direct-sum de-
composition

(A.8) f=Rg{u} +q,
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where u=R f € M(]P’d), q= ZZ:0<¢/€7 Fpe € P1(RY), and

(A.9) R;l Tu— 9s(+,2)du(z).
Se-1xR
Also,
d
(A.10) go(x,2)=ra(x) =) pr(@)an(2),
k=0

where 75 =Ty = p(w' () = b) and qr(2) := (¢p,72), where z = (w,b) € S xR
and p=1-|/2.

The operator R;l defined in (A.9) has several useful properties (see [51, Theorem
22, items 1 and 2]). In particular, it is a bounded right-inverse of R and, when
restricted to

(A.11) ABVL(RY) :={f € ZBV*(R?) : ¢(f)=0},

it is the bona fide inverse of R. The space Z# BV;(Rd) is also a concrete transcription
of the abstract quotient ZBV?(R?)/P1(R?). We have that R : ZBV(R?) — M(P?)
is an isometric isomorphism with the inverse given by R;l. Additionally. we have
from Proposition A.3 that ZBV?*(R?) = 2BV, (R?) @ Py (R?), where Z BV (R?) is a
Banach space when equipped with the norm f— [[R f{| x4 (pe) and P1(R%) is a Banach
space when equipped with the norm f + ||¢(f)||1. These properties will be important
in proving item 2 of Lemma 2.4.

Proof of Lemma 2.4, item 2. Let (¢,p) be the biorthogonal system constructed
in the proof of Lemma 2.4, item 1. Since ZBV?(RY) = %’BV;(Rd) @® P1(R?), the
following diagram immediately reveals that ZBV?(R%) has a predual.

R
_—
A BV,(RY) M(P?)
0 Ry H
(A.12) dual dual
i R* 1
XTGP
R;l*

Thus, showing that §(- —x0), 2o € R?, is weak* continuous on Z BV?(R?) is equivalent
to showing that it is weak* continuous on both ZBV(R?) and P;(R?).

Clearly, (- — o), o € RY, is continuous on P;(R?) (since every element of
P1(R?) is a continuous function). Then, since P;(R?) is finite-dimensional, the spaces
of continuous linear functionals and weak™* continuous linear functionals are the same.
Thus, 6(- — x), To € RY, is weak* continuous on P;(R?). It remains to show that
§(- —mg), Top € RY, is weak* continuous on %’BV;(Rd). From (A.12), we have that X
is a predual of%BVi,(Rd), ie, X’ :%BVZ(Rd). We must show that §(- —xo) € X,
T € R4,

Observe that 0(- — @) € X if and only if Ry {6(- — @)} € Co(P?). From
Proposition A.3 we see that R;l*{6(~ —x0)} = gp(xo, -) as defined in (A.10). Since
p=]-1/2 in (A.10), we have that
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om0, (w, b)) = [ Z0 =] zo =l Zpk @0 <¢k'“’(;‘b'>
Tw;fb\ [ +Z <|wk — b |2b|)]
(A.13) = 7|me20 —b % (1 - i%,k) - kglxo,k |wk2_ b|’

k=1

() |w

where (%) follows by substituting in the biorthogonal system (¢, p) constructed in
the proof of Lemma 2.4, item 1. Clearly, g¢(xo, -) is continuous and gg (o, (w,b)) =
9o (o, (—w,—b)), s0 ge(xo,-) is an even function on S¥~! x R and therefore a con-
tinuous function on P“. It remains to check that ge(xo,-) is vanishing at infinity.
Certainly, this is true. Indeed, for sufficiently large b we have

—w'wo+b b d 4 —w +b
(A.14) g¢(a:0,(w,b)):+ 5 1—Z$O,k —Zxo,k%:&
k=1

k=1
and for sufficiently small b we have

T

d d
w'xg—b b wg — b
(A15) g¢(:l:0, (uub)) = T - ? <1 — ;‘TQk) — ;xo,k 5 =0.

Therefore, gg(xo, ) is compactly supported on P4, and so 9o (xo, ) € Co (P%). Thus,
the Dirac impulse §(- — xg), 2o € R%, is weak* continuous on ZBV?(R?). O

Proof of Lemma 2.4, item 3. This immediately follows from the direct-sum de-
composition of ZBV?(R?) specified in the proof of item 2. Indeed, since %’BV(QP (R9)

is isometrically isomorphic to M(Pd), we deduce that the extreme points of the unit
ball

(A.16) {feZBVLRY) : |Rfm<1}

take the form {+g¢(-, (w,0))}(wp)esa-1xr (since the extreme points of the unit ball
of M(P?) take the form +(d, +d_.)/2, z € S*! x R). Modulo affine functions,
9o (-, (w,b)) is a ReLU neuron and so the result follows. 0

Appendix B. Proof of Lemma 2.5.

Proof. Observe that the vectorized operator 02 K% maps ZBV?(R%RP) to
M(P%RP) and its null space is the space of D-variate affine functions, Py (R%RP).
Thus, any choice of norm on the Cartesian product of M(Pd;RD) x P1 (R4 RP) will
induce an isometric isomorphism to ZBV?(R% RP) (cf. Appendix A).

Thus, when equipped with the norm

D d
(B.1) 1]l 2Bve gy = 2TV (f) + > (Ifj(O)I + ) I filer) - fj(0)> :
j=1 k=1

ZBV?(R%RP) is isometrically isomorphic to M(P%RP) x Py (R%RP) and hence
Banach, where we equip M(P%; RP) with the (2, M )-norm.

Since the latter is clearly a dual Banach space, #Z BVQ(Rd;IRD ) is also a dual
Banach space and the weak™ continuity of the componentwise point evaluation func-
tional boils down to ge (0, -)e; € Co(P%;RP), j € [D] (with g4 from (A.13)). This holds
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since ge(xo,-) € Co(P?) from the proof of Lemma 2.4, item 2. To complete the
proof, we note that the extreme points of the unit ball of M(P%RP) take the form

u(8z +6_5)/2, where u € SP~! and z € S¥~! x R. Therefore, modulo affine func-
tions, the extreme points of the unit % TV? ball are of the form ugg(-, (w,b)), which
is equal modulo an affine function to u(wTx —b). a0

Appendix C. Proof of Lemma 2.6. By construction, every f € ZBV?(R%RP)
admits the decomposition

(1) f@= [, ol (wh) dulw) + Ca+ c,

with g4 as in (A.13) and v € M(Pd;RD). In particular, it holds that

(C.2) | fll#Bv2(Ra;RD) =
where the (1,1)-norm of C denotes the 1-norm of the vectorization of C.

Proof of Lemma 2.6. We will first bound the Lipschitz constant of g4 (-, z) defined
n (A.13), where z = (w,b) € S4~! x R. For any z,y € R%,

T

wx—b |Jwly—>b
190(@,2) — g (,2)| = " || |

2 2

S g e

_wTw—b)— fwTy —b]

= 2
d d
b wp —b
+Zxk_yku_z M
k=1 k=1
[|lw'a — b — JwTy —b]| [ [6] — [wy — B[ |
< 5 +Z|xk wl

O lw's—w'y| | |

< f"’Z'xk_yIJT
k=1

[wll2]|z = yll2 + [[w]l2llz — yllo

® |
<
- 2

@

(C.3) & —yll2,

where (%) holds from the reverse triangle inequality, (§) holds from the Cauchy—
Schwarz inequality, and (1) holds since |Jw||z = 1.
Next, from (C.1) we have, for any x,y € R?,

@)= f)la< [ ot (w.5) = gly. (w5 dvlai(w0.D) + [Cla ~ )

S\\w—sz/ dlv2,m(w,b) + [Cllellz — yll2
Sd—1 xR

<[vllzmlle = yll2 + IC][11 [l — yll2
(C.4) < Hf”%’BV"’(Rd;RD) 2 —yll2,

where |v|y € M(P?) denotes the TV measure (which is a scalar-valued measure). O

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.



Downloaded 02/09/26 to 103.21.125.86 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

146 RAHUL PARHI AND ROBERT D. NOWAK

Appendix D. Proof of Theorem 2.7.

Proof. By item 2 in Lemma 2.5, we can endow ZBV?(R%RP) with a weak*
topology. The remainder of the proof relies on recent characterizations of abstract
representer theorems (see [16, 17, 68, 70]). From the weak*-continuity of the compo-
nentwise point evaluation functional on ZBV?(R% RP) (item 2 in Lemma 2.5), our
setting coincides with the hypotheses of [70, Theorem 3] with N D scalar measure-
ments. First, this abstract result ensures that the solution set is nonempty, convex,
and weak*-compact. Second, it ensures that it is the weak*-closure of the convex hull
of its extreme points, which can all be expressed as

K
(Dl) fextreme = kaek +q,
k=1

where the number K of atoms satisfies K < N D, ¢ is in the null space of the regularizer
(i.e., it is an affine function), and, for k=1,..., K, vy € R\ {0} and e is an extreme
point of the unit regularization ball. The characterization of extreme points in item 3
in Lemma 2.5 characterizes the form of the solution in (2.24). To complete the proof,
we note that since (2.26) holds, we can recast the problem as a multitask lasso problem
and invoke the sparsity bound from [62, Theorem 10] (see also [62, Step (iv), Proof
of Theorem 5, Appendix C]). |
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