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Abstract. We present a variational framework for studying functions learned by deep neural net-
works with rectified linear unit nonlinearities. We introduce a function space built from
compositions of functions of second-order Radon-domain bounded variation. The com-
positional form of these functions captures the structure of deep neural networks. We
prove a representer theorem that shows that deep neural networks with finite width solve
regularized data-fitting problems over this space. The critical width is controlled by the
square of the number of training data. This perspective explains the effect of weight-decay
regularization in neural network training, the importance of skip connections, and the role
of sparsity in neural networks. By considering the function-space perspective, we provide
sharp links between deep learning and variational methods.
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1. Introduction. The goal of statistics and machine learning is to learn an ap-
proximation of data \{ (\bfitx i,\bfity i)\} Ni=1 \subset \BbbR d \times \BbbR D via a function f : \BbbR d \rightarrow \BbbR D such that
f(\bfitx i) \approx \bfity i; for prediction problems in particular, given a new sample (\bfitx \mathrm{n}\mathrm{e}\mathrm{w},\bfity \mathrm{n}\mathrm{e}\mathrm{w}) \in 
\BbbR d \times \BbbR D, the goal is also that f(\bfitx \mathrm{n}\mathrm{e}\mathrm{w}) \approx \bfity \mathrm{n}\mathrm{e}\mathrm{w}. Without any assumptions on the
problem, there are infinitely many functions that can agree with any given set of data
arbitrarily well. Therefore, this problem is inherently ill-posed. To circumvent this
issue, some form of regularization must be imposed on the learning problem. In this
paper, we take the perspective of explicit regularization as opposed to that of implicit
regularization. Thus, our perspective is agnostic to any optimization algorithm.

A classical solution to this problem is to use kernel methods. These are functions
that are solutions to function-space optimization problems over reproducing kernel
Hilbert spaces (RKHSs) [1, 61, 72]. While these optimization problems are defined on
infinite-dimensional spaces, the RKHS representer theorem guarantees the existence
of a unique, parametric solution to the problem. The parametric form lies in the span
of reproducing kernels centered at the data sites, i.e., it takes the form of a kernel
machine. This allows the problem to be recast as a finite-dimensional problem on
kernel machine coefficients. However, the dawn of the deep learning era has shown
that deep neural networks often outperform kernel methods in a wide variety of tasks
ranging from speech recognition [29] to image classification [32]. Moreover, deep
neural networks are the foundation of large language models and related systems at the
forefront of modern artificial intelligence. Thus, there is great interest in developing
a theory of deep learning that parallels our current understanding of kernel methods.

Toward this goal, our prior works [51, 52] developed Banach-space representer
theorems for neural networks with rectified linear unit (ReLU) activation functions
by studying optimization problems on the Banach space of functions of second-order
Radon-domain bounded variation (which we denote by R BV2). The ReLU activation
function is a common choice in contemporary neural networks. In the univariate case,
this space coincides with the classical second-order bounded variation space. In that
setting, the neural network solutions are exactly the well-known locally adaptive linear
splines [23, 40, 71]. In the multivariate case, this space is fundamentally distinct from
those studied in analysis [22, 54, 64, 65].

In our prior works [51, 52], we established that optimization problems over this
space can be recast as finite-dimensional neural network training problems. In partic-
ular, the solutions to minimizing the sum of losses/errors of a neural network model
plus a regularization term proportional to the sum of squared neural network weights
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COMPOSITIONAL FUNCTION SPACES FOR DEEP LEARNING 129

are solutions to these problems. This form of regularization corresponds to the com-
monly used technique of weight decay [33] in gradient-descent methods for neural
network training. Therefore, the Banach space of functions of second-order Radon-
domain bounded variation exactly captures the regularity of finite-width neural net-
works trained with weight decay.

In this paper, we revisit the characterization and extensions of this space to
deep (multilayer) neural networks with ReLU activation functions from the original
version of the present paper [52]. A special property of deep ReLU networks is that
their input-output relation is continuous piecewise linear [43]. The reverse is also true
in that any continuous piecewise-linear function can be represented with a sufficiently
wide and deep ReLU network [2]. Thus, one can interpret a deep ReLU network as
a multivariate spline of degree one. This connection between deep neural networks
and splines has been observed by a number of authors [3, 6, 7, 15, 51, 52, 54, 67].
In particular, one can view a deep neural network as a hierarchical spline [58] to
emphasize the compositional nature of deep neural networks. Due to this special
property, we will work exclusively with ReLU activation functions.

1.1. Contributions. This paper presents a variational framework to understand
the properties of functions learned by deep neural networks fit to data and it revisits
the compositional function spaces introduced in [52]. We prove a representer theo-
rem for fully connected feedforward deep ReLU networks; i.e., we show that solutions
to certain function-space optimization problems are exactly realizable by such net-
works. These solutions have skip connections and rank-controlled weight matrices.
The contributions of this paper are as follows:

1. We extend the scalar-valued second-order Radon-domain bounded variation
space of [51] to functions that are vector-valued while maintaining a tight
connection to weight-decay regularization. We then consider the composi-
tional version of this space whose members are compositions of functions
from the vector-valued spaces.

2. We prove a representer theorem that shows that deep ReLU networks with
skip connections and rank-controlled weight matrices are solutions to regu-
larized data-fitting problems over functions from this compositional space.
Furthermore, we show that the critical width is controlled by the square of
the number of training data.

3. We show that the function-space problem can be recast as a deep ReLU
network training problem. The regularizer for the function-space problem
can be expressed in terms of neural network parameters and coincides with
notions of weight-decay and path-norm regularization. This provides insight
into the kind of regularity these common regularization schemes impose on
the learned functions.

1.2. Connections to Empirical Studies in Deep Learning. Our results provide
theoretical support and insight for a number of empirical findings in deep learning.
We show that the common regularization method of weight decay corresponds to
Radon-domain total variation (TV) regularization. This characterizes the function-
space properties of neural networks trained with weight decay—the functions they
represent are regular in a precise sense. The optimal solutions to the function-space
problem require “skip connections” between layers, which provides a new theoretical
explanation for their benefits in practice [27]. The sparse nature of our solutions
sheds new light on the roles of sparsity and redundancy in deep learning, ranging from
“drop-out” [30] to the “lottery ticket hypothesis” [25]. Finally, rank-controlled weight
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130 RAHUL PARHI AND ROBERT D. NOWAK

matrices are a natural by-product of our variational framework that has precedent in
practical studies of deep neural networks. Indeed, it has been empirically observed
that low-rank weight matrices can speed up learning [4] and improve the accuracy
[26], robustness [59], and computational efficiency [73] of deep neural networks.

1.3. Related Prior Work. The function-space perspective of neural networks has
received a lot of renewed attention due to the seminal works of Savarese et al. [60]
and Ongie et al. [48]. In approximation theory, the function-space perspective played
a key role dating back to the 1990s with the breakthrough work of Barron [8, 9] and
subsequent work on variation spaces [5, 35, 36, 42]. Building on the work in [48, 60],
the papers [51, 52] proved representer theorems for shallow and deep ReLU networks
for optimization problems posed over certain function spaces. The techniques used
there are rooted in spline theory and the study of continuous-domain inverse problems
[23, 40, 78]. A common theme in all of these works is to leverage the sparsifying nature
of TV regularization on spaces of measures to learn sparse solutions. Other related
work includes “deep kernel learning” [14] where the authors consider compositional
function spaces based on RKHSs. Another line of research considers compositional
functions from variation spaces [21] to study the approximation theory of deep neural
networks.

1.4. Subsequent Work. Since the original version of the present paper [52] there
has been a growing body of research that considers the function-space perspective
and R BV2-type spaces. A number of these directions is briefly discussed below.

Reproducing Kernel Banach Spaces and Representer Theorems. Recent papers have
extended the representer theorem framework to reproducing kernel Banach spaces
(RKBSs), providing a kernel-based/feature-map perspective parallel to the R BV2

framework. Notable works include [12, 11, 66, 75] that specifically consider nonre-
flexive RKBSs and sparsity-promoting norms. As noted in [12], when specializing
to ReLU atoms, these RKBSs are equivalent (as Banach spaces) to R BV2. Other
directions have considered generalizations of R BV2 by considering general families of
activation functions [69] and neurons with multivariate nonlinearities [56]. Closer to
the setup of the present paper (and its original version), there have also been recent
efforts toward studying deep and compositional versions of these spaces [13, 18, 28, 74].

Approximation Theory. The approximation properties of R BV2-type spaces have
received considerable recent attention. In particular, [65] established sharp bounds
on approximation rates, metric entropy, and n-widths of R BV2 and related neural
Banach spaces such as Barron spaces and variation spaces. Building on that work, the
authors of [19] showed that shallow neural networks provide optimal approximation
rates for a broader class of functions than the standard variation spaces by introducing
the notion of weighted variation spaces. It still remains an open problem to precisely
characterize the approximation spaces of shallow neural networks, though these works
are making progress in that direction. Other works have also focused on relating
R BV2-type spaces to other spaces studied in approximation theory [54, 34, 41, 64, 22].

Statistical Learning Theory. The function-space perspective has also been fruitful
for studying statistical properties of neural networks and related methods. The au-
thors of [54] show that shallow ReLU networks trained with weight decay (to a global
minimizer) are minimax optimal for learning functions in R BV2. These ideas were
extended in [76] for nonparametric function estimation in R BV2-type spaces with
various neural architectures, in [37] for classification problems with R BV2 decision
boundaries, and in [38] to study the generalization properties of flat minima of neu-
ral network training problems. More recently, the authors of [57] showed that ReLU
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COMPOSITIONAL FUNCTION SPACES FOR DEEP LEARNING 131

neural networks are especially well suited to learning single- and multi-index mod-
els. The authors of [49] build on the R BV2 framework to develop nonparametric
goodness-of-fit tests, while the authors of [50] build on the framework to study the
non-Gaussianity of randomly initialized neural networks. Other works apply insights
from [52] to study the inductive bias of neural networks used for denoising problems
[77] and implicit neural representations [44, 63].

1.5. Roadmap. In section 2 we introduce the notation and mathematical prelimi-
naries used in the remainder of the paper and extend the results of [51] to vector-valued
functions. In section 3 we prove our main result, the representer theorem for deep
ReLU networks. In section 4 we discuss applications of our representer theorem to
the training and regularization of deep ReLU networks.

2. Mathematical Preliminaries. Let X be a locally compact Hausdorff space.
The Riesz–Markov–Kakutani representation theorem says that \scrM (X), the Banach
space of finite Radon measures on X, is the continuous dual of C0(X), the Banach
space of continuous functions vanishing at infinity equipped with the L\infty (X)-norm
[24, Chapter 7]. In particular, it holds that

\| u\| \scrM = sup
\varphi \in C0(X)
\| \varphi \| L\infty =1

\langle u,\varphi \rangle ,(2.1)

where \langle \cdot , \cdot \rangle denotes the canonical pairing between \scrM (X) and C0(X).
The \scrM -norm is exactly the TV norm (in the sense of measures). The pairing

\langle \cdot , \cdot \rangle in (2.1) is concretely specified as the integral

\langle u,\varphi \rangle =

\int 
X

\varphi (\bfitx ) du(\bfitx ).(2.2)

Furthermore, \scrM (X) can be viewed as a “generalization” of L1(X) in the sense
that for any f \in L1(X), \| f\| L1(X) = \| f\| \scrM (X), but \scrM (X) is a strictly larger space
that also includes the shifted Dirac impulses \delta (\cdot  - \bfitx 0), \bfitx 0 \in X, with the property that
\| \delta (\cdot  - \bfitx 0)\| \scrM (X) = 1. We also remark that the \scrM -norm is the continuous-domain
analogue of the \ell 1-norm and is thus sparsity-promoting. In this paper, we mostly
work with X = \BbbS d - 1 \times \BbbR , where \BbbS d - 1 = \{ \bfitu \in \BbbR d : \| \bfitu \| 2 = 1\} , the (d - 1)-sphere.

The Radon transform of a function f \in L1(\BbbR d) is given by

R \{ f\} (\bfitw , b) :=

\int 
\{ \bfitx :\bfitw \sansT \bfitx =b\} 

f(\bfitx ) d\bfitx , (\bfitw , b) \in \BbbS d - 1 \times \BbbR ,(2.3)

where d\bfitx is the integration against the (d - 1)-dimensional Lebesgue measure on the
hyperplane \{ \bfitx : \bfitw \sansT \bfitx = b\} . Observe that the Radon domain is parameterized by a
direction \bfitw \in \BbbS d - 1 and an offset b \in \BbbR . When working with the Radon transform
of functions defined on \BbbR d, the following ramp filter arises in the Radon inversion
formula:

K =
\bigl( 
 - \partial 2t

\bigr) d - 1
2 ,(2.4)

where \partial t denotes the partial derivative with respect to the offset variable of the Radon
domain and fractional powers are understood via the Fourier transform. In this paper,
we require the distributional extension of the Radon transform. It turns out that the
Radon transform is well defined for any tempered distribution f \in S \prime (\BbbR d) [39, 55].
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132 RAHUL PARHI AND ROBERT D. NOWAK

2.1. Function Spaces of Scalar-Valued Shallow ReLU Networks. The main
contribution of [51] is a representer theorem for shallow ReLU networks with scalar
outputs. That work showed that finite-width ReLU networks with width bounded by
the number of training data are solutions to regularized data-fitting problems over
the second-order Radon-domain bounded variation space. In this section we review
that result, collect some relevant properties of this function space, and provide a short
proof of [51, Theorem 1].

The space of functions of second-order bounded variation in the Radon domain
is then given by

R BV2(\BbbR d) =

\left\{   f :\BbbR d \rightarrow \BbbR measurable :
R TV2(f)<\infty 
ess sup
\bfitx \in \BbbR d

| f(\bfitx )| (1 + \| \bfitx \| 2) - 1 <\infty 

\right\}   ,(2.5)

where

R TV2(f) = cd\| \partial 2t KRf\| \scrM (2.6)

denotes the second-order TV of a function with respect to the offset variable of the
Radon domain, where c - 1

d = 2(2\pi )d - 1 is a constant that arises when working with
the Radon transform. This quantity is a seminorm whose null space (when restricted
to R BV2(\BbbR d)) is the space of affine functions. All the operators that appear in (2.6)
must be understood in the distributional sense. We refer the reader to [51, section 3]
and [39, 55] for details about the distributional extension of the Radon transform and
related operators.

Proposition 2.1 (special case of [51, Theorem 1]). Consider the problem of
interpolating the data \{ (\bfitx i, yi)\} Ni=1 \subset \BbbR d \times \BbbR . Then, under the hypothesis that yi = yj
whenever \bfitx i =\bfitx j, the solution set to

min
f\in R\mathrm{B}\mathrm{V}2(\BbbR d)

R TV2(f) s.t. f(\bfitx i) = yi, i= 1, . . . ,N,(2.7)

is the weak\ast -closure1 of the convex hull of its extreme points which all take the form

f\mathrm{R}\mathrm{e}\mathrm{L}\mathrm{U}(\bfitx ) =
K\sum 

k=1

vk(\bfitw \sansT 
k\bfitx  - bk)+ + \bfitc \sansT \bfitx + c0,(2.8)

where K \leq N , (\cdot )+ := max\{ 0, \cdot \} denotes the ReLU, vk \in \BbbR \setminus \{ 0\} , \bfitw k \in \BbbS d - 1, bk \in \BbbR ,
\bfitc \in \BbbR d, and c0 \in \BbbR .

Remark 2.2. Proposition 2.1 says that there always exists a solution to (2.7) that
is realizable by a shallow ReLU network with a skip connection [27], which is the affine
term in (2.8). In other words, Proposition 2.1 is a representer theorem for shallow
ReLU networks.

Remark 2.3. The fact that \bfitw k \in \BbbS d - 1 in (2.8) does not constrain the network
is due to the positive homogeneity of the ReLU. Indeed, given any shallow ReLU
network with \bfitw k \in \BbbR d \setminus \{ \bfzero \} , we can use the fact that ReLU is positively homogeneous
of degree 1 to rewrite the implementation as

1In particular, R BV2(\BbbR d) is a dual Banach space and the weak\ast -topology coincides with the
weak topology induced by its predual, which is explicated in Lemma 2.4.
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COMPOSITIONAL FUNCTION SPACES FOR DEEP LEARNING 133

\bfitx \mapsto \rightarrow 
K\sum 

k=1

vk\| \bfitw k\| 2(\widetilde \bfitw \sansT 
k\bfitx  - \widetilde bk)+ + \bfitc \sansT \bfitx + c0,(2.9)

where \widetilde \bfitw k :=\bfitw k/\| \bfitw k\| 2 \in \BbbS d - 1 and \widetilde bk := bk/\| \bfitw k\| 2 \in \BbbR .

The R TV2-seminorm has an explicit description in terms of network parameters.
Indeed, by [51, Lemma 25] if

f\mathrm{R}\mathrm{e}\mathrm{L}\mathrm{U}(\bfitx ) =

K\sum 
k=1

vk(\bfitw \sansT 
k\bfitx  - bk)+ + \bfitc \sansT \bfitx + c0,(2.10)

and the network is written in reduced form, i.e., the input weights and biases
\{ (\bfitw k, bk)\} Kk=1 are unique up to certain symmetries [51], then

R TV2(f\mathrm{R}\mathrm{e}\mathrm{L}\mathrm{U}) =

K\sum 
k=1

| vk| \| \bfitw k\| 2.(2.11)

If the network is not in reduced form, then an infimum above the right-hand side
must be taken over all representations (cf. [62, Equation (6)]). Equation (2.11) is
sometimes referred to as the path-norm of the network [45]. Moreover, we see that
(2.11) is a kind of \ell 1-norm on the network parameters, giving insight into the sparsity-
promoting aspect of the R TV2-seminorm on the network, where the sparsity is with
respect to the number of active neurons. Equation (2.11) also reveals that path-norm
regularization is equivalent to R TV2-regularization, which is subsequently equivalent
to weight-decay regularization [53]. Thus, weight-decay regularization favors functions
that are regular in the sense of R BV2(\BbbR d).

Recall that R BV2(\BbbR d) is defined by a seminorm and the null space of R TV2(\cdot )
is nontrivial; it is the space of affine functions on \BbbR d. It turns out that R BV2(\BbbR d) can
be turned into a bona fide Banach space when equipped with an appropriate norm.
We collect some of the relevant properties of this Banach space in the next lemma.

Lemma 2.4. The space R BV2(\BbbR d) equipped with the norm

\| f\| R\mathrm{B}\mathrm{V}2(\BbbR d) := R TV2(f) + | f(\bfzero )| +
d\sum 

k=1

| f(\bfite k) - f(\bfzero )| ,(2.12)

where \{ \bfite k\} dk=1 denotes the canonical basis of \BbbR d, has the following properties:
1. It is a Banach space.
2. It is a dual Banach space and, in particular, for any \bfitx 0 \in \BbbR d, the point

evaluation functional f \mapsto \rightarrow f(\bfitx 0) is weak\ast continuous on R BV2(\BbbR d).
3. Modulo affine functions, the extreme points of the unit ball

\{ f \in R BV2(\BbbR d) : R TV2(f) \leq 1\} (2.13)

take the form \{ \bfitx \mapsto \rightarrow \pm (\bfitw \sansT \bfitx  - b)+\} (\bfitw ,b)\in \BbbS d - 1\times \BbbR .

The proof of Lemma 2.4 appears in Appendix A. With this lemma, we immedi-
ately have a short proof of Proposition 2.1.

Proof of Proposition 2.1. From item 2 in Lemma 2.4, we can endow R BV2(\BbbR d)
with a weak\ast topology. The remainder of the proof relies on recent characterizations
of abstract representer theorems (see [16, 17, 68, 70]). From the weak\ast -continuity
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134 RAHUL PARHI AND ROBERT D. NOWAK

of the point evaluation functional on R BV2(\BbbR d) (item 2 in Lemma 2.4), our setting
coincides with the hypotheses of [70, Theorem 3]. First, this abstract result ensures
that the solution set is nonempty, convex, and weak\ast -compact. Second, it ensures
that it is the weak\ast -closure of the convex hull of its extreme points, which can all be
expressed as

f\mathrm{e}\mathrm{x}\mathrm{t}\mathrm{r}\mathrm{e}\mathrm{m}\mathrm{e} =

K\sum 
k=1

vkek + q,(2.14)

where the number K of atoms satisfies K \leq N , q is in the null space of the regularizer
(i.e., it is an affine function), and, for k= 1, . . . ,K, vk \in \BbbR \setminus \{ 0\} and ek is an extreme
point of the unit regularization ball. The characterization of extreme points in item
3 in Lemma 2.4 completes the proof.

2.2. Function Spaces of Vector-Valued Shallow ReLU Networks. Since a deep
neural network is built from compositions of vector-valued shallow neural networks,
we require the extension of the function spaces of scalar-valued networks to the vector-
valued case and corresponding representer theorems. The extension of the result in
subsection 2.1 to the vector-valued case follows from standard techniques with a slight
nuance in the choice of vector norm to maintain tight connections to weight-decay
and path-norm regularization.

Clearly, the vector-valued space is the D-fold Cartesian product

R BV2(\BbbR d;\BbbR D) := R BV2(\BbbR d) \times \cdot \cdot \cdot \times R BV2(\BbbR d)\underbrace{}  \underbrace{}  
D \mathrm{t}\mathrm{i}\mathrm{m}\mathrm{e}\mathrm{s}

.(2.15)

The primary challenge is endowing R BV2(\BbbR d;\BbbR D) with a (semi-)norm that main-
tains tight connections with weight decay. By definition, every f = (f1, . . . , fD) \in 
R BV2(\BbbR d;\BbbR D) satisfies

\partial 2t KRfj \in \scrM (\BbbS d - 1 \times \BbbR )(2.16)

for all j \in \{ 1, . . . ,D\} =: [D]. Write

\partial 2t KRf :=

\left[   \partial 
2
t KRf1
...

\partial 2t KRfD

\right]   (2.17)

for the vectorized version of \partial 2t KR. The problem now reduces to choosing a norm
on the vector-valued measure \partial 2t KRf \in \scrM (\BbbS d - 1 \times \BbbR ;\BbbR D). Given \bfitnu = (\nu 1, . . . , \nu D) \in 
\scrM (\BbbS d - 1 \times \BbbR ;\BbbR D), consider the norm

\| \bfitnu \| 2,\scrM := sup
\BbbS d=

\bigcup n
i=1 Ai

n\in \BbbN 

n\sum 
i=1

\| \bfitnu (Ai)\| 2 = sup
\BbbS d=

\bigcup n
i=1 Ai

n\in \BbbN 

n\sum 
i=1

\left(  D\sum 
j=1

| \nu j(Ai)| 2
\right)  1/2

.(2.18)

With this choice of norm, (\scrM (\BbbS d - 1 \times \BbbR ;\BbbR D),\| \cdot \| 2,\scrM ) is a Banach space. We refer the
reader to the monograph [20] for a full treatment of vector-valued measures and the
accompanying results. This leads to a seminorm for f = (f1, . . . , fD)\in R BV2(\BbbR d;\BbbR D)
defined by

R TV2(f) := \| \partial 2t KRf\| 2,\scrM =

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
\left[   \partial 

2
t KRf1
...

\partial 2t KRfD

\right]   
\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
2,\scrM 

.(2.19)

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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COMPOSITIONAL FUNCTION SPACES FOR DEEP LEARNING 135

The choice of norm in (2.18) is one of many possible choices of (equivalent) norms
on \scrM (\BbbS d - 1 \times \BbbR ;\BbbR D). It turns out that this is the only choice of norm that guarantees
tight connections between the R TV2 of a function and weight-decay regularization
(see the discussion in [62, Appendix A] for more details). We explicate this in (2.26).

Analogous to Lemma 2.4, we can turn R BV2(\BbbR d;\BbbR D) into a bona fide Banach
space when equipped with an appropriate norm. We collect some of the relevant
properties of this Banach space in the next lemma.

Lemma 2.5. The space R BV2(\BbbR d;\BbbR D) equipped with the norm

\| f\| R\mathrm{B}\mathrm{V}2(\BbbR d;\BbbR D) := R TV2(f) +

D\sum 
j=1

\Biggl( 
| fj(\bfzero )| +

d\sum 
k=1

| fj(\bfite k)  - fj(\bfzero )| 

\Biggr) 
(2.20)

has the following properties:
1. It is a Banach space.
2. It is a dual Banach space and, in particular, for any \bfitx 0 \in \BbbR d and j \in [D], the

componentwise point evaluation functional f \mapsto \rightarrow [f(\bfitx 0)]j is weak\ast continuous
on R BV2(\BbbR d;\BbbR D).

3. Modulo affine functions, the extreme points of the unit ball

\{ f \in R BV2(\BbbR d;\BbbR D) : R TV2(f)\leq 1\} (2.21)

take the form \{ \bfitx \mapsto \rightarrow \bfitu (\bfitw \sansT \bfitx  - b)+\} (\bfitu ,\bfitw ,b)\in \BbbS D - 1\times \BbbS d - 1\times \BbbR .

The proof of Lemma 2.5 appears in Appendix B.

Lemma 2.6. Let f \in R BV2(\BbbR d;\BbbR D); then f is Lipschitz continuous and satisfies
the Lipschitz bound

\| f(\bfitx ) - f(\bfity )\| 2 \leq \| f\| R\mathrm{B}\mathrm{V}2(\BbbR d;\BbbR D) \| \bfitx  - \bfity \| 2.(2.22)

The proof of Lemma 2.6 appears in Appendix C.

Theorem 2.7. Consider the problem of interpolating the data \{ (\bfitx i,\bfity i)\} Ni=1 \subset 
\BbbR d \times \BbbR D. Then, under the hypothesis that \bfity i = \bfity j whenever \bfitx i =\bfitx j, the solution set
to

min
f\in R\mathrm{B}\mathrm{V}2(\BbbR d;\BbbR D)

R TV2(f) s.t. f(\bfitx i) = \bfity i, i= 1, . . . ,N,(2.23)

is the weak\ast -closure of the convex hull of its extreme points, which all take the form

f\mathrm{R}\mathrm{e}\mathrm{L}\mathrm{U}(\bfitx ) =

K\sum 
k=1

\bfitv k(\bfitw \sansT 
k\bfitx  - bk)+ +\bfC \bfitx + \bfitc 0,(2.24)

where K \leq ND, (\cdot )+ denotes the ReLU, \bfitv k \in \BbbR D\setminus \{ \bfzero \} , \bfitw k \in \BbbS d - 1, bk \in \BbbR , \bfC \in \BbbR D\times d,
and \bfitc 0 \in \BbbR D. In particular, there always exists a solution with K \leq min\{ N2,ND\} .

The proof of Theorem 2.7 appears in Appendix D. What is remarkable here is the
existence of a solution that always satisfies the bound K \leq N2, independent of the
output dimension D. As discussed in Remark 2.3, the fact that \bfitw k \in \BbbS d - 1 does not
constrain the network is due to the positive homogeneity of the ReLU. Indeed, given
any shallow ReLU network with \bfitw k \in \BbbR d \setminus \{ \bfzero \} , we can rewrite the implementation as

f\mathrm{R}\mathrm{e}\mathrm{L}\mathrm{U}(\bfitx ) =

K\sum 
k=1

\bfitv k\| \bfitw k\| 2(\widetilde \bfitw \sansT 
k\bfitx  - \widetilde bk)+ +\bfC \bfitx + \bfitc 0,(2.25)

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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<latexit sha1_base64="SZWxW/G0XFltbXXljXivc+HCFxI=">AAAB6HicdVDLSgNBEJz1GeMr6tHLYBA8hdkga3ILeAl4ScA8IFnC7KQ3GTM7u8zMCmHJF3jxoIhXP8mbf+PkIahoQUNR1U13V5AIrg0hH87a+sbm1nZuJ7+7t39wWDg6bus4VQxaLBax6gZUg+ASWoYbAd1EAY0CAZ1gcj33O/egNI/lrZkm4Ed0JHnIGTVWat4MCkVSIhaeh+fErRDXkmq1Ui5XsbuwCCmiFRqDwnt/GLM0AmmYoFr3XJIYP6PKcCZglu+nGhLKJnQEPUsljUD72eLQGT63yhCHsbIlDV6o3ycyGmk9jQLbGVEz1r+9ufiX10tNWPEzLpPUgGTLRWEqsInx/Gs85AqYEVNLKFPc3orZmCrKjM0mb0P4+hT/T9rlkuuVvOZlsVZfxZFDp+gMXSAXXaEaqqMGaiGGAD2gJ/Ts3DmPzovzumxdc1YzJ+gHnLdP/qqNHQ==</latexit>

K

<latexit sha1_base64="aTdV5e5/VvrE0D7n8WxqJfmXZxo=">AAAB6HicdVBNSwMxEJ31s9avqkcvwSJ4Ktkia3sr6KHHFuwHtEvJpmkbm80uSVYoS3+BFw+KePUnefPfmG0rqOiDgcd7M8zMC2LBtcH4w1lb39jc2s7t5Hf39g8OC0fHbR0lirIWjUSkugHRTHDJWoYbwbqxYiQMBOsE0+vM79wzpXkkb80sZn5IxpKPOCXGSs2bQaGIS9jC81BG3Ap2LalWK+VyFbkLC+MirNAYFN77w4gmIZOGCqJ1z8Wx8VOiDKeCzfP9RLOY0CkZs56lkoRM++ni0Dk6t8oQjSJlSxq0UL9PpCTUehYGtjMkZqJ/e5n4l9dLzKjip1zGiWGSLheNEoFMhLKv0ZArRo2YWUKo4vZWRCdEEWpsNnkbwten6H/SLpdcr+Q1L4u1+iqOHJzCGVyAC1dQgzo0oAUUGDzAEzw7d86j8+K8LlvXnNXMCfyA8/YJ9A6NFg==</latexit>

D
<latexit sha1_base64="5cczcT10E+4pROVbw0QZ/6Avvag="></latexit>

f1(x)
f2(x)

...

fD(x)

<latexit sha1_base64="5cczcT10E+4pROVbw0QZ/6Avvag="></latexit>

f1(x)
f2(x)

...

fD(x)

<latexit sha1_base64="5cczcT10E+4pROVbw0QZ/6Avvag="></latexit>

f1(x)
f2(x)

...

fD(x)

<latexit sha1_base64="N4BylOQCIPmP0WYLnlHfXTGuxks=">AAACHHicbVDLSsNAFJ34rPVVdelmsAh1UxKR6kYo6KLgwgr2AU0ok+mkHTqTxJmJUNJ8gD/hL7jVvTtxK7j1S5y0WdjWAwOHc87l3jluyKhUpvltLC2vrK6t5zbym1vbO7uFvf2mDCKBSQMHLBBtF0nCqE8aiipG2qEgiLuMtNzhVeq3HomQNPDv1SgkDkd9n3oUI6WlbqFojz173I1tjtQAIxY3kwRewtvSDbTlg1DxdXKiU2bZnAAuEisjRZCh3i382L0AR5z4CjMkZccyQ+XESCiKGUnydiRJiPAQ9UlHUx9xIp148pkEHmulB71A6OcrOFH/TsSISznirk6mN8t5LxX/8zqR8i6cmPphpIiPp4u8iEEVwLQZ2KOCYMVGmiAsqL4V4gESCCvdX35mjcsTXYo1X8EiaZ6WrUq5cndWrNayenLgEByBErDAOaiCGqiDBsDgCbyAV/BmPBvvxofxOY0uGdnMAZiB8fUL79ahmw==</latexit>

kfkV = O(K
p

D)
<latexit sha1_base64="a4PXX1tWRSyBhjr7nAH3dX3Bpzo=">AAACE3icbVDLSsNAFJ3UV62vqDvdDBahbkoiUt0IBV10ZwX7gCaEyXTSDp08mJkIJQ34E/6CW927E7d+gFu/xEmbhW09cOFwzr3ce48bMSqkYXxrhZXVtfWN4mZpa3tnd0/fP2iLMOaYtHDIQt51kSCMBqQlqWSkG3GCfJeRjju6yfzOI+GChsGDHEfE9tEgoB7FSCrJ0Y+siWdNnMTykRxixJJ2msJreFe5PXP0slE1poDLxMxJGeRoOvqP1Q9x7JNAYoaE6JlGJO0EcUkxI2nJigWJEB6hAekpGiCfCDuZ/pDCU6X0oRdyVYGEU/XvRIJ8Ica+qzqzU8Wil4n/eb1Yeld2QoMoliTAs0VezKAMYRYI7FNOsGRjRRDmVN0K8RBxhKWKrTS3xvVTFYq5GMEyaZ9XzVq1dn9RrjfyeIrgGJyACjDBJaiDBmiCFsDgCbyAV/CmPWvv2of2OWstaPnMIZiD9vULqIKduA==</latexit>kfkV = O(D)

<latexit sha1_base64="DfH9K0TGUIzI2Yglj6xguxYVfEw=">AAACGnicbVDLSsNAFJ34rPUVdelmtAh1UxKR6kYo6KI7K9gHNCFMppN26OThzEQoadb+hL/gVvfuxK0bt36JkzYL23rgwuGce7n3HjdiVEjD+NaWlldW19YLG8XNre2dXX1vvyXCmGPSxCELecdFgjAakKakkpFOxAnyXUba7vA689uPhAsaBvdyFBHbR/2AehQjqSRHP7LGnjV2EstHcoARS1ppCq/gbdkSD1wmN+mpo5eMijEBXCRmTkogR8PRf6xeiGOfBBIzJETXNCJpJ4hLihlJi1YsSITwEPVJV9EA+UTYyeSVFJ4opQe9kKsKJJyofycS5Asx8l3VmV0s5r1M/M/rxtK7tBMaRLEkAZ4u8mIGZQizXGCPcoIlGymCMKfqVogHiCMsVXrFmTWun6pQzPkIFknrrGJWK9W781KtnsdTAIfgGJSBCS5ADdRBAzQBBk/gBbyCN+1Ze9c+tM9p65KWzxyAGWhfv+ZroRw=</latexit>

kfkV = O(
p

D)

<latexit sha1_base64="LV/JUkoQ6icCAsVKPWpXCOdxX/A=">AAACBHicbVC7TgJBFJ31ifhCLW0mEhMrskuBliQ2lJjII4ENmZ29CxNmZteZWQ3Z0PoLttrbGVv/w9YvcYAtBDzJTU7OuTfn5gQJZ9q47rezsbm1vbNb2CvuHxweHZdOTts6ThWFFo15rLoB0cCZhJZhhkM3UUBEwKETjG9nfucRlGaxvDeTBHxBhpJFjBJjJT8EqQE/ARuOjB6Uym7FnQOvEy8nZZSjOSj99MOYpgKkoZxo3fPcxPgZUYZRDtNiP9WQEDomQ+hZKokA7Wfzp6f40iohjmJlRxo8V/9eZERoPRGB3RTEjPSqNxP/83qpiW78jMkkNSDpIihKOTYxnjWAQ6aAGj6xhFDF7K+Yjogi1NieiksxgZjaUrzVCtZJu1rxapXaXbVcb+T1FNA5ukBXyEPXqI4aqIlaiKIH9IJe0Zvz7Lw7H87nYnXDyW/O0BKcr19XV5jb</latexit>

dense weights
<latexit sha1_base64="0kRw/lX4pEyk6PKwsLxc1/U6b0c=">AAACBXicbVC7TgJBFJ3FF+ILtbSZSEysyC4FWpLYUGIijwSQzA53YcLM7mbmroZsqP0FW+3tjK3fYeuXOMAWCp7kJifn3Jtzc/xYCoOu++XkNja3tnfyu4W9/YPDo+LxSctEiebQ5JGMdMdnBqQIoYkCJXRiDUz5Etr+5Gbutx9AGxGFdziNoa/YKBSB4AytdG9ipg3QRxCjMZpBseSW3QXoOvEyUiIZGoPid28Y8URBiFwyY7qeG2M/ZRoFlzAr9BIDMeMTNoKupSFTYPrp4usZvbDKkAaRthMiXai/L1KmjJkq324qhmOz6s3F/7xugsF1PxVhnCCEfBkUJJJiROcV0KHQwFFOLWFcC/sr5WOmGUdbVOFPjK9mthRvtYJ10qqUvWq5elsp1epZPXlyRs7JJfHIFamROmmQJuFEk2fyQl6dJ+fNeXc+lqs5J7s5JX/gfP4AS0GZZA==</latexit>

sparse weights
<latexit sha1_base64="DAK80BFws27Q5zHrpiRL3yOJsAY=">AAACBXicbVC7TgJBFJ3FF+ILtbSZSEysyC4FWpLYUGIijwRWMjtcYMI8NjOzJmRD7S/Yam9nbP0OW7/EAbYQ8CQ3OTnn3pybE8WcGev7315ua3tndy+/Xzg4PDo+KZ6etYxKNIUmVVzpTkQMcCahaZnl0Ik1EBFxaEeTu7nffgJtmJIPdhpDKMhIsiGjxDrp0cREG8ASEq2k6RdLftlfAG+SICMllKHRL/70BoomAqSlnBjTDfzYhinRllEOs0IvMRATOiEj6DoqiQATpouvZ/jKKQM8VNqNtHih/r1IiTBmKiK3KYgdm3VvLv7ndRM7vA1TJuPEgqTLoGHCsVV4XgEeMA3U8qkjhGrmfsV0TDSh1hVVWImJxMyVEqxXsElalXJQLVfvK6VaPasnjy7QJbpGAbpBNVRHDdREFGn0gl7Rm/fsvXsf3udyNedlN+doBd7XL2MQmXM=</latexit>sparse neurons

<latexit sha1_base64="w7td+8FG6BtzV5EuMRycW3m9ygA=">AAACCXicbVA9SwNBEN3zM8avqKXNYhCswp2IWgZtLCOYD0iOsLc3lyzZ2zt258RwpLXxr9hYKGLrP7Dz37j5KDTxwcDjvRlm5gWpFAZd99tZWl5ZXVsvbBQ3t7Z3dkt7+w2TZJpDnScy0a2AGZBCQR0FSmilGlgcSGgGg+ux37wHbUSi7nCYgh+znhKR4Ayt1C3RDsID5iZl2gBlKqSmzzSEVEGmE2VG3VLZrbgT0EXizUiZzFDrlr46YcKzGBRyyYxpe26Kfs40Ci5hVOxkBlLGB6wHbUsVi8H4+eSTET22SkijRNtSSCfq74mcxcYM48B2xgz7Zt4bi/957QyjSz8XKs0QFJ8uijJJMaHjWGgoNHCUQ0sY18LeSrkNgnG04RVtCN78y4ukcVrxzive7Vm5ejWLo0AOyRE5IR65IFVyQ2qkTjh5JM/klbw5T86L8+58TFuXnNnMAfkD5/MHOfWarA==</latexit>

sparse and shared neurons

Fig. 1 Three neural networks with different weight-sparsity patterns. Since weight decay minimizes
the R TV2 of the network, it favors the rightmost architecture. This architecture exhibits
both neuron sparsity and neuron sharing. Each output depends on the same few neurons.
This observation also gives insight into the regularity of the optimal functions: They favor
functions that only vary in a few directions across all outputs. This is in contrast with the
middle network, where each output has variation in a small number of directions, but this set
of directions can be different for each output. This neuron sharing phenomenon is rigorously
quantified in [62, Theorem 9].

where \widetilde \bfitw k := \bfitw k/\| \bfitw k\| 2 \in \BbbS d - 1 and \widetilde bk := bk/\| \bfitw k\| 2 \in \BbbR . Thanks to the definition of
the vector-valued R TV2 (2.19) when the network is in reduced form, we have that

R TV2(f\mathrm{R}\mathrm{e}\mathrm{L}\mathrm{U}) =

K\sum 
k=1

\| \bfitv k\| 2\| \bfitw k\| 2.(2.26)

Due to the equivalence of path-norm and weight-decay regularization [53], we see
that, analogous to the scalar-valued case, weight-decay regularization favors functions
that are regular in the sense of R BV2(\BbbR d;\BbbR D). What is even more interesting is that
this shows that weight-decay regularization favors networks that share neurons. This
arises due to the fact that the path-norm in (2.26) is essentially a multitask lasso
regularizer [62]. This is summarized in Figure 1.

3. A Representer Theorem for Deep ReLU Networks. In this section, we
prove our representer theorem for deep ReLU networks. We consider functions that
are compositions of functions from the Banach space defined in Lemma 2.5. Let

R BV2
\sansd \sanse \sanse \sansp (\BbbR d0 ; . . . ;\BbbR dL)

:= \{ f = f (L) \circ \cdot \cdot \cdot \circ f (1) : f (\ell ) \in R BV2(\BbbR d\ell  - 1 ;\BbbR d\ell ), \ell = 1, . . . ,L\} (3.1)

denote the space of all such functions.
For brevity, we write R BV2

\sansd \sanse \sanse \sansp (L) for R BV2
\sansd \sanse \sanse \sansp (\BbbR d0 ; . . . ;\BbbR dL). This specification

reflects two standard architectural hyperparameters for deep neural networks: the
number of hidden layers L and the functional “widths,” d\ell , of each layer. That is,
each function in the composition ultimately corresponds to a layer in a deep neural
network.

Lemma 3.1. Let f = f (L) \circ \cdot \cdot \cdot \circ f (1) \in R BV2
\sansd \sanse \sanse \sansp (L). Then, f is Lipschitz

continuous and satisfies the Lipschitz bound

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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\| f(\bfitx )  - f(\bfity )\| 2 \leq 

\Biggl( 
L\prod 

\ell =1

\| f (\ell )\| R\mathrm{B}\mathrm{V}2(\BbbR d\ell  - 1 ;\BbbR d\ell )

\Biggr) 
\| \bfitx  - \bfity \| 2.(3.2)

Proof. The result follows by repeated application of Lemma 2.6.

This lemma reveals that the “norm” on the compositional space controls the
Lipschitz regularity of the underlying function. We now state our representer theorem
for deep ReLU networks.

Theorem 3.2. Let L be a positive integer corresponding to the depth of a deep
ReLU network and let d0, . . . , dL be positive integers corresponding to the interme-
diate dimensions of the network. Consider the problem of learning from the data
\{ (\bfitx i,\bfity i)\} Ni=1 \subset \BbbR d0 \times \BbbR dL . Let \scrL (\cdot , \cdot ) be an arbitrary loss function and let \lambda > 0 be a
regularization parameter. If a solution exists to the problem

min
f(\ell )\in R\mathrm{B}\mathrm{V}2(\BbbR d\ell  - 1 ;\BbbR d\ell )

\ell =1,...,L

f=f(L)\circ \cdot \cdot \cdot \circ f(1)

N\sum 
i=1

\scrL (\bfity i, f(\bfitx i)) + \lambda 

L\sum 
\ell =1

R TV2(f (\ell )),(3.3)

then there exists a solution of the form

f\mathrm{d}\mathrm{e}\mathrm{e}\mathrm{p}(\bfitx ) = \bfitx (L),(3.4)

where \bfitx (L) is computed recursively via\Biggl\{ 
\bfitx (0) :=\bfitx ,

\bfitx (\ell ) :=\bfV (\ell )\bfitrho (\bfW (\ell )\bfitx (\ell  - 1)  - \bfitb (\ell )) + \bfC (\ell )\bfitx (\ell  - 1) + \bfitc 
(\ell )
0 , \ell = 1, . . . ,L,

(3.5)

where \bfitrho applies the ReLU (\cdot )+ componentwise and, for \ell = 1, . . . ,L, \bfV (\ell ) \in \BbbR d\ell \times K(\ell )

,

\bfW (\ell ) \in \BbbR K(\ell )\times d\ell  - 1 , \bfitb (\ell ) \in \BbbR K(\ell )

, \bfC (\ell ) \in \BbbR d\ell \times d\ell  - 1 , and \bfitc 
(\ell )
0 \in \BbbR d\ell , where K(\ell ) \leq 

min\{ N2,Nd\ell \} .
Remark 3.3. Note that the search space in (3.3) is over the Cartesian product

R BV2(\BbbR d0 ;\BbbR d1) \times \cdot \cdot \cdot \times R BV2(\BbbR dL - 1 ;\BbbR dL)(3.6)

rather than R BV2
\sansd \sanse \sanse \sansp (L). This is because, given a function f \in R BV2

\sansd \sanse \sanse \sansp (L), there

could be many decompositions such that f = f (L) \circ \cdot \cdot \cdot \circ f (1). Therefore, in order for
the regularization term in (3.3) to be well defined, we formulate the problem over
(3.6). Note that since each term in the Cartesian product is a Banach space, the
search space for this problem is itself a Banach space when equipped with the norm

\| (f (1), . . . , f (L))\| R\mathrm{B}\mathrm{V}2
\sansd \sanse \sanse \sansp (L) :=

L\sum 
\ell =1

\| f (\ell )\| R\mathrm{B}\mathrm{V}2(\BbbR d\ell  - 1 ;\BbbR d\ell ),(3.7)

where we identify R BV2
\sansd \sanse \sanse \sansp (L) with the Cartesian product (3.6). This type of Banach

space has recently been referred to as a neural RKBS [13].

The neural network architecture that appears in (3.5) can be seen in Figure 2.
Moreover, this exact architecture was studied empirically in [26]. It has also been
studied in [31] from the statistical perspective under the name “accordion networks"".
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Fig. 2 This figure shows the architecture of the deep neural network in (3.5) in the case of L = 3
hidden layers. The orange nodes denote ReLU nodes and the gray nodes denote linear nodes.
Skip connection nodes are omitted for clarity.

Remark 3.4. The regularizer that appears in (3.3) can be replaced by

\psi 0

\Biggl( 
L\sum 

\ell =1

\psi \ell (R TV2(f (\ell )))

\Biggr) 
,(3.8)

where \psi \ell : [0,\infty ) \rightarrow \BbbR , \ell = 0, . . . ,L, is a strictly increasing and convex function, and it
can still have solutions that take the form of a deep neural network as in (3.4). Thus,
there are many choices of regularization that result in a representer theorem for deep
ReLU networks.

Remark 3.5. Notice that (3.4) is precisely the standard L-hidden layer deep
ReLU network architecture with rank-controlled weight matrices and skip connections.
Indeed, the weight matrix of the \ell th layer is \bfA (\ell ) := \bfW (\ell +1)\bfV (\ell ). More specifically,
by dropping biases and skip connections for clarity, we see that f\mathrm{d}\mathrm{e}\mathrm{e}\mathrm{p}(\bfitx ) in (3.4) can
be computed recursively as\left\{     

\widetilde \bfitx (0) :=\bfitx ,\widetilde \bfitx (\ell ) := \bfitrho (\bfA (\ell  - 1)\widetilde \bfitx (\ell  - 1)), \ell = 1, . . . ,L,

s(\bfitx ) := \bfA (L)\widetilde \bfitx (L),

(3.9)

where \left\{     
\bfA (0) :=\bfW (1),

\bfA (\ell ) := \bfW (\ell +1)\bfV (\ell ), \ell = 1, . . . ,L - 1,

\bfA (L) :=\bfV (L).

(3.10)

From the dimensions of \bfV (\ell ) and \bfW (\ell ) in Theorem 3.2, we see that for \ell = 0, . . . ,L,
rank(\bfA (\ell )) \leq min\{ N2,Nd\ell  - 1, d\ell \} and rank(\bfA (L))\leq dL.

Proof of Theorem 3.2. Let \widetilde f = \widetilde f (L)\circ \cdot \cdot \cdot \circ \widetilde f (1) be a (not necessarily unique) solution
to (3.3). By applying \widetilde f to each data point \bfitx i, i= 1, . . . ,N , we can recursively compute
the intermediate vectors \bfitz i,\ell \in \BbbR d\ell as follows:
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COMPOSITIONAL FUNCTION SPACES FOR DEEP LEARNING 139

\bullet Initialize \bfitz i,0 := \bfitx i.

\bullet For each \ell = 1, . . . ,L, recursively update \bfitz i,\ell := \widetilde f (\ell )(\bfitz i,\ell  - 1).

The solution \widetilde f must satisfy\widetilde f (\ell ) \in arg min
f\in R\mathrm{B}\mathrm{V}2(\BbbR d\ell  - 1 ;\BbbR d\ell )

R TV2(f) s.t. f(\bfitz i,\ell  - 1) = \bfitz i,\ell , i= 1, . . . ,N,(3.11)

for \ell = 1, . . . ,L. To see this, note that if (3.11) did not hold, it would contradict the
optimality of \widetilde f . By Theorem 2.7, there always exists a solution to (3.11) that enforces
the form of the solution in (3.4).

Remark 3.6. Existence of minimizers is assumed a priori in Theorem 3.2. It turns
out that, under mild conditions (e.g., lower semicontinuity of the loss function), this
is always guaranteed. For the sake of pedagogy, we do not delve into those details in
the present paper, and instead refer the reader to the original version of the article
[52, Theorem 3.2].

4. Applications to Deep Network Training and Regularization. In this section
we discuss applications of the representer theorem Theorem 3.2 to the training and
regularization of deep ReLU networks. Since Theorem 3.2 ensures that solutions to
the function-space problem in (3.3) are realizable by deep ReLU networks (3.4), one
can find a solution to (3.3) by finding a solution to a finite-dimensional deep network
training problem. A direct corollary of (2.26) is the following lemma.

Lemma 4.1. Given a deep neural network f = f (L) \circ \cdot \cdot \cdot \circ f (1) as in (3.4), where
each f (\ell ) is written in reduced form, it holds that

L\sum 
\ell =1

R TV2(f (\ell )) =

L\sum 
\ell =1

K(\ell )\sum 
k=1

\| \bfitv (\ell )
k \| 2\| \bfitw (\ell )

k \| 2,(4.1)

where \bfitv 
(\ell )
k is the kth column of \bfV (\ell ) and \bfitw 

(\ell )
k is the kth row of \bfW (\ell ).

Lemma 4.1 implies the following corollary to Theorem 3.2.

Corollary 4.2. Let \bfittheta denote the parameters of a deep neural network as in
(3.4), and let Θ denote the space of all such parameters. Write f\bfittheta to denote a deep
neural network parameterized by \bfittheta . Then, the solutions to the finite-dimensional
neural network training problem

min
\bfittheta \in \Theta 

N\sum 
i=1

\scrL (\bfity i, f\bfittheta (\bfitx i)) + \lambda 

L\sum 
\ell =1

K(\ell )\sum 
k=1

\| \bfitv (\ell )
k \| 2\| \bfitw (\ell )

k \| 2(4.2)

are solutions to (3.3) as long as K(\ell ) \geq min\{ N2,Nd\ell \} .
The weight-decay regularizer is actually equivalent to the regularizer in Corollary

4.2. This yields the following corollary about weight-decay regularization.

Corollary 4.3. The solutions to

min
\bfittheta \in \Theta 

N\sum 
i=1

\scrL (\bfity i, f\bfittheta (\bfitx i)) + \lambda 

L\sum 
\ell =1

\| \bfV (\ell )\| 2\sansF + \| \bfW (\ell )\| 2\sansF 
2

(4.3)

are also solutions to (4.2), where \| \cdot \| \sansF denotes the Frobenius norm of a matrix. More-

over, the solutions to (4.3) satisfy the property that \| \bfitv (\ell )
k \| 2 = \| \bfitw (\ell )

k \| 2, \ell = 1, . . . ,L,
k= 1, . . . ,K(\ell ).
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140 RAHUL PARHI AND ROBERT D. NOWAK

Proof. The kth neuron in the \ell th layer of a deep neural network as in (3.4)

takes the form \bfitx \mapsto \rightarrow \bfitv 
(\ell )
k (\bfitw 

(\ell )
k

\sansT 
\bfitx  - b

(\ell )
k )+. Due to the positive homogeneity of the

ReLU, \bfitv 
(\ell )
k and \bfitw 

(\ell )
k can be rescaled so that \| \bfitv (\ell )

k \| 2 = \| \bfitw (\ell )
k \| 2 without altering the

function of the network. Therefore, minimization of \| \bfitv (\ell )
k \| 22+\| \bfitw (\ell )

k \| 22 is achieved when

\| \bfitv (\ell )
k \| 2 = \| \bfitw (\ell )

k \| 2. The result then follows from the fact that when \| \bfitv (\ell )
k \| 2 = \| \bfitw (\ell )

k \| 2
we have that

\| \bfitv (\ell )
k \| 22 + \| \bfitw (\ell )

k \| 22
2

= \| \bfitv (\ell )
k \| 2\| \bfitw (\ell )

k \| 2.(4.4)

Remark 4.4. Due to the sparsity-promoting and neuron sharing nature of the
R TV2, the regularizers that appear in (4.2) and (4.3) promote sparse (in the sense
of the number of active neurons) deep ReLU network solutions (cf. Figure 1).

Remark 4.5. Corollaries 4.2 and 4.3 reveal that training sufficiently wide deep
ReLU networks with linear bottlenecks favors functions that are regular in the sense
of the compositional space R BV2

\sansd \sanse \sanse \sansp (L).

4.1. Connections to Existing Deep Network Regularization Schemes. The
regularizers that appear in (4.2) and (4.3) are principled regularizers for training deep
ReLU networks. In this section we will show how these regularizers are related to
other regularizers that are studied in deep learning.

A common regularization scheme for deep ReLU networks is the path-norm reg-
ularizer. In particular, several works [10, 45, 46, 47] consider deep ReLU networks
with no biases or skip connections mapping \BbbR d \rightarrow \BbbR of the form s(\bfitx ) = x(L), where
x(L) is computed via \left\{     

\bfitx (0) := \bfitx ,

\bfitx (\ell ) := \bfitrho (\bfA (\ell  - 1)\bfitx (\ell  - 1)), \ell = 1, . . . ,L,

x(L) := \bfita (L)\sansT \bfitx (L),

(4.5)

where \bfitrho denotes applying the ReLU componentwise, \bfA (0) \in \BbbR K(1)\times d, \bfA (\ell ) \in 
\BbbR K(\ell +1)\times K(\ell )

, \ell = 1, . . . ,L - 1, and \bfita (L) \in \BbbR K(L)

. Note that (4.5) is almost the same
as the architecture in our framework if we drop biases and skip connections (see (3.9)
in Remark 3.5). These works then consider path-norm regularization of the form

K(L)\sum 
kL=1

K(L - 1)\sum 
kL - 1=1

\cdot \cdot \cdot 
K(1)\sum 
k1=1

d\sum 
k0=1

| \ast | ak0,k1 | \ast | ak1,k2 \cdot \cdot \cdot | \ast | akL - 1,kL
| \ast | akL

,(4.6)

where ak\ell ,k\ell +1
denotes the (k\ell , k\ell +1)th entry in \bfA (\ell ) and akL

denotes the kLth entry
in \bfita (L).

Consider regularizing a deep ReLU network (with no biases or skip connections)
from our framework with the following regularizer, which arises with a particular
choice of \{ \psi \ell \} L\ell =0 in Remark 3.4:

L\prod 
\ell =1

K(\ell )\sum 
k=1

\| \bfitv (\ell )
k \| 2\| \bfitw (\ell )

k \| 2.(4.7)
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COMPOSITIONAL FUNCTION SPACES FOR DEEP LEARNING 141

Observe that (4.7) is an upper bound on something that looks very similar to the
path-norm in (4.6). Indeed, first notice that if we write the deep ReLU network from
our framework in the form in (3.9), we have

| ak\ell ,k\ell +1
| = | \bfitv (\ell )

k

\sansT 
\bfitw 

(\ell +1)
k | \leq \| \bfitv (\ell )

k \| 2\| \bfitw (\ell +1)
k \| 2,(4.8)

where ak\ell ,k\ell +1
denotes the (k\ell , k\ell +1)th entry in \bfA (\ell ) as defined in Remark 3.5. There-

fore,

L\prod 
\ell =1

K(\ell )\sum 
k=1

\| \bfitv (\ell )
k \| 2\| \bfitw (\ell )

k \| 2 =

K(L)\sum 
kL=1

\cdot \cdot \cdot 
K(1)\sum 
k1=1

\| \bfitw (1)
k1

\| 2\| \bfitv (1)
k1

\| 2\| \bfitw (2)
k2

\| 2\| \bfitv (2)
k2

\| 2 \cdot \cdot \cdot \| \bfitw (L)
kL

\| 2\| \bfitv (L)
kL

\| 2

\geq 
K(L)\sum 
kL=1

\cdot \cdot \cdot 
K(1)\sum 
k1=1

\| \bfitw (1)
k1

\| 2 | ak1,k2
| \cdot \cdot \cdot | akL - 1,kL

| \| \bfitv (L)
kL

\| 2,(4.9)

where the last line holds from (4.8). We see that the last line in the above equation is
the same as the path-norm in (4.6), apart from how it treats weights in the first and
last layers. We also remark that the work in [10] shows that the path-norm in (4.6)
controls the Rademacher and Gaussian complexity of deep ReLU networks.

5. Conclusion. In this paper we have proven a representer theorem for deep
ReLU networks. We have shown that deep ReLU networks with L-hidden layers,
skip connections, and rank-bounded weight matrices are solutions to a variational
problem over compositional R BV2-spaces. This function-space problem can be re-
cast as a finite-dimensional neural network training problem with various choices of
regularization on the network parameters. We have therefore derived several new,
principled regularizers for deep ReLU networks. Moreover, these regularizers pro-
mote sparse solutions. We have shown that these new regularizers are related to the
well-known weight decay and path-norm regularization schemes commonly used in
the training of deep ReLU networks. The main follow-up question revolves around
sharper understanding of the compositional space R BV2

\sansd \sanse \sanse \sansp (L). This first requires

sharper understanding of the R BV2-spaces. The function spaces studied in this pa-
per are not classical, and understanding their analytic properties will play a key role
in understanding the kinds of functions that deep neural networks learn from data.

Appendix A. Topological Properties of R \bfB \bfV 2(\BbbR \bfitd ). In this section we will
prove Lemma 2.4. We rely on many results developed in [51]. While the definition
of R BV2(\BbbR d) given in (2.5) is convenient from an intuitive perspective, it does not
lend itself to analysis due to R TV2(\cdot ) being a seminorm with null space \scrP 1(\BbbR d), the
space of polynomials of degree at most one, i.e., affine functions on \BbbR d. Thus, we
use the result of [51, Theorem 22] to characterize R BV2(\BbbR d) as a Banach space. In
particular, [51, Theorem 22] considers an arbitrary biorthogonal system of \scrP 1(\BbbR d) in
order to equip R BV2(\BbbR d) with a bona fide norm.

Definition A.1. Let \scrN be a finite-dimensional space with N0 := dim\scrN . The pair
(\bfitphi ,\bfitp ) = \{ (\phi n, pn)\} N0 - 1

n=0 is called a biorthogonal system for \scrN if \bfitp = \{ pn\} N0 - 1
n=0 is a

basis of \scrN and the ``boundary"" functionals \bfitphi = \{ \phi n\} N0 - 1
n=0 with \phi n \in \scrN \prime (the continuous

dual of \scrN ) satisfy the biorthogonality condition \langle \phi k, pn\rangle = \delta [k - n], k,n= 0, . . . ,N0 - 1,
where \delta [\cdot ] is the Kronecker impulse.
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142 RAHUL PARHI AND ROBERT D. NOWAK

Proposition A.2 (see [51, Theorem 22, item 3]). Let (\bfitphi ,\bfitp ) be a biorthogonal
system for \scrP 1(\BbbR d). Then R BV2(\BbbR d) equipped with the norm

\| f\| R\mathrm{B}\mathrm{V}2(\BbbR d) = R TV2(f) + \| \bfitphi (f)\| 1,(A.1)

where \bfitphi (f) = (\langle \phi 0, f\rangle , . . . , \langle \phi d, f\rangle ) \in \BbbR d+1, is a Banach space.

Proof of Lemma 2.4, item 1. By Proposition A.2 it suffices to find a biorthogonal
system (\bfitphi ,\bfitp ) of \scrP 1(\BbbR d) such that for every f \in R BV2(\BbbR d) we have

\| \bfitphi (f)\| 1 = | f(\bfzero )| +

d\sum 
k=1

| f(\bfite k)  - f(\bfzero )| .(A.2)

Put p0(\bfitx ) := 1 and pk(\bfitx ) := xk, k= 1, . . . , d. Clearly, \bfitp is a basis for \scrP 1(\BbbR d). Put
\phi 0 := \delta and \phi k := \delta (\cdot  - \bfite k) - \delta , k= 1, . . . , d, where \delta denotes the Dirac impulse on \BbbR d

and \bfite k denotes the kth canonical basis vector of \BbbR d. Then, (\bfitphi ,\bfitp ) is a biorthogonal
system for \scrP 1(\BbbR d). Indeed, we have \langle \phi 0, p0\rangle = 1 and \langle \phi k, pk\rangle = pk(\bfite k)  - pk(\bfzero ) =
1 - 0 = 1, k= 1, . . . , d. We also have

\langle \phi 0, pk\rangle = pk(\bfzero ) = 0, k= 1, . . . , d,(A.3)

\langle \phi k, p0\rangle = p0(\bfite k) - p0(\bfzero ) = 1 - 1 = 0, k= 1, . . . , d,(A.4)

\langle \phi k, pn\rangle = pn(\bfite k) - pn(\bfzero ) = 0 + 0 = 0, k,n= 1, . . . , d, k \not = n.(A.5)

A computation shows that (A.2) holds with this choice of biorthogonal system.

In order to prove item 2 of Lemma 2.4, we must show that R BV2(\BbbR d) has a
predual (so that it can be endowed with a weak\ast topology) and consequently show
that the point evaluation functional is weak\ast continuous. In other words, we must
show that the Dirac impulse, \delta (\cdot  - \bfitx 0), \bfitx 0 \in \BbbR d, lies in the predual.

Before we can prove this, we require an important result from [51]. Recall from
(2.6) that

R TV2(f) = cd\| \partial 2t Λd - 1Rf\| \scrM (\BbbS d - 1\times \BbbR ).(A.6)

Put R := cd \partial 
2
t Λd - 1R. As discussed in [51], for every f \in R BV2(\BbbR d), u := Rf \in 

\scrM (\BbbS d - 1 \times \BbbR ) is always even, i.e., u(\bfitw , b) = u( - \bfitw , - b). This means we have

R TV2(f) = \| Rf\| \scrM (\BbbP d),(A.7)

where \BbbP d denotes the manifold of hyperplanes on \BbbR d. In particular, we can view
\scrM (\BbbP d) as the subspace of \scrM (\BbbS d - 1 \times \BbbR ) with only even finite Radon measures. Indeed,
this is due to the fact that every hyperplane takes the form h(\bfitw ,b) := \{ \bfitx \in \BbbR d : \bfitw \sansT \bfitx =
b\} for some (\bfitw , b) \in \BbbS d - 1 \times \BbbR and h(\bfitw ,b) = h( - \bfitw , - b).

Proposition A.3 (see [51, Lemma 21 and Theorem 22]). Let (\bfitphi ,\bfitp ) be a biorthog-
onal system for \scrP 1(\BbbR d). Then, every f \in R BV2(\BbbR d) has the unique direct-sum de-
composition

f = R - 1
\bfitphi \{ u\} + q,(A.8)

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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where u= Rf \in \scrM (\BbbP d), q=
\sum d

k=0\langle \phi k, f\rangle pk \in \scrP 1(\BbbR d), and

R - 1
\bfitphi : u \mapsto \rightarrow 

\int 
\BbbS d - 1\times \BbbR 

g\bfitphi (\cdot ,\bfitz ) du(\bfitz ).(A.9)

Also,

g\bfitphi (\bfitx ,\bfitz ) = r\bfitz (\bfitx ) - 
d\sum 

k=0

pk(\bfitx )qk(\bfitz ),(A.10)

where r\bfitz = r(\bfitw ,b) = \rho (\bfitw \sansT (\cdot )  - b) and qk(\bfitz ) := \langle \phi k, r\bfitz \rangle , where \bfitz = (\bfitw , b) \in \BbbS d - 1 \times \BbbR 
and \rho = | \cdot | /2.

The operator R - 1
\bfitphi defined in (A.9) has several useful properties (see [51, Theorem

22, items 1 and 2]). In particular, it is a bounded right-inverse of R and, when
restricted to

R BV2
\bfitphi (\BbbR d) := \{ f \in R BV2(\BbbR d) : \bfitphi (f) = \bfzero \} ,(A.11)

it is the bona fide inverse of R. The space R BV2
\bfitphi (\BbbR d) is also a concrete transcription

of the abstract quotient R BV2(\BbbR d)/\scrP 1(\BbbR d). We have that R : R BV2
\bfitphi (\BbbR d)\rightarrow \scrM (\BbbP d)

is an isometric isomorphism with the inverse given by R - 1
\bfitphi . Additionally. we have

from Proposition A.3 that R BV2(\BbbR d)\sim = R BV2
\bfitphi (\BbbR d)\oplus \scrP 1(\BbbR d), where R BV2

\bfitphi (\BbbR d) is a
Banach space when equipped with the norm f \mapsto \rightarrow \| Rf\| \scrM (\BbbP d) and \scrP 1(\BbbR d) is a Banach
space when equipped with the norm f \mapsto \rightarrow \| \bfitphi (f)\| 1. These properties will be important
in proving item 2 of Lemma 2.4.

Proof of Lemma 2.4, item 2. Let (\bfitphi ,\bfitp ) be the biorthogonal system constructed
in the proof of Lemma 2.4, item 1. Since R BV2(\BbbR d) \sim = R BV2

\bfitphi (\BbbR d) \oplus \scrP 1(\BbbR d), the

following diagram immediately reveals that R BV2(\BbbR d) has a predual.

(A.12)

R BV2
\bfitphi (\BbbR d) \scrM (\BbbP d)

\scrX C0(\BbbP d)

\mathrm{R}

\mathrm{R} - 1
\bfitphi 

\mathrm{d}\mathrm{u}\mathrm{a}\mathrm{l}

\mathrm{R} - 1\ast 
\bfitphi 

\mathrm{d}\mathrm{u}\mathrm{a}\mathrm{l}

\mathrm{R}\ast 

Thus, showing that \delta (\cdot  - \bfitx 0), \bfitx 0 \in \BbbR d, is weak\ast continuous on R BV2(\BbbR d) is equivalent
to showing that it is weak\ast continuous on both R BV2

\bfitphi (\BbbR d) and \scrP 1(\BbbR d).
Clearly, \delta (\cdot  - \bfitx 0), \bfitx 0 \in \BbbR d, is continuous on \scrP 1(\BbbR d) (since every element of

\scrP 1(\BbbR d) is a continuous function). Then, since \scrP 1(\BbbR d) is finite-dimensional, the spaces
of continuous linear functionals and weak\ast continuous linear functionals are the same.
Thus, \delta (\cdot  - \bfitx 0), \bfitx 0 \in \BbbR d, is weak\ast continuous on \scrP 1(\BbbR d). It remains to show that
\delta (\cdot  - \bfitx 0), \bfitx 0 \in \BbbR d, is weak\ast continuous on R BV2

\bfitphi (\BbbR d). From (A.12), we have that \scrX 
is a predual of R BV2

\bfitphi (\BbbR d), i.e., \scrX \prime = R BV2
\bfitphi (\BbbR d). We must show that \delta (\cdot  - \bfitx 0)\in \scrX ,

\bfitx 0 \in \BbbR d.
Observe that \delta (\cdot  - \bfitx 0) \in \scrX if and only if R - 1\ast 

\bfitphi \{ \delta (\cdot  - \bfitx 0)\} \in C0(\BbbP d). From

Proposition A.3 we see that R - 1\ast 
\bfitphi \{ \delta (\cdot  - \bfitx 0)\} = g\bfitphi (\bfitx 0, \cdot ) as defined in (A.10). Since

\rho = | \cdot | /2 in (A.10), we have that

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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144 RAHUL PARHI AND ROBERT D. NOWAK

g\bfitphi (\bfitx 0, (\bfitw , b)) =
| \bfitw \sansT \bfitx 0  - b| 

2
 - 

d\sum 
k=0

pk(\bfitx 0)

\biggl\langle 
\phi k,

| \bfitw \sansT (\cdot )  - b| 
2

\biggr\rangle 
(\ast )
=

| \bfitw \sansT \bfitx 0  - b| 
2

 - 

\Biggl[ 
|  - b| 

2
+

d\sum 
k=1

x0,k

\biggl( 
| wk  - b| 

2
 - |  - b| 

2

\biggr) \Biggr] 

=
| \bfitw \sansT \bfitx 0  - b| 

2
 - | b| 

2

\Biggl( 
1  - 

d\sum 
k=1

x0,k

\Biggr) 
 - 

d\sum 
k=1

x0,k
| wk  - b| 

2
,(A.13)

where (\ast ) follows by substituting in the biorthogonal system (\bfitphi ,\bfitp ) constructed in
the proof of Lemma 2.4, item 1. Clearly, g\bfitphi (\bfitx 0, \cdot ) is continuous and g\bfitphi (\bfitx 0, (\bfitw , b)) =
g\bfitphi (\bfitx 0, ( - \bfitw , - b)), so g\bfitphi (\bfitx 0, \cdot ) is an even function on \BbbS d - 1 \times \BbbR and therefore a con-
tinuous function on \BbbP d. It remains to check that g\bfitphi (\bfitx 0, \cdot ) is vanishing at infinity.
Certainly, this is true. Indeed, for sufficiently large b we have

g\bfitphi (\bfitx 0, (\bfitw , b)) =
 - \bfitw \sansT \bfitx 0 + b

2
 - b

2

\Biggl( 
1  - 

d\sum 
k=1

x0,k

\Biggr) 
 - 

d\sum 
k=1

x0,k
 - wk + b

2
= 0,(A.14)

and for sufficiently small b we have

g\bfitphi (\bfitx 0, (\bfitw , b)) =
\bfitw \sansT \bfitx 0  - b

2
 -  - b

2

\Biggl( 
1 - 

d\sum 
k=1

x0,k

\Biggr) 
 - 

d\sum 
k=1

x0,k
wk  - b

2
= 0.(A.15)

Therefore, g\bfitphi (\bfitx 0, \cdot ) is compactly supported on \BbbP d, and so g\bfitphi (\bfitx 0, \cdot ) \in C0(\BbbP d). Thus,
the Dirac impulse \delta (\cdot  - \bfitx 0), \bfitx 0 \in \BbbR d, is weak\ast continuous on R BV2(\BbbR d).

Proof of Lemma 2.4, item 3. This immediately follows from the direct-sum de-
composition of R BV2(\BbbR d) specified in the proof of item 2. Indeed, since R BV2

\bfitphi (\BbbR d)

is isometrically isomorphic to \scrM (\BbbP d), we deduce that the extreme points of the unit
ball

\{ f \in R BV2
\bfitphi (\BbbR d) : \| Rf\| \scrM \leq 1\} (A.16)

take the form \{ \pm g\bfitphi (\cdot , (\bfitw , b))\} (\bfitw ,b)\in \BbbS d - 1\times \BbbR (since the extreme points of the unit ball

of \scrM (\BbbP d) take the form \pm (\delta \bfitz + \delta  - \bfitz )/2, \bfitz \in \BbbS d - 1 \times \BbbR ). Modulo affine functions,
g\bfitphi (\cdot , (\bfitw , b)) is a ReLU neuron and so the result follows.

Appendix B. Proof of Lemma 2.5.

Proof. Observe that the vectorized operator \partial 2t KR maps R BV2(\BbbR d;\BbbR D) to

\scrM (\BbbP d;\BbbR D) and its null space is the space of D-variate affine functions, \scrP 1(\BbbR d;\BbbR D).
Thus, any choice of norm on the Cartesian product of \scrM (\BbbP d;\BbbR D) \times \scrP 1(\BbbR d;\BbbR D) will
induce an isometric isomorphism to R BV2(\BbbR d;\BbbR D) (cf. Appendix A).

Thus, when equipped with the norm

\| f\| R\mathrm{B}\mathrm{V}2(\BbbR d;\BbbR D) := R TV2(f) +

D\sum 
j=1

\Biggl( 
| fj(\bfzero )| +

d\sum 
k=1

| fj(\bfite k) - fj(\bfzero )| 

\Biggr) 
,(B.1)

R BV2(\BbbR d;\BbbR D) is isometrically isomorphic to \scrM (\BbbP d;\BbbR D) \times \scrP 1(\BbbR d;\BbbR D) and hence
Banach, where we equip \scrM (\BbbP d;\BbbR D) with the (2,\scrM )-norm.

Since the latter is clearly a dual Banach space, R BV2(\BbbR d;\BbbR D) is also a dual
Banach space and the weak\ast continuity of the componentwise point evaluation func-
tional boils down to g\bfitphi (\bfitx 0, \cdot )\bfite j \in C0(\BbbP d;\BbbR D), j \in [D] (with g\bfitphi from (A.13)). This holds

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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since g\bfitphi (\bfitx 0, \cdot ) \in C0(\BbbP d) from the proof of Lemma 2.4, item 2. To complete the
proof, we note that the extreme points of the unit ball of \scrM (\BbbP d;\BbbR D) take the form
\bfitu (\delta \bfitz + \delta  - \bfitz )/2, where \bfitu \in \BbbS D - 1 and \bfitz \in \BbbS d - 1 \times \BbbR . Therefore, modulo affine func-
tions, the extreme points of the unit R TV2 ball are of the form \bfitu g\bfitphi (\cdot , (\bfitw , b)), which
is equal modulo an affine function to \bfitu (\bfitw \sansT \bfitx  - b)+.

Appendix C. Proof of Lemma 2.6. By construction, every f \in R BV2(\BbbR d;\BbbR D)
admits the decomposition

f(\bfitx ) =

\int 
\BbbS d - 1\times \BbbR 

g\bfitphi (\bfitx , (\bfitw , b)) d\bfitnu (\bfitw , b) + \bfC \bfitx + \bfitc 0,(C.1)

with g\bfitphi as in (A.13) and \bfitnu \in \scrM (\BbbP d;\BbbR D). In particular, it holds that

\| f\| R\mathrm{B}\mathrm{V}2(\BbbR d;\BbbR D) = \| \bfitnu \| 2,\scrM + \| \bfC \| 1,1 + \| \bfitc 0\| 1,(C.2)

where the (1,1)-norm of \bfC denotes the 1-norm of the vectorization of \bfC .

Proof of Lemma 2.6. We will first bound the Lipschitz constant of g\bfitphi (\cdot ,\bfitz ) defined
in (A.13), where \bfitz = (\bfitw , b)\in \BbbS d - 1 \times \BbbR . For any \bfitx ,\bfity \in \BbbR d,

| g\bfitphi (\bfitx ,\bfitz )  - g\bfitphi (\bfity ,\bfitz )| =

\bigm| \bigm| \bigm| \bigm| \bigm| | \bfitw \sansT \bfitx  - b| 
2

 - | \bfitw \sansT \bfity  - b| 
2

 - | b| 
2

\Biggl[ \Biggl( 
1  - 

d\sum 
k=1

xk

\Biggr) 
 - 

\Biggl( 
1 - 

d\sum 
k=1

yk

\Biggr) \Biggr] 
 - 

d\sum 
k=1

(xk  - yk)
| wk  - b| 

2

\bigm| \bigm| \bigm| \bigm| \bigm| 
\leq | | \bfitw \sansT \bfitx  - b|  - | \bfitw \sansT \bfity  - b| | 

2

+

\bigm| \bigm| \bigm| \bigm| \bigm| 
d\sum 

k=1

(xk  - yk)
| b| 
2

 - 
d\sum 

k=1

(xk  - yk)
| wk  - b| 

2

\bigm| \bigm| \bigm| \bigm| \bigm| 
\leq | | \bfitw \sansT \bfitx  - b|  - | \bfitw \sansT \bfity  - b| | 

2
+

d\sum 
k=1

| xk  - yk| 
| | b|  - | wk  - b| | 

2

(\ast )
\leq | \bfitw \sansT \bfitx  - \bfitw \sansT \bfity | 

2
+

d\sum 
k=1

| xk  - yk| 
| wk| 

2

(\S )
\leq \| \bfitw \| 2\| \bfitx  - \bfity \| 2 + \| \bfitw \| 2\| \bfitx  - \bfity \| 2

2
(\dagger )
= \| \bfitx  - \bfity \| 2,(C.3)

where (\ast ) holds from the reverse triangle inequality, (\S ) holds from the Cauchy–
Schwarz inequality, and (\dagger ) holds since \| \bfitw \| 2 = 1.

Next, from (C.1) we have, for any \bfitx ,\bfity \in \BbbR d,

\| f(\bfitx )  - f(\bfity )\| 2 \leq 
\int 
\BbbS d - 1\times \BbbR 

| g(\bfitx , (\bfitw , b)) - g(\bfity , (\bfitw , b))| d| \bfitnu | 2,\scrM (\bfitw , b) + \| \bfC (\bfitx  - \bfity )\| 2

\leq \| \bfitx  - \bfity \| 2
\int 
\BbbS d - 1\times \BbbR 

d| \bfitnu | 2,\scrM (\bfitw , b) + \| \bfC \| \sansF \| \bfitx  - \bfity \| 2

\leq \| \bfitnu \| 2,\scrM \| \bfitx  - \bfity \| 2 + \| \bfC \| 1,1\| \bfitx  - \bfity \| 2
\leq \| f\| R\mathrm{B}\mathrm{V}2(\BbbR d;\BbbR D) \| \bfitx  - \bfity \| 2,(C.4)

where | \bfitnu | 2,\scrM \in \scrM (\BbbP d) denotes the TV measure (which is a scalar-valued measure).
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Appendix D. Proof of Theorem 2.7.

Proof. By item 2 in Lemma 2.5, we can endow R BV2(\BbbR d;\BbbR D) with a weak\ast 

topology. The remainder of the proof relies on recent characterizations of abstract
representer theorems (see [16, 17, 68, 70]). From the weak\ast -continuity of the compo-
nentwise point evaluation functional on R BV2(\BbbR d;\BbbR D) (item 2 in Lemma 2.5), our
setting coincides with the hypotheses of [70, Theorem 3] with ND scalar measure-
ments. First, this abstract result ensures that the solution set is nonempty, convex,
and weak\ast -compact. Second, it ensures that it is the weak\ast -closure of the convex hull
of its extreme points, which can all be expressed as

f\mathrm{e}\mathrm{x}\mathrm{t}\mathrm{r}\mathrm{e}\mathrm{m}\mathrm{e} =

K\sum 
k=1

vkek + q,(D.1)

where the number K of atoms satisfies K \leq ND, q is in the null space of the regularizer
(i.e., it is an affine function), and, for k= 1, . . . ,K, vk \in \BbbR \setminus \{ 0\} and ek is an extreme
point of the unit regularization ball. The characterization of extreme points in item 3
in Lemma 2.5 characterizes the form of the solution in (2.24). To complete the proof,
we note that since (2.26) holds, we can recast the problem as a multitask lasso problem
and invoke the sparsity bound from [62, Theorem 10] (see also [62, Step (iv), Proof
of Theorem 5, Appendix C]).
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