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Rahul Parhi
UCSD ECE
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<latexit sha1_base64="JUoUAHdcg1J1GsWfCnEpiHT5wKM=">AAACJHicdZBBSxtBFMdntWqaqk306GVoKHgKuyrRo6AHb41gTCAbwtvZtzo4M7vMvK2EJR/Fa/wy3qSHXvpJPDiJEdrSPhj48f+/9+bxTwolHYXhz2Bl9cPa+kbtY/3T5tb250Zz59rlpRXYE7nK7SABh0oa7JEkhYPCIuhEYT+5O5v7/e9onczNFU0KHGm4MTKTAshL40YzTjKHVqLj30qabxk3WmE7XBQP24cnR4fRkYdOeO yRR0urxZbVHTde4jQXpUZDQoFzwygsaFSBJSkUTutx6bAAcQc3OPRoQKMbVYvTp/yrV1Ke5dY/Q3yh/j5RgXZuohPfqYFu3d/eXPyXNywpOxlV0hQloRFvH2Wl4pTzeQ48lRYFqYkHEFb6W7m4BQuCfFr12KLBe5FrDSat4gy0VJMUMygVTavYZe9c93G9Z8L/D9cH7ajT7lwetE7Pl8HV2B77wvZZxI7ZKbtgXdZjgt2zBzZjj8EseAqegx9vrSvBcmaX/VHBr1dO0KZx</latexit>

Outline

<latexit sha1_base64="n9HnYwWKACwZqAeTUDfkgbu1w7A="></latexit>

• Classical Formulation of Lévy Processes

• Innovation Model (Bode, Shannon, and Kailath, ca. 1950–1970)

• (Lévy) White Noises

• Generalized Stochastic Processes (Itô and Gelfand, ca. 1955)

• Generalized Lévy Processes and Stochastic Di!erential Equations

• Exact Characterization of the Law of Random Neural Networks
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<latexit sha1_base64="2LrX1LiJsXrgsb3ZE2pBrGO+t0k=">AAACHnicbZA7SwNBFIVnfRtfUUubwSBYhV2LaCnaWEYwKmQXuTt71wyZxzozq4Qlv8NW/4yd2Op/sXASI/g6MPBxzr3M5aSF4NaF4VswNT0zOze/sFhbWl5ZXauvb5xbXRqGHaaFNpcpWBRcYcdxJ/CyMAgyFXiR9o9H+cUtGsu1OnODAhMJ14rnnIHzVtKGvu2BoEe6Z+Cq3gib4Vj0L0QTaJCJ2lf19zjTrJSoHBNgbTcKC5dUYBxnAoe1uLRYAOvDNXY9KpBok2p89JDueCejuTb+KUfH7veNCqS1A5n6SQmuZ39nI/O/rFu6/CCpuCpKh4p9fpSXgjpNRw3QjBtkTgw8ADPc30pZDwww53uqxQYV3jEtJaisinOQXAwyzKEUbljFNv/imq8r+l3OXzjfa0atZut0r3HYmhS3QLbINtklEdknh+SEtEmHMHJD7skDeQwegqfgOXj5HJ0KJjub5IeC1w+qfqP4</latexit>

Pakshal Bohra
<latexit sha1_base64="hMgD2q3dv6EAn8Uz7vnNTYZ479o=">AAACHnicbZDLSsQwFIZT7463UZdugoPgamhdjC4H3LgRRnBGYVrkND11gklak1QpZZ7Drb6MO3Gr7+LCzEXw9kPg4z+XHP44F9xY33/3Zmbn5hcWl5ZrK6tr6xv1za2eyQrNsMsykenLGAwKrrBruRV4mWsEGQu8iG+OR/WLO9SGZ+rcljlGEq4VTzkD66zoFAfaAO24dSVc1Rt+0x+L/oVgCg0yVeeq/hEmGSskKssEGNMP/NxGFWjLmcBhLSwM5sBu4Br7DhVINFE1PnpI95yT0DTT7ilLx+73iQqkMaWMXacEOzC/ayPzv1q/sOlRVHGVFxYVm3yUFoLajI4SoAnXyKwoHQDT3N1K2QA0MOtyqoUaFd6zTEpQSRWmILkoE0yhEHZYhSb94pqLK/gdzl/oHTSDVrN1dtBot6bBLZEdskv2SUAOSZuckA7pEkZuyQN5JE/eo/fsvXivk9YZbzqzTX7Ie/sE+2CkKA==</latexit>

Mehrsa Pourya

<latexit sha1_base64="nIJDJ9H1NTyiAClddFoTT1/afnE=">AAACHnicbZDNSgMxFIUz/tb6V3XpJlgEV2XGRXVZcONGqGCr0BnKncwdDSaZMckoZehzuK0v407c6ru4MK0V1Hog8HHOveRy4lxwY33/3ZubX1hcWq6sVFfX1jc2a1vbXZMVmmGHZSLTVzEYFFxhx3Ir8CrXCDIWeBnfnozzy3vUhmfqwg5yjCRcK55yBtZZ0RlnN4CCdpRB3a/V/YY/EZ2FYAp1MlW7X/sIk4wVEpVlAozpBX5uoxK05UzgsBoWBnNgt3CNPYcKJJqonBw9pPvOSWiaafeUpRP350YJ0piBjN2kBHtj/mZj87+sV9j0OCq5yguLin19lBaC2oyOG6AJ18isGDgAprm7lboSNDDreqqGGhU+sExKUEkZpiC5GCSYQiHssAxN+s1VV1fwt5xZ6B42gmajeX5YbzWnxVXILtkjByQgR6RFTkmbdAgjd+SRjMiTN/KevRfv9Wt0zpvu7JBf8t4+AcUVpAg=</latexit>

Michael Unser
<latexit sha1_base64="sQDGhiZsTigKP4LeE1m/zVKCjCY=">AAACH3icbZBLSwMxFIUzPmt9VV26CRbBVZlxUV36QHBZwarQqXInc0eDeQxJRhmG/g+3+mfciVv/iwvTWsHXgcDHOfeSy0lywa0Lw7dgYnJqema2NlefX1hcWm6srJ5ZXRiGXaaFNhcJWBRcYddxJ/AiNwgyEXie3B4O8/M7NJZrderKHPsSrhXPOAPnrcv9UhcJPRL0gIPhV41m2ApHon8hGkOTjNW5arzHqWaFROWYAGt7UZi7fgXGcSZwUI8LizmwW7jGnkcFEm2/Gl09oJveSWmmjX/K0ZH7faMCaW0pEz8pwd3Y39nQ/C/rFS7b7Vdc5YVDxT4/ygpBnabDCmjKDTInSg/ADPe3UnYDBpjzRdVjgwrvmZYSVFrFGUguyhQzKIQbVLHNvrju64p+l/MXzrZbUbvVPtlu7rXHxdXIOtkgWyQiO2SPHJMO6RJGDHkgj+QpeAyeg5fg9XN0IhjvrJEfCt4+AN+OpAo=</latexit>

Ayoub El Biari

<latexit sha1_base64="yiPRL7sALoG+TIQusBXEL2a1/fk=">AAACL3icdZDPaxNBFMdnq7UxWpvWox4GQ6GnZbcpaY8FexBPFUxTyIbwdvZtM2R+LDNvlbDk0r/Ga/xnxIt49X/w4CRNQUUfDHz4ft/jvfnmlZKekuRrtPXg4fajndbj9pOnu8/2OvsHV97WTuBAWGXddQ4elTQ4IEkKryuHoHOFw3z2euUPP6Dz0pr3NK9wrOHGyFIKoCBNOi+zvPToJHr+1kpDfGjdjA8lTeM4nnS6SZysiy dx7+ykl54E6CenAXm6sbpsU5eTzs+ssKLWaEgo8H6UJhWNG3AkhcJFO6s9ViBmcIOjgAY0+nGz/sWCHwal4KV14YVD1urvEw1o7+c6D50aaOr/9lbiv7xRTeXZuJGmqgmNuFtU1oqT5atIeCEdClLzACCcDLdyMQUHgkJw7cyhwY/Cag2maLIStFTzAkuoFS2azJf33A5x3WfC/w9Xx3Haj/vvjrvnF5vgWuwFe8WOWMpO2Tl7wy7ZgAl2yz6xJfscLaMv0bfo+13rVrSZec7+qOjHL5hZqgw=</latexit>

Joint Work With...
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<latexit sha1_base64="bVD/O7rhfIiz8pLpnj0ye+iWZTM=">AAACd3icdVHLShxBFL3TmsRMXhOzzCJFhgRXQ/coo0tBCVlkYSCjwvQg1dW3tbAeTVW1oWnmB/0DP8FdtoYscrsdIUq8UMXhPKji3KxU0oc4vupFK6tPnj5be95/8fLV6zeDt+uH3lZO4FRYZd1xxj0qaXAaZFB4XDrkOlN4lJ3vtfrRBTovrfkR6hLnmp8aWUjBA1F2MIYUMijAA4IDSbcHBnuggBPyxAhCirgvYMmhoeq0QI oFQ7ylNINvcA0XUBM6IJelFHb59u6fDIbxKO6GxaPNna3NZIvAJN4myJKlNITlHJwM/qS5FZVGE4Ti3s+SuAzzhrsghcJFP608llyc81OcETRco583XRsL9omYnBXW0TGBdey/iYZr72udkVPzcOYfai35P21WhWJn3khTVgGNuH2oqBQLlrXVslw6FEHVBLhwkv7KxBl3XARaQD91aPCnsFpzkzdpwbVUdY4Fr1RYNKkv7nBb110n7HFwOB4lk9Hk+3i4u78sbg3ew0fYgAS2YRe+0iqmtIhL+AU38Lt3E32IPkcbt9aot8y8g3sTJX8BP56yCg==</latexit>

Classical Formulation of Lévy Processes

<latexit sha1_base64="i5Cq49MJbi6RivAxJTYkqThUk84="></latexit>

Definition (Lévy process)
<latexit sha1_base64="Hx9+35gn9x9HqpinlrfcyLd9BVA="></latexit>

A stochastic process (St)t→0 is called a Lévy process if
<latexit sha1_base64="L7oxvefhDlhrkn3pRsXTAJCq3x0="></latexit>

1. S0 = 0 almost surely;

2. Independence of increments: For any 0 → t1 < · · · < tn < ↑,
Xt2 ↓Xt1 , · · · , Xtn ↓Xtn→1 are mutually independent;

3. Stationary increments: For any t1 < t2, St2 ↓ St1
L
= St1→t2 ;

4. Stochastic continuity: For any ω > 0 and t ↔ 0
<latexit sha1_base64="SfmyoZMK3WLy8iQ3Jyo4ZgJYgV4="></latexit>

lim
h→0

P(|St+h → St| > ω) = 0.

<latexit sha1_base64="VBtmBkJBwms6i/df+K7N/4woHZU="></latexit>

Lévy process are càdlàg and tightly linked to infinite divisibility
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<latexit sha1_base64="98HFNQPdn3NlVjNAy1ilZJn1G1g=">AAACXXicdVFNSxxBEK2daKIbY9bk4CGXJouQ0zKjsnoUjJBDDgayKuwsUtNTo439MXT3mAzD/qf8mkBOes1/yCG94whRTEEXj/de0d2vslIK5+P4Vy96trT8/MXKav/l2qv114ONNyfOVJbThBtp7FmGjqTQNPHCSzorLaHKJJ1mV4cL/fSarBNGf/V1STOFF1oUgqMPlBlsQQoZFOCAwIII3QGDI/gOCApKkB1jgofBZ/gN11 AHdBzcBnirurb3zwfDeBS3xeLRzv7uTrIbwDjeC5AlnTSEro7PB3/S3PBKkfZconPTJC79rEHrBZc076eVoxL5FV7QNECNitysaf88Z1uByVlhbDjas5b9d6JB5VytsuBU6C/dY21BPqVNK1/szxqhy8qT5ncXFZVk3rBFgCwXlriXdQDIrQhvZfwSLXIfYu6nljR940Yp1HmTFqiErHMqsJJ+3qSuuMeLuO4zYf8HJ9ujZDwaf9keHnzsgluBd/AePkACe3AAn8IqJmERP+An3MBt7yZajtai9Ttr1Otm3sKDijb/AnKcrBM=</latexit>

Examples of Lévy Processes

0.0 0.2 0.4 0.6 0.8 1.0

0 0

Compound Poisson

0.0 0.2 0.4 0.6 0.8 1.0

0 0Brownian motion

0.0 0.2 0.4 0.6 0.8 1.0

0 0

Lévy flight

<latexit sha1_base64="AnnTj/jp3jE1AqvKu4AcNC82qXM="></latexit>

Lévy, ca. 1930

<latexit sha1_base64="MWk11I5cNDWUwU54lrjEuWVHsnM="></latexit>

Wiener 1923

<latexit sha1_base64="pFCbt7V9NmVOa3nTh6sJLYAd1Cc="></latexit>

Lévy process are often used to model various components
of signal processing and communication systems
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<latexit sha1_base64="CAXEv6C6nA4eGpSTYg+St6exaXU=">AAACQnicdZDPTttAEMbXFApNaUnbYy8roko9pTagwBGpHDhC1QBSHEXj9ThZsX+s3TGVZeUx+jS90ofgFXqreuXAOgSpRXSklX77fTOa3S8rlfQUxzfRyrPVtefrGy86Lzdfvd7qvnl75m3lBA6FVdZdZOBRSYNDkqTwonQIOlN4nl1+bv3zK3ReWvOV6hLHGqZGFlIABWnS/ZRmhUcn0fMjFLYKO82U0wz50OToVN1ev4DJrT bofWfS7cX9eFE87u8e7O0mewEG8X5AniytHlvWyaR7m+ZWVBoNCQXej5K4pHEDjqRQOO+klccSxCVMcRTQgEY/bhYfm/MPQcl5YV04hvhC/XuiAe19rbPQqYFm/rHXik95o4qKg3EjTVkRGnG/qKgUJ8vblHguHQpSdQAQToa3cjEDB4JClp3UocFvwmodgmnSArRUdY4FVIrmTeqLB27jesiE/x/OdvrJoD843ekdHi2D22Dv2Tb7yBK2zw7ZMTthQybYd/aDXbOf0XX0K/od/blvXYmWM+/YPxXd3gGuuLKt</latexit>

Decoupling the Underlying Randomness

<latexit sha1_base64="KxokiLKmRoGAjlX0UD4E3IvkaAQ="></latexit>

Is there a way to decouple the correlation properties of a
Lévy process from its underlying randomness?

<latexit sha1_base64="LVINGz1GXyk+Z+vDn3pAm3NwY5E="></latexit>

(rate ω > 0 and jump law PV )

<latexit sha1_base64="h5lGXjica/A8vyBNwC7v7tb9B6E="></latexit>

vk → PV i.i.d.
<latexit sha1_base64="S0UO0J6cC+mMg4GlA+t8atuvZzs="></latexit>

{bk}k is a Poisson point process with rate ω
<latexit sha1_base64="oeHErZZLgb0Y7sA8AxABrT10HWg="></latexit>

innovation

<latexit sha1_base64="6bGdBywBkGhil2k1cN8sGhiUkjY="></latexit>

The underlying randomness of a compound Poisson process is
completely determined by its innovation process

<latexit sha1_base64="/aOcC1U+T/N3Yxvtqelwo+mwKpo="></latexit>

Example: Compound Poisson process s(t)

<latexit sha1_base64="uPa6PdvY9aUO1LtEpChj1q/enZQ=">AAAESXicbZPdatswFMfVptu67KvdLncjUgodhCI5TdpeDLr086KFrCxNIQ5BtuVGRJKNJHcLxu+zdxnsdttTjN2NXU1J3BG7kzlwfM7vf3SOhLyYM20Q+rG0XFl58PDR6uPqk6fPnr9YW395paNE+bTrRzxS1x7RlDNJu4YZTq9jRYnwOO1548NpvndLlWaR/GAmMR0IciNZyHxibGi41nb7VQhdQcxIifQogxpumTfwLXSDyK </latexit>

Ds(t) = ṡ(t) =
∑

k

vk ωbk
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<latexit sha1_base64="sqvXC7nNfPv1gjXM/SO/tpOmsTQ=">AAACOHicdZBNSxxBEIZ7zJdZTbIxx1yaLIIXlxmV1aNED+ammFVhZ1lqemrcxv4YumsMw7C/IL8mV/0l3nILueacQ3rWFZKQFDQ8vG9VV/eblUp6iuO7aOnR4ydPny0/76ysvnj5qvt67czbygkcCqusu8jAo5IGhyRJ4UXpEHSm8Dy7Omj982t0XlrzkeoSxxoujSykAArSpLueZoVHJ9HzD8bY67m8+T7cmPPT2tAUvfSdSb cX9+N58bi/vbeznewEGMS7AXmysHpsUceT7s80t6LSaEgo8H6UxCWNG3AkhcJZJ608liCu4BJHAQ1o9ONm/p0ZX6/a7YV14Rjic/X3iQa097XOQqcGmvq/vVb8lzeqqNgbN9KUFaER94uKSnGyvM2G59KhIFUHAOFkeCsXU3AgKCTYSR0a/CSs1mDyJi1AS1XnWEClaNakvnjgNq6HTPj/4Wyrnwz6g5Ot3v7hIrhl9pa9YxssYbtsnx2xYzZkgn1mX9gNu41uoq/Rt+j7fetStJh5w/6o6McvPB6ufg==</latexit>

Innovation-Based Synthesis

<latexit sha1_base64="JB3hI/Hvazj+9V6j0u577FNw+oE="></latexit>∑

k

vk ω(· → bk)

<latexit sha1_base64="QwB95CdoleH6r70MeBjQxyTIKSA="></latexit>

???

<latexit sha1_base64="YT3WbNwXtturqFtUiZNMAZkZvSw="></latexit>

D

<latexit sha1_base64="sFSI9X0UgGGIUBIe3Hxgulid0AI="></latexit>

Integrate the innovation process?

<latexit sha1_base64="TzKzvI6tgK8+CBzBNSbAeQ79m0M="></latexit>

D→1

<latexit sha1_base64="TzKzvI6tgK8+CBzBNSbAeQ79m0M="></latexit>

D→1

<latexit sha1_base64="TzKzvI6tgK8+CBzBNSbAeQ79m0M="></latexit>

D→1

<latexit sha1_base64="a50ZiBe5kOrwBM8wHAKOHA4wiKU="></latexit>

Recall: s(0) = 0 a.s.
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<latexit sha1_base64="hRaBzAIHIGJjrc/paFch5yfMn9Y=">AAACNnicdZDNSiNBFIWrnfEv408cl7MpJgy4Ct0q0aWgC5cRJiqkg9yuvq2F9dPUrZ4hNHkAn8atPoobd+LWB5jFVGIEFT1Q8HHOvVTVyUolycfxXTTz5evs3PzCYuPb0vLKanPt+zHZygnsCausO82AUEmDPS+9wtPSIehM4Ul2uT/OT/6gI2nNbz8scaDh3MhCCvDBOmu20qwgdBKJ71td2srkvGslkTW866xAokaYitvxRD xub+1ubyXbATrxTkCeTKMWm6p71vyX5lZUGo0XCoj6SVz6QQ3OS6Fw1EgrwhLEJZxjP6ABjTSoJ58Z8V/ByXlhXTjG84n7eqMGTTTUWZjU4C/ofTY2P8r6lS92B7U0ZeXRiOeLikpxb/m4GZ5Lh8KrYQAQToa3cnEBDoQP/TVShwb/Cqs1mLxOC9BSDXMsoFJ+VKdUvPC4rpdO+OdwvNlOOu3O0WZr72Ba3AL7wX6yDZawHbbHDlmX9ZhgV+ya3bDb6Ca6jx6ix+fRmWi6s87eKHr6D37YrZ4=</latexit>

Compound Poisson Process

<latexit sha1_base64="Pb86B8943KYZkOgr1JjFbVCH2ok="></latexit>

• SDE formulation
<latexit sha1_base64="QsPUo/4MvGGy2QPIu2zN1gKPz4Q="></latexit>

Ds
L
= w s.t. s(0) = 0

<latexit sha1_base64="gWDiv+HvRgD1PMa+giGvsLR1sxc="></latexit>

Innovation: w =
∑

k

vk ω(· → bk)
<latexit sha1_base64="gyvBFzAeMo5/3AhsyojEOQIRshI="></latexit>

Poisson innovation, or
Poisson white noise

<latexit sha1_base64="njmiEtZC9QMx3862Z7HxcptIPhE="></latexit>

• “Formal” solution
<latexit sha1_base64="bPiIQh4GPggDuQVqxkscL9wplvE="></latexit>

s(t) = D→1
0 w(t) =

∑

k

vk D
→1
0 {ω(· → bk)}(t)

<latexit sha1_base64="ivBvFcEroZezO5dnJEJ3Hz2B9ek="></latexit>

=
∑

k

vk

(
H(t→ bk)→H(→bk)

)

<latexit sha1_base64="DSqRMP7FB9bqdD8RxFPAm5+uxQc="></latexit>

imposing boundary condition
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<latexit sha1_base64="J00p4CBsaArPFK4eyU2Kt9rtWUg=">AAACRnicdZDNahsxFIU1btqm7p/bLrsRMYWuzEwcnCxDG0g3DQnUccBjzB3NnVhEP4N0p8EMfpA8TbbpI/QluivdZBGN40AT2gOCwzn3IunLSiU9xfHPqPVo7fGTp+vP2s9fvHz1uvPm7bG3lRM4FFZZd5KBRyUNDkmSwpPSIehM4Sg7+9z0o+/ovLTmG81LnGg4NbKQAihE004/zQqPTqLnn5w9NxIM/2qbjoPJ+T5U3jfZaC YJ+YGVHtvTTjfuxUvxuNff2eonW8EM4u1gebKqumylw2nnOs2tqDQaEgq8HydxSZMaHEmhcNFOK48liDM4xXGwBjT6Sb383IJ/CEnOC+vCMcSX6d8bNWjv5zoLkxpo5h92TfivblxRsTOppSkrQiNuLyoqxcnyhhTPpUNBah4MCCfDW7mYgQNBgWc7dWjwXFitA6c6LUBLNc+xgErRok59cecbXHdM+P/N8WYvGfQGR5vd3b0VuHX2nm2wjyxh22yXfWGHbMgEu2CX7Ir9iK6iX9Hv6M/taCta7bxj99RiN/k3srM=</latexit>

Brownian Motion and Gaussian White Noise

0.0 0.2 0.4 0.6 0.8 1.0

0 0Brownian motion <latexit sha1_base64="HDguWK8MptX+7qoVWEQS91AIDAQ="></latexit>

b(t)

<latexit sha1_base64="YT3WbNwXtturqFtUiZNMAZkZvSw="></latexit>

D

<latexit sha1_base64="JElOhSdUWR0ANbQpUvxy0UzaElY="></latexit>

w(t)

<latexit sha1_base64="qYFqyx07V5I3dL1QR7V5S/SOxZ8="></latexit>

Gaussian white noise does not admit a pointwise representation

<latexit sha1_base64="vTqx58jqyuYVWAN/aTqB22ccVwY="></latexit>

w(t) is a random measure, or,
a random distribution (generalized function)

<latexit sha1_base64="ReKLZ3IVubydQ4+KmrahfuGtSQI="></latexit>

P(w → D→(R)) = 1
<latexit sha1_base64="NaXdiqRWf2r34HRohnifA3HxYrk="></latexit>

P(w → S →(R)) = 1
<latexit sha1_base64="V13DoH7mczeKcQGQqBcxOHw2RDA="></latexit>

(Gelfand, 1955)

<latexit sha1_base64="b6xNNXwZtH9X7UCkrWrIE8uOTQE="></latexit>

Gaussian innovation, or
Gaussian white noise
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<latexit sha1_base64="1gGkWcKGcWo7YfFKAMIPw+jH5cM=">AAACd3icdVFLb9NAEJ6YVzGvQI8cWBGBeorstEp7LKIHkDgUibSV4qhar8fNqvuwdtdFlpU/yD/gJ3DjWtRDx24qAYIZ7eqb75t96Ju8UtKHJPk+iO7cvXf/wcbD+NHjJ0+fDZ+/OPK2dgJnwirrTnLuUUmDsyCDwpPKIde5wuP8/H2nH1+g89KaL6GpcKH5mZGlFDwQZYcTyCCHEjwgOJC0e2DwEQylhQvgEIi1VHX8O6goHd UcBCyJCYQZfIIf1NsQOuxV0d/j+z2G+HQ4SsZJHywZb+/tbKc7BKbJLkGWrqURrOPwdHiVFVbUGk0Qins/T5MqLFrughQKV3FWe6y4OOdnOCdouEa/aHs3VuwNMQUrraNlAuvZ30+0XHvf6Jw6NQ9L/7fWkf/S5nUo9xatNFUd0Iibh8pasWBZZy0rpEMRVEOACyfpr0wsueMi0ADizKHBr8JqzU3RZiXXUjUFlrxWYdVmvrzFnV23nrD/g6PJOJ2Op58no/2DtXEb8BJewxaksAv78IGGMaNRfIOfcAm/BpfRq+httHXTGg3WZzbhj4jSa9vNsck=</latexit>

Innovations Approach to Lévy Processes

<latexit sha1_base64="ZLRFzxQM91HZ3XKj5Hj1PKAa/HE="></latexit>

Lévy
process

<latexit sha1_base64="DGEVOTCbvfB3P7rlEhJ7K9B0FB0="></latexit>

Lévy
white noise

<latexit sha1_base64="ZEXpHx78Enm0NRB8c+fLBwc9JjI="></latexit>

D

<latexit sha1_base64="RsvUKzhV1Ibe2X0JwRE1dV8jAAo="></latexit>

D→1
0

<latexit sha1_base64="vS3HJG8Fm84ZIBMnU+wAn3lCYLQ="></latexit>

whitening operator

<latexit sha1_base64="q6DEMzixyEhUaKCrV6WksJl0g0E="></latexit>

mixing = whitening�1

<latexit sha1_base64="yElWwkmL4L/a+hM1w4TvQSIRrOw="></latexit>

Bode and Shannon (1950); Kailath (1970s)

<latexit sha1_base64="k7OeOER/Tzo3DHG1t9QxBPBRiyc="></latexit>

“innovation model”

<latexit sha1_base64="om10uZ3Z4fDMoQ82TLXqwWZM+Qc="></latexit>

It is much easier to study white noise processes
than it is to study general random processes.

<latexit sha1_base64="BHG0fT9rshnf+foXd0qSoxRMh9U="></latexit>

(deterministic) “mixing” operator

<latexit sha1_base64="asuY6rjSevOVt+W8s9BVNfNX/Nc="></latexit>

characteristic functional +
Lévy-Khintchine formula
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<latexit sha1_base64="Mp8uPNvQKNFHQqC15kkKB60T/Qc="></latexit>

Kiyosi Itô
<latexit sha1_base64="SZEjblay9ph+9m6D460zNFyZNEA=">AAACH3icbZBLSwMxFIUz9V1fVZdugkVwVWa6qC4LLtRdBVsLnSp3MndqMMkMSUYpQ/+HW/0z7sRt/4sL04fg60Dg45x7yeVEmeDG+v7YKy0sLi2vrK6V1zc2t7YrO7sdk+aaYZulItXdCAwKrrBtuRXYzTSCjAReR/enk/z6AbXhqbqywwz7EgaKJ5yBddbNhdGAgp6hSEDFt5WqX/Onon8hmEOVzNW6rXyEccpyicoyAcb0Aj+z/QK05UzgqBzmBjNg9zDAnkMFEk2/mF49oofOiWmSaveUpVP3+0YB0pihjNykBHtnfmcT87+sl9vkpF9wleUWFZt9lOSC2pROKqAx18isGDoAprm7lbI70MCsK6ocalT4yFIpXSNFmIDkYhhjArmwoyI0yReXXV3B73L+QqdeCxq1xmW92mzMi1sl++SAHJGAHJMmOSct0iaMaPJEnsmL9+y9em/e+2y05M139sgPeeNPdyKkYw==</latexit>

Israel Gelfand

<latexit sha1_base64="1Eb3Hr124ykhJ/2Z+DSJUhk81Ao=">AAACP3icdZDNShxBFIWr1SSm8zeaZTaFQyCLMHSrjC6FCGY5IRkVpofhdvVtLayfpm51wtjMS+Rp3Opb5AmyC9kGXFg9jqAhOVBwOOfeKurLKyXJJ8mPaGl55dHjJ6tP42fPX7x81VlbPyRbO4FDYZV1xzkQKmlw6KVXeFw5BJ0rPMrPPrT90Vd0JK354qcVjjWcGFlKAT5Ek877LC8JnUTiB2jQgZLnWPDP3opTIC8FHzgrkA gpjiedbtJL5uJJb2t3eyvdDqaf7ATL00XVZQsNJp3rrLCi1mi8UEA0SpPKjxtw4WKFszirCSsQZ3CCo2ANaKRxM//VjL8NScFL68Ixns/T+xsNaKKpzsOkBn9Kf3dt+K9uVPtyd9xIU9Uejbh9qKwV95a3iHghHQqvpsGAcLKFEGA4ED6AjDMXOH0TVmswRZOVoKWaFlhCrfysyai88y2uOyb8/+Zws5f2e/1Pm929/QW4VfaGbbB3LGU7bI99ZAM2ZIJ9Zxfskl1Fl9HP6Ff0+3Z0KVrsvGYPFP25AbPCsSk=</latexit>

Generalized Stochastic Processes

<latexit sha1_base64="YxB3YMry4DF1mSU+kI1M0GTZRe0="></latexit>

Framework of generalized
stochastic processes

<latexit sha1_base64="hY5V3X88pulJc6FaJi0Tlp/Azk0="></latexit>

ca. 1950s

<latexit sha1_base64="4o6AMjO/2r1cPAnRxuvZUyHUeKs="></latexit>

Stochastic counterpart to
Schwartz’ theory of distributions
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<latexit sha1_base64="OddV7zuBvFCA+IHOKyFg5HFzaF0="></latexit>

X 2 Rd is a random vector with law PX

<latexit sha1_base64="dahXpp6C69Sf+cYqlRj/ZG9aQiE="></latexit>

complete
probability space

<latexit sha1_base64="2EMFt5MvbPHdCEq1LdrtmZmFGP4="></latexit>

This means that
<latexit sha1_base64="FZTzkN32lrdBAsDDik6m758a+h4="></latexit>

X : (⌦,F ,P) ! (Rd,B(Rd)) is measurable.

<latexit sha1_base64="FCFwbi71Tb9DTvtyjd2mw9W+ZsU="></latexit>

The law of X is given by the pushforward measure
<latexit sha1_base64="KoXgPR4zsPScMTGwPgxcg71B3U0="></latexit>

PX(A) = (X]P)(A) := P(X�1(A)) = P({! 2 ⌦ : X(!) 2 A})
<latexit sha1_base64="CE2PKziNScSJskX7j6AUVJ3b8W0="></latexit>

= P(X 2 A).
<latexit sha1_base64="41N7pAztQq627/D5QG43cW6ay94="></latexit>

The characteristic function of X is given by
<latexit sha1_base64="w25Yj3sJttSHT3856DDm9MjAN98="></latexit>

P̂X(ω) = E[eiX
Tω], ω → Rd.

<latexit sha1_base64="hOqxBvL/XNCx/SdXpaB3qe5TTjI="></latexit>

Once you have the characteristic function, you have everything.

<latexit sha1_base64="IA+pyklhH3XhOzHCP0tNuMcePmE=">AAACRHicdVDLattAFB2lr1R9Oe2ym6Gm0E2NlAQnZBVIF106EMcBy5ir0VU8ZB5i5ipBCH9Hv6bb9Bv6D92V7krJyHGgLe2BgcM5596ZOXmlpKck+Rpt3Lv/4OGjzcfxk6fPnr/obb089bZ2AsfCKuvOcvCopMExSVJ4VjkEnSuc5BdHnT+5ROelNSfUVDjTcG5kKQVQkOa9NMtLj06i5xNw+v24OuBHCrwPCcVHzuaQSyWp4S cLtK6J43mvnwySFXgy2Nnf3Ul3Axkme4HydG312Rqjee9nVlhRazQkus3TNKlo1oIjKRQu46z2WIG4gHOcBmpAo5+1q68t+dugFLy0LhxDfKX+PtGC9r7ReUhqoIX/2+vEf3nTmsr9WStNVRMacXtRWStOlnc98UI6FKSaQEA4Gd7KxQIcCAptxplDg1fCag2maLMStFRNgSXUipZt5ss73tV11wn/PzndHqTDwfB4u3/4YV3cJnvN3rB3LGV77JB9ZCM2ZoJ9Yp/ZNfsSXUffou/Rj9voRrSeecX+QPTrBr88spM=</latexit>

Warm-Up: Classical Probability Theory
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<latexit sha1_base64="0M8LF7n9f3A8OTTBfMeDCEsfI0U=">AAACY3icdVFdaxQxFL07ftWp2rX6JkJwEfu0zLRl28eiPvjgQwvdtrCzlDuZO93QfAxJpjIM+7f8L4KvFfwPPpidTqGKXkhycs65JDnJKymcT5Jvg+je/QcPH609jtefPH22MXy+eeJMbTlNuZHGnuXoSApNUy+8pLPKEqpc0ml++WGln16RdcLoY99UNFd4oUUpOPpAmeEWZJBDCQ4ILIgwO2DwHgxwWIDu2Hcdh2FXhPUz/I QraHr2OLgouG2YFcQQnw9HyTjpiiXjnf3dnXQ3gEmyFyBLe2kEfR2eD39lheG1Iu25ROdmaVL5eYvWCy5pGWe1owr5JV7QLECNity87V6+ZG8DU7DS2DC0Zx17t6NF5Vyj8uBU6Bfub21F/kub1b7cn7dCV7UnzW8OKmvJvGGrGFkhLHEvmwCQWxHuyvgCLXIfwo4zS5q+cKMU6qLNSlRCNgWVWEu/bDNX3uJVXLeZsP+Dk+1xOhlPjrZHBx/74NbgFbyBLUhhDw7gExzCNHzZV/gO1/BjcB2tR5vRyxtrNOh7XsAfFb3+Dfe9rIc=</latexit>

Bochner’s and Lévy’s Theorem

<latexit sha1_base64="pn/aUHMh5gf0UMKAV+MzONyFR6s="></latexit>

Bochner’s Theorem
<latexit sha1_base64="TyAv4HTmSBCHJ7MWQ59Ik3p4yYo="></latexit>

A function P̂ is the characteristic function of a random variable
X → Rd if and only if P̂ is continuous, positive-definite, and
satisfies P̂(0) = 1.

<latexit sha1_base64="DSAuROtkrbCJsVbI6jTpFAvNCas="></latexit>

Lévy’s Continuity Theorem

<latexit sha1_base64="zVMFU8j+Fs2cINr1s8fHrVgIvZw="></latexit>

P̂Xn(ω) →→→→↑n→↑
P̂X(ω).

<latexit sha1_base64="vkNxYs8/jxHAaBWUl9wSIqG6EQ8="></latexit>

Let (Xn)n→N and X be random variables in Rd. The sequence Xn

converges in law to X if and only if, for all ω → Rd,



14

<latexit sha1_base64="ex2jkUYvJswctxjgQ5a8gs/i974="></latexit>

A generalized stochastic process is a random variable
that takes values in the dual of a nuclear space.

<latexit sha1_base64="obZUELbojhozchCscgN+XcHef6E="></latexit>

Let (N ,N 0) denote a nuclear space and its dual. A generalized
stochastic process s is a random variable, i.e., a measurable map

<latexit sha1_base64="+igMnkSBwYXTiiDFdZb9tVDEikM="></latexit>

s : (⌦,F ,P) ! (N 0,Bc(N 0)).
<latexit sha1_base64="xF/vTqpFk7iK/BR+HIB63xz8u94="></latexit>

The law of s is the probability measure Ps := s]P, which is defined
on Bc(N 0). The characteristic functional of s is given by

<latexit sha1_base64="GCFejwWdD//ik4oO1/E+85sn/CI="></latexit>

P̂s(ω) = E[ei→s,ω↑N →↑N ], ω → N .
<latexit sha1_base64="t8hrs28u65MLvAspaEqhNufipVc="></latexit>

Examples: (Rd,Rd), (D(Rd),D0(Rd)), (S(Rd),S 0(Rd)), etc.

<latexit sha1_base64="3PI39BoBLhKtIXSPeMul2bIhrK4="></latexit>

Once you have the characteristic functional, you have everything.

<latexit sha1_base64="1Eb3Hr124ykhJ/2Z+DSJUhk81Ao=">AAACP3icdZDNShxBFIWr1SSm8zeaZTaFQyCLMHSrjC6FCGY5IRkVpofhdvVtLayfpm51wtjMS+Rp3Opb5AmyC9kGXFg9jqAhOVBwOOfeKurLKyXJJ8mPaGl55dHjJ6tP42fPX7x81VlbPyRbO4FDYZV1xzkQKmlw6KVXeFw5BJ0rPMrPPrT90Vd0JK354qcVjjWcGFlKAT5Ek877LC8JnUTiB2jQgZLnWPDP3opTIC8FHzgrkA gpjiedbtJL5uJJb2t3eyvdDqaf7ATL00XVZQsNJp3rrLCi1mi8UEA0SpPKjxtw4WKFszirCSsQZ3CCo2ANaKRxM//VjL8NScFL68Ixns/T+xsNaKKpzsOkBn9Kf3dt+K9uVPtyd9xIU9Uejbh9qKwV95a3iHghHQqvpsGAcLKFEGA4ED6AjDMXOH0TVmswRZOVoKWaFlhCrfysyai88y2uOyb8/+Zws5f2e/1Pm929/QW4VfaGbbB3LGU7bI99ZAM2ZIJ9Zxfskl1Fl9HP6Ff0+3Z0KVrsvGYPFP25AbPCsSk=</latexit>

Generalized Stochastic Processes
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<latexit sha1_base64="knHe0pil8//NqawH7HwFYSD+008="></latexit>

This formulation allows us to study classical stochastic
processes (s(x))x2Rd as well as those that do not admit
a pointwise representation such as white noise.

<latexit sha1_base64="y1m8b7pQyK2e96FLnJwdNbrLmQ8="></latexit>

=) Backwards compatible with space-indexed Gaussian processes.
<latexit sha1_base64="pNSWli2sw1pJgOqZQUer2gUvK5Y="></latexit>

Hida and Ikeda (1967); Duttweiler and Kailath (1973)

<latexit sha1_base64="t3NvS31SAP8vDCZEbPL1aR6EzWA="></latexit>

Example (Gaussian Processes)
<latexit sha1_base64="Fv/i574dHDNWtWslrHhpflLGsHc="></latexit>

A generalized stochastic process s that takes values in N 0 is called
Gaussian if its characteristic functional is of the form

<latexit sha1_base64="Ms1SGfjJBlzBrrm5CtMtBMs3a+k="></latexit>

bPs(') = exp

✓
iµs(')�

1

2
⌃s(',')

◆
, ' 2 N ,

<latexit sha1_base64="qF/MZcgx8v1FRR3RWyj0126SuZg="></latexit>

where µs(') = E[hs,'i] denotes the mean functional and
⌃s('1,'2) = E[(hs,'1i � µs('1))(hs,'2i � µs('2))] denotes the
covariance functional of the process.

<latexit sha1_base64="1Eb3Hr124ykhJ/2Z+DSJUhk81Ao=">AAACP3icdZDNShxBFIWr1SSm8zeaZTaFQyCLMHSrjC6FCGY5IRkVpofhdvVtLayfpm51wtjMS+Rp3Opb5AmyC9kGXFg9jqAhOVBwOOfeKurLKyXJJ8mPaGl55dHjJ6tP42fPX7x81VlbPyRbO4FDYZV1xzkQKmlw6KVXeFw5BJ0rPMrPPrT90Vd0JK354qcVjjWcGFlKAT5Ek877LC8JnUTiB2jQgZLnWPDP3opTIC8FHzgrkA gpjiedbtJL5uJJb2t3eyvdDqaf7ATL00XVZQsNJp3rrLCi1mi8UEA0SpPKjxtw4WKFszirCSsQZ3CCo2ANaKRxM//VjL8NScFL68Ixns/T+xsNaKKpzsOkBn9Kf3dt+K9uVPtyd9xIU9Uejbh9qKwV95a3iHghHQqvpsGAcLKFEGA4ED6AjDMXOH0TVmswRZOVoKWaFlhCrfysyai88y2uOyb8/+Zws5f2e/1Pm929/QW4VfaGbbB3LGU7bI99ZAM2ZIJ9Zxfskl1Fl9HP6Ff0+3Z0KVrsvGYPFP25AbPCsSk=</latexit>

Generalized Stochastic Processes
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<latexit sha1_base64="opscbA+SuThwEQYcVSv2Dkt2Dnw=">AAACN3icdZBPaxRBEMV74r84/slGj14aV8HTMpOETW4JmINeQgQ3CewsS01PTdKku2foqjEMw36BfBqvyTfx5E28evdg72YDKvqg4fFeFUX/8tpo4iT5Eq3cuXvv/oPVh/Gjx0+ervXWnx1R1XiFI1WZyp/kQGi0wxFrNnhSewSbGzzOz9/O++NP6ElX7iO3NU4snDpdagUcomnvVZaXhF4jyfckDxplELzmVh6gQiLw7W4cT3 v9ZJAsJJPB5s7WZroVzDDZDlamy6ovljqc9n5mRaUai46VAaJxmtQ86cCzDgdmcdYQ1qDO4RTHwTqwSJNu8ZuZfB2SQpaVD8+xXKS/b3RgiVqbh0kLfEZ/d/PwX9244XJn0mlXN4xO3RwqGyO5knM0stAeFZs2GFABglZSnYEHxQFgnHl0eKEqa8EVXVaC1aYtsITG8KzLqLz1c1y3TOT/zdHGIB0Ohh82+nv7S3Cr4oV4Kd6IVGyLPfFOHIqRUOJSfBZX4jq6ir5G36LvN6Mr0XLnufhD0Y9fRWitaw==</latexit>

Is Nuclearity Necessary?

<latexit sha1_base64="CD7eWD1ejfBP0q8l6voi8r2BcD4="></latexit>

Bochner–Minlos Theorem
<latexit sha1_base64="grXhWJ3AhdgofjqmCxmiHp/tmCA="></latexit>

A function P̂ is the characteristic function of a stochastic process
s → N → if and only if P̂ is continuous, positive-definite, and
satisfies P̂(0) = 1.

<latexit sha1_base64="vKwp3pJV/ar4ehOSLSPgVLYNAIc="></latexit>

Lévy–Fernique Continuity Theorem
<latexit sha1_base64="FA1+Grl0w7NmwF5rKOBNktdOzGA="></latexit>

Let (sn)n→N and s be stochastic processes in N ↑. The sequence sn
converges in law to s if and only if, for all ω → N ,

<latexit sha1_base64="tByiK1v9qB4rRpLjnaIeV9tX9Cc="></latexit>

P̂sn(ω) →→→→↑n→↑
P̂s(ω).
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<latexit sha1_base64="oeb+RVe+pxfyp8cjhNTAJdyF9B4=">AAACgXicdZHNbtNAFIVvnALF/DSFJZsRERJsIietkopuisqCBUJFIm2lOKrG4+t21PmxZsapLCtvyYZH4BUQC67dVAIEV5rx53PPjK1zs1JJH5LkWy/qb927/2D7Yfzo8ZOnO4PdZ6feVk7gXFhl3XnGPSppcB5kUHheOuQ6U3iWXR+3/bMVOi+t+RLqEpeaXxpZSMEDSXYwgxQyKMADggNJuwcGx6CAE3lSBJEi7SN8hxXURC fktKRj52j3t6S+o/WJ3m46R3ubh5KeAgLdsiKKIb4YDJNR0hVLRnsH+3vjfYJpMiNk401rCJs6uRj8THMrKo0mCMW9X4yTMiwb7oIUCtdxWnksubjml7ggNFyjXzZdLmv2ipScFdbRMoF16u8nGq69r3VGTs3Dlf+714r/6i2qUBwsG2nKKqARtx8qKsWCZW3ILJcORVA1ARdO0r8yccUdF4FGEacODd4IqzU3eZMWXEtV51jwSoV1k/rijtu47jJh/4fTyWg8HU0/T4ZH7zfBbcMLeAmvYQwzOIIPNJA5DeIr/Oj1e1tRP3oTJdHk1hr1Nmeewx8VHf4Ci22wYA==</latexit>

Classical Lévy Processes: A New Perspective

<latexit sha1_base64="ZLRFzxQM91HZ3XKj5Hj1PKAa/HE="></latexit>

Lévy
process

<latexit sha1_base64="DGEVOTCbvfB3P7rlEhJ7K9B0FB0="></latexit>

Lévy
white noise

<latexit sha1_base64="ZEXpHx78Enm0NRB8c+fLBwc9JjI="></latexit>

D

<latexit sha1_base64="RsvUKzhV1Ibe2X0JwRE1dV8jAAo="></latexit>

D→1
0

<latexit sha1_base64="Pb86B8943KYZkOgr1JjFbVCH2ok="></latexit>

• SDE formulation
<latexit sha1_base64="QsPUo/4MvGGy2QPIu2zN1gKPz4Q="></latexit>

Ds
L
= w s.t. s(0) = 0

<latexit sha1_base64="njmiEtZC9QMx3862Z7HxcptIPhE="></latexit>

• “Formal” solution
<latexit sha1_base64="/JuO+CRBKRxW+VfjZnpOfNvaFys="></latexit>

s = D→1
0 w

<latexit sha1_base64="iWvOHqsOiaMiluasrBDSTWgEtXo="></latexit>

What is the characteristic functional
of a Lévy white noise?
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<latexit sha1_base64="Dw4XQ9XdtyGf+vfEtnhbYxT9W4c=">AAACf3icdZFNaxRBEIZrxq84fmSjRy+Ni+hpmEnCJt4CEfEgEsHNBnaW0NNTk23SH0N3T8Iw7J/05k/wH3jwYO1kAypa0M3D+1bRzVtlo6QPWfYtiu/cvXf/wdbD5NHjJ0+3RzvPTr1tncCpsMq6s5J7VNLgNMig8KxxyHWpcFZeHq/92RU6L635EroGF5pfGFlLwQNJdjSBAkqowQOCA0m3BwYf4TtcQUc0gyWpgXQGn8AS+4 GPSec0wUEMrhucQLcg9z20YAZH0oyhLgUJJOejcZZmQ7Es3Tvc38v3CSbZASHLN9YYNnVyPvpZVFa0Gk0Qins/z7MmLHrughQKV0nRemy4uOQXOCc0XKNf9EMqK/aKlIrV1tExgQ3q7xM91953uqROzcPS/+2txX958zbUh4temqYNaMTNQ3WrWLBsHTGrpEMRVEfAhZP0VyaW3HERaBFJ4dDgtbBac1P1Rc21VF2FNW9VWPWFr295HddtJuz/cLqb5pN08nl3fPRuE9wWvICX8AZyOIAj+AAnMKVlfIUfURTFcRS/jtM4u2mNo83Mc/ij4re/AG1RsHM=</latexit>

Lévy White Noise Characteristic Functional
<latexit sha1_base64="qofhSRtquHr8ucuM/CaR81VFWto="></latexit>

Theorem (Gelfand and Vilenkin, 1964)
<latexit sha1_base64="ZymEu5XmDKu5vHepuJyAlLvrvew="></latexit>

Let s(t) be a Lévy process on R and let w = Ds. Then, w → D→(R)
almost surely and

<latexit sha1_base64="c61ryEjcznjXvSqcCiDCeezeXtk="></latexit>

P̂w(ω) = exp

(∫

R
f(ω(x)) dx

)
, ω → D(R),

<latexit sha1_base64="oVhmCKKtqhvFNpW5Z3xFlEhGpaQ="></latexit>

where
<latexit sha1_base64="02kLanhAtkEpcnD8ryZpBc6sZ0E="></latexit>

f(ω) = iµω → ε2ω2

2
+

∫

R
eiωt → 1→ iω1[→1,1](t) dPV (t),

<latexit sha1_base64="q4GcoId+ToIom43vDsYj+ZppBuw="></latexit>

with µ → R, ω2 ↑ 0, and PV is a Lévy measure, i.e.,
<latexit sha1_base64="eahJ8oUgo3rWCIfWFHj7sM0GYsw="></latexit>∫

R
min{1, t2} dPV (t) < → and PV ({0}) = 0.

<latexit sha1_base64="vPsM8q7DFDeZhvAzQ6HrfyA3EN4="></latexit>

(µ,ω2,PV ) is called a Lévy triplet and f is a Lévy exponent
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<latexit sha1_base64="hLineyunL2pWjk2eG25KRUbdkHQ=">AAACJ3icdZBLSwMxFIUzvh1f9bFzEyyCqzJjpboUVHCpYFXolHInc0eDSWZIMmod+l/c6p9xJ7r0f7gwrRVU9EDg45x7yeXEueDGBsGrNzI6Nj4xOTXtz8zOzS9UFpdOTVZohk2WiUyfx2BQcIVNy63A81wjyFjgWXy118/PrlEbnqkT282xLeFC8ZQzsM7qVFaiODWoORp6cAsyF2h8v1OpBrVgIBrU6jtb9XDLQSPYdkjDYV QlQx11Ku9RkrFCorJMgDGtMMhtuwRtORPY86PCYA7sCi6w5VCBRNMuB9f36LpzEppm2j1l6cD9vlGCNKYrYzcpwV6a31nf/CtrFTbdaZdc5YVFxT4/SgtBbUb7VdCEa2RWdB0A09zdStklaGDWFeZHGhXesExKUEkZpSC56CaYQiFsr4xM+sX9ur46of/D6WYtbNQax5vV3f1hcVNklayRDRKSbbJLDskRaRJG7sg9eSCP3oP35D17L5+jI95wZ5n8kPf2AZRNpwI=</latexit>

Examples

<latexit sha1_base64="XeeB9zuu6+4+mcFffC+Gf0CTlug="></latexit>

P̂wPoi(ω) = exp

(
ε

∫

R

∫

R

(
eivω(t) → 1

)
dt dPV (v)

)

<latexit sha1_base64="11BHiF++eLpimQvSDf+stO5Jkio="></latexit>

cf., ω →↑ exp
(
ε(eiω ↓ 1)

)

<latexit sha1_base64="LLTWOnw9T5kuYiqtffGoHyb5rb8="></latexit>

• Poisson white noise wPoi on R with rate ω and jump law PV

<latexit sha1_base64="xsysW226yGdLbn/Ru7lOnIozPrM="></latexit>

• Gaussian white noise wGauss with unit variance

<latexit sha1_base64="TlyGe5ISMLJARhDYJgWuZKpmCs0="></latexit>

cf., ω →↑ exp

(
↓ |ω|2

2

)

<latexit sha1_base64="W4qgzO8PkDfzid8uy35BWNlR0Wc="></latexit>

P̂wGauss(ω) = exp

(
→
↑ω↑2L2

2

)

<latexit sha1_base64="AvnzPNOqiCugf1b1BReYcnJeQX4="></latexit>

Gelfand and Vilenkin (1964)

<latexit sha1_base64="E0aTXY4GswVhbraD3E/EYykmCco="></latexit>

Duttweiler and Kailath (1973)
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<latexit sha1_base64="P1UxBg3dFyPe/cfe1nZO3BZuoHE=">AAACd3icdZFda9RAFIbPxq8av1a99MLBRenVkmzLtpeFinjhRQW3LWyWcjKZdIfOR5iZVELYP+g/8Cd4523FC0/SFFT0wAxP3vccJrwnr5T0IUm+jqJbt+/cvbd1P37w8NHjJ+Onz469rR0XC26Vdac5eqGkEYsggxKnlROocyVO8ovDzj+5FM5Laz6FphIrjedGlpJjIMmOZ5BBDiV4EOBA0u2BwQf4BpfQEB2RaoH3euccwh qQNCQtDDOeSNI3g3dQg+kdSVOGuhTEEJ+NJ8k06Ysl05393Z10l2Ce7BGydLAmMNTR2fhnVlhea2ECV+j9Mk2qsGrRBcmV2MRZ7UWF/ALPxZLQoBZ+1fZpbNhrUgpWWkfHBNarv0+0qL1vdE6dGsPa/+114r+8ZR3K/VUrTVUHYfj1Q2WtWLCsi5YV0gkeVEOA3En6V8bX6JAHWkCcOWHEZ261RlO0WYlaqqYQJdYqbNrMlzfcxXWTCfs/HM+m6Xw6/zibHLwdgtuCF/AKtiGFPTiA97S8BS3jC3yHK/gxuopeRm+i7evWaDTMPIc/Kkp/ARkaseQ=</latexit>

Lévy Process Characteristic Functional

<latexit sha1_base64="LO6lwmAH2o4xJ2wFPIO36sDOduA="></latexit>

s
L
= D→1

0 w
<latexit sha1_base64="MtWtGSgt48hVARDPbj/WCbkv7OQ="></latexit>

P̂s(ω) = E[ei→s,ω↑], ω → D(R)

<latexit sha1_base64="xjjrIfNFfQaChMGC/e6Uo2M0cT0="></latexit>

→s,ω↑ L
= →D→1

0 w,ω↑
<latexit sha1_base64="rpvWcIUG5HR15QTn+snzD9vq9Hw="></latexit>

= →w,D→1↑
0 ω↑

<latexit sha1_base64="D7+P9O2WSjBR4qrsqvAplNoiag4="></latexit>

Fageot and Humeau (2021)

<latexit sha1_base64="JK2zlz2oh/uu5gR2ES8txfOy/eQ="></latexit>

P̂s(ω) = E[ei→s,ω↑] = E[ei→w,D→1↑
0 ω↑]

<latexit sha1_base64="tI3+MDGa9dMzaIV41UF99lrfrHc="></latexit>

= P̂w(D
→1↑
0 ω)

<latexit sha1_base64="jdycVbDcLb+1muBRd4eClBjuROA="></latexit>

Given the characteristic functional of the innovation process, you
automatically have the characteristic functional of the original process.
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<latexit sha1_base64="kv95nBNaTyfeyVpGYAgdGIOF1ms=">AAACP3icdZDNShxBFIWrjUlM529MltkUDoEswtCtMrpUdJEsBAMZFaaH4Xb1bS2sn6bqtjI08xI+jVvzFnkCd5Kt4MLqcYQkJAcKPs65l6o6eaWkpyT5GS08WXz67PnSi/jlq9dv3naW3x14WzuBA2GVdUc5eFTS4IAkKTyqHILOFR7mpzttfniGzktrvtOkwpGGYyNLKYCCNe58zvLSo5Po+Tbfsw75du7JgSD+1Rh7NhsLQY EqjsedbtJLZuJJb21zfS1dD9BPNgLydB512Vz7485dVlhRazQkFHg/TJOKRg04kkLhNM5qjxWIUzjGYUADGv2omf1qyj8Gp+CldeEY4jP3940GtPcTnYdJDXTi/85a81/ZsKZyc9RIU9WERjxcVNaKk+VtRbyQDgWpSQAQToa3cnECbSehyDhzaPBcWK3BFE1WgpZqUmAJtaJpk/nykdu6Hjvh/4eD1V7a7/W/rXa3dufFLbEPbIV9YinbYFvsC9tnAybYBbtkV+xHdBVdRzfRr4fRhWi+8579oej2HjRmsFE=</latexit>

A More Abstract Innovation Model

<latexit sha1_base64="44m9FgNimTfivkGG8xIolYlCj54="></latexit>

stochastic
process

<latexit sha1_base64="R3P5tioXI4a7IWH+77gk+dWclSw="></latexit>

linear
whitening
operator

<latexit sha1_base64="qP/cJCRz3oOV4UKvrlUKvltYc3o="></latexit>

white noise

<latexit sha1_base64="NWic+EH6SHBDUk1yNoS43g5DTns="></latexit>

linear
mixing
operator

<latexit sha1_base64="q6DEMzixyEhUaKCrV6WksJl0g0E="></latexit>

mixing = whitening�1
<latexit sha1_base64="AQWWieCqC/xKXmftRNiaG4YqPMY="></latexit>

existence of suitable operators
is an active area of research

<latexit sha1_base64="gzcmKB3uz9muK9NuvMi67rP377Q="></latexit>

P̂s(ω) = P̂w(L
→1↑ω)

<latexit sha1_base64="7b857+4JLw6Yh346PiDxuCjNSSw="></latexit>

typically assumed to be Lévy

white noise on some locally

compact Hausdor! space

<latexit sha1_base64="a+z98J/wmrQYqPKgablSntAO2PA=">AAAEXXicbVNdb9MwFL3bOhhljA0eeOAl6jQJiWqy06Xr3sa+HzqpTOs6aa0mx3Faa4kT2c6gRPln/BGekHhDIPEXcNsMNRm2bnRy7jk317GuGwdcaYS+LSwuVZafPF15Vn2++mLt5frGqysVJZKyLo2CSF67RLGAC9bVXAfsOpaMhG7Aeu7d4STfu2dS8Uhc6nHMBiEZCu5zSrShovX30AcKEQQmJKRwD3z6xkBDBlWzhwYLEx </latexit>

generalized Lévy processes
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<latexit sha1_base64="TWLM31BBg1kR7WgGzzQ4x0ZtP5E=">AAACXXicdZDPahRBEMZrR6NxjHE1hxy8NC4BT8tMEjY5BuLBQwgRstnAzhJ6emqyTfrP0N0TGYZ9pzyN4ClefQcP1mw2oKIF3f3j+6ro7i+vlPQhSb71oidP1549X38Rv9x4tfm6/+bthbe1EzgWVll3mXOPShocBxkUXlYOuc4VTvKb486f3KLz0prz0FQ40/zayFIKHkiy/R3IIIcSPCA4kLR7YHBOp4ZqqSEUpJzAD7iFhm gCc+oLpDM4BUvczcYQX/UHyTBZFkuGe4f7e+k+wSg5IGTpyhrAqs6u+j+zwopaowlCce+naVKFWctdkELhIs5qjxUXN/wap4SGa/SzdvnnBdshpWCldbRMYEv194mWa+8bnVOn5mHu//Y68V/etA7l4ayVpqoDGvFwUVkrFizrAmSFdCiCagi4cJLeysScOy4CxRxnDg1+EVZrboo2K7mWqimw5LUKizbz5SN3cT1mwv4PF7vDdDQcfd4dHH1cBbcO7+A9fIAUDuAIPsEZjEHAHXyFe/jeu4/Woo1o86E16q1mtuCPirZ/AYm1q4c=</latexit>

Tempered Lévy White Noise

<latexit sha1_base64="kfl3z+7NlvIh4LP5VxJIe9qI3AQ="></latexit>

Let w be a Lévy white noise on Rd, i.e., w → D→(Rd) and
<latexit sha1_base64="BCgOnuidZb2uBHK02E5niYVGyaY="></latexit>

P̂w(ω) = exp

(∫

Rd

f(ω(x)) dx

)
, ω → D(Rd),

<latexit sha1_base64="mn6JSitGJDe184UFqOKSE22q9N4="></latexit>

f(ω) = iµω → ε2ω2

2
+

∫

R
eiωt → 1→ iω1[→1,1](t) dPV (t),

<latexit sha1_base64="FJ1tIwmh6h9y8dIdFpR5EVA/CZY="></latexit>

with Lévy triplet (µ,ω2,PV ). Then, w is tempered (a.s.) if and
only if there exists ε > 0 such that

<latexit sha1_base64="F/xvb2LsKnmFHegNP9ajjb85dt4="></latexit>

E[|V |ω] < →, V ↑ PV .

<latexit sha1_base64="d9jwKwBZHZo0AypJzfCBgeMITD8="></latexit>

Theorem (Dalang and Humeau, 2017)

<latexit sha1_base64="zfJq4UBkBYqNFCsjVHx6LvNKUg0="></latexit>

where

<latexit sha1_base64="jF1c4YYd9GJ6od8prdju9jSBeDM="></latexit>

P(w → S →(Rd)) = 1 ↑ P(w → D→(Rd) \ S →(Rd)) = 0 ↑ supp(Pw) ↓ S →(Rd)
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<latexit sha1_base64="Yt+K/VRbr5ZLXSiyYzl+Mf8vQKg="></latexit>

DH+ 1
2 s

L
= w

<latexit sha1_base64="o5jPbkE2DmwQJvlhCt3o6mC7xko="></latexit>

Blu and Unser (2007)

<latexit sha1_base64="/gqLp79zM8nxvnj3QPiC9XiSRzo="></latexit>

Mandelbrot and Van Ness (1968)

<latexit sha1_base64="akdgr/RXm9Flpisx2vcgNctHV9U=">AAACOXicdZDNShxBFIWr1SSm8+Nolm6KDAlZDd0qo0shErLLCI4K08Nwu/q2FtZPU7c6MjTzBnkat+ZFXLoL2WbrItXjCIkkBwo+zrmXqjp5pST5JLmJlpZXnjx9tvo8fvHy1eu1zvrGMdnaCRwKq6w7zYFQSYNDL73C08oh6FzhSX7xsc1PvqIjac2Rn1Y41nBmZCkF+GBNOu+zvCR0Eol/ciBaExT/4gp0fOCsQCKkOJ50uk kvmYsnve29ne10J0A/2Q3I00XUZQsNJp27rLCi1mi8UEA0SpPKjxtwXgqFszirCSsQF3CGo4AGNNK4mf9nxt8Fp+CldeEYz+funxsNaKKpzsOkBn9Oj7PW/Fc2qn25N26kqWqPRtxfVNaKe8vbcnghHQqvpgFAOBneysU5tL2ECuPMocFLYbUGUzRZCVqqaYEl1MrPmozKB27reuiE/x+Ot3ppv9c/3OruHyyKW2Wb7C37wFK2y/bZZzZgQybYN3bFrtn36Dq6jX5EP+9Hl6LFzhv2l6JfvwE/Uq5t</latexit>

Fractional Order Processes
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<latexit sha1_base64="akdgr/RXm9Flpisx2vcgNctHV9U=">AAACOXicdZDNShxBFIWr1SSm8+Nolm6KDAlZDd0qo0shErLLCI4K08Nwu/q2FtZPU7c6MjTzBnkat+ZFXLoL2WbrItXjCIkkBwo+zrmXqjp5pST5JLmJlpZXnjx9tvo8fvHy1eu1zvrGMdnaCRwKq6w7zYFQSYNDL73C08oh6FzhSX7xsc1PvqIjac2Rn1Y41nBmZCkF+GBNOu+zvCR0Eol/ciBaExT/4gp0fOCsQCKkOJ50uk kvmYsnve29ne10J0A/2Q3I00XUZQsNJp27rLCi1mi8UEA0SpPKjxtwXgqFszirCSsQF3CGo4AGNNK4mf9nxt8Fp+CldeEYz+funxsNaKKpzsOkBn9Oj7PW/Fc2qn25N26kqWqPRtxfVNaKe8vbcnghHQqvpgFAOBneysU5tL2ECuPMocFLYbUGUzRZCVqqaYEl1MrPmozKB27reuiE/x+Ot3ppv9c/3OruHyyKW2Wb7C37wFK2y/bZZzZgQybYN3bFrtn36Dq6jX5EP+9Hl6LFzhv2l6JfvwE/Uq5t</latexit>

Fractional Order Processes

<latexit sha1_base64="993zXiHQjNeGe5OqO+b/ny1jBTc="></latexit>

(→!)
H+1

2 s
L
= w
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<latexit sha1_base64="rpD3LIfDasep8dExzCpJuPG37pA=">AAACSnicdZDfahNBFMZnY6t1azW1l94MBqFXYbctSS8LFfSmEKlpC9kQzs6ebYfOn2XOrBKWPIpP4219AF/Du1IvnE1TUNEPBj6+7xwO88srJcknyfeo82ht/fGTjafx5rOt5y+62y/PyNZO4FhYZd1FDoRKGhx76RVeVA5B5wrP8+vjtj//hI6kNR/9vMKphksjSynAh2jWHWZ5SegkEj+twBHyU2/FFZCXgo+cFUgUOnDI31 lb8BNboKI4nnV7ST9Ziif9/cOD/fQgmEEyDJanq6rHVhrNuj+zwopao/FCAdEkTSo/bcCFQwoXcVYTViCu4RInwRrQSNNm+cEFfxOSgpfWhWc8X6a/bzSgieY6D5Ma/BX93bXhv7pJ7cvDaSNNVXs04v5QWSvuLW9p8UI6FF7NgwHhZAslwHEgfGAaZw4NfhZWazBFk5WgpZoXWEKt/KLJqHzwLa4HJvz/5myvnw76gw97vaO3K3Ab7BV7zXZZyobsiL1nIzZmgn1hX9kN+xbdRD+i2+jufrQTrXZ22B/qrP0CBjW0IQ==</latexit>

Sparse Stochastic Processes are Good Models
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<latexit sha1_base64="115081sOTB0Ztki/QO7Wut4DXbM="></latexit>

Applications to Random Neural Networks
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<latexit sha1_base64="bXJgYVobOsZhDbHX85CeS5foekU="></latexit>

Rectified Linear Unit (ReLU)
ReLU(t) = max{0, t} = t+

<latexit sha1_base64="WLFNZJ3bnK8AWeRsYlUof/f5X9Y=">AAACPnicdZDPahsxEMa1adqm7p+47bEXEVMoFMxuEpwcU5pDTyWFOgl4jZnVzsbC+rNIowaz+CHyNLmmj5EXyC3k2kMPlR0H0tAOCP34vhmk+YpaSU9pepmsPFp9/OTp2rPW8xcvX623X7859DY4gX1hlXXHBXhU0mCfJCk8rh2CLhQeFZPPc//oBzovrflO0xqHGk6MrKQAitKo/TEvKo9Oouf7iDX/isGBihedWjfhn5wYS0 JBwaEftTtpN10UT7tbu9tb2XaEXroTkWdLq8OWdTBq/85LK4JGQ0KB94MsrWnYgCMpFM5aefBYg5jACQ4iGtDoh81iqRl/H5WSV9bFY4gv1PsTDWjvp7qInRpo7B96c/Ff3iBQtTtspKkDoRG3D1VBcbJ8nhAvpYsLq2kEEE7Gv3IxBgeCYo6t3KHBU2G1BlM2eQVaqmmJFQRFsyb31R23Ylx3mfD/w+FmN+t1e982O3v7y+DW2Du2wT6wjO2wPfaFHbA+E+yMnbML9jO5SK6S6+TmtnUlWc68ZX9V8usPaYSxGg==</latexit>

Deep Neural Network Architectures
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<latexit sha1_base64="HML0vrVQxr43WMqjcOcLA+zBkFU="></latexit>

f✓(x)
<latexit sha1_base64="W0sMCOttyvCry5uacSGdXbjHqoE="></latexit>x

<latexit sha1_base64="Iyy/P0XMovnH8XD8yEmfJ00PARg="></latexit>

parameterized by a vector ✓ 2 RP

of neural network weights

<latexit sha1_base64="+75s/8ogh93inYjbs0M1NKcFGt0="></latexit>

min
✓2RP

NX

n=1

L(yn, f✓(xn))

| {z }
+

�

2
k✓k22

| {z }
<latexit sha1_base64="qVCUFJr9GWao2wvMF6pyahPG++M="></latexit>

data fidelity
<latexit sha1_base64="3tjwlQ75XB5KjiUypMV64kZpc38="></latexit>

regularization

<latexit sha1_base64="JYjBGFqrxlEFFhOzf5Mss525/jY="></latexit>

Neural network training problem for the data {(xn, yn)}Nn=1.

<latexit sha1_base64="WfmXzbndcg4jEmc1VVW8ipZuz+A="></latexit>

= �(WL�(WL�1�(· · ·�(W1x))))

<latexit sha1_base64="cxZk/jK56VRMCbx4m9ClRMNshso=">AAACNHicdZBNSxxBEIZ71CS6+VrN0UubJZDTMqOyehTiISdRcFXYWZaanpq12f4YumuUZdhzfo1X81sCuUmu/gIP9q4raNCCph/et4rqfrNSSU9x/CdaWFx68/bd8krj/YePnz43V9dOvK2cwK6wyrqzDDwqabBLkhSelQ5BZwpPs9GPqX96gc5La45pXGJfw9DIQgqgIA2aG2lWeHQSPT/AyoEKF11aN+LHDqSRZjhotuJ2PC set7d2t7eS7QCdeCcgT+ZWi83rcNC8S3MrKo2GhALve0lcUr8GR1IonDTSymMJYgRD7AU0oNH369lXJvxbUHJeWBeOIT5Tn07UoL0f6yx0aqBz/783FV/yehUVu/1amrIiNOJhUVEpTpZPc+G5dChIjQOAcDK8lYtzcCAopNdIHRq8FFZrMHmdFqClGudYQKVoUqe+eORGiOsxE/46nGy2k067c7TZ2tufB7fM1tlX9p0lbIftsZ/skHWZYL/YFbtmv6Pr6G90E/17aF2I5jNf2LOKbu8BLQ6s/g==</latexit>

Neural Network Training



<latexit sha1_base64="wwT5poBTW2z5yZb6Gs55NYiyal8="></latexit>

step size
“learning rate”

29

<latexit sha1_base64="isuiFKk1+H4W1e2KQxhuzwQUQNg="></latexit>

min
✓2RP

NX

n=1

L(yn, f✓(xn))

| {z }
L (✓)

+
�

2
k✓k22

<latexit sha1_base64="uU/vqKDc5auAwzat34oNuvd1LUw="></latexit>

Gradient descent update on ✓i

<latexit sha1_base64="yjJ1+uoi04mzWsprJYcOQJEFM5c="></latexit>

Hanson and Pratt (1988, NeurIPS)

Krogh and Hertz (1990, NeurIPS)

<latexit sha1_base64="tvdusIyDJ5sdNjeW6pO1EQEfJww="></latexit>

✓t+1
i = ✓ti � ⌧

 
@L
@✓i

����
✓i=✓t

i

+ �✓ti

!

<latexit sha1_base64="cxZk/jK56VRMCbx4m9ClRMNshso=">AAACNHicdZBNSxxBEIZ71CS6+VrN0UubJZDTMqOyehTiISdRcFXYWZaanpq12f4YumuUZdhzfo1X81sCuUmu/gIP9q4raNCCph/et4rqfrNSSU9x/CdaWFx68/bd8krj/YePnz43V9dOvK2cwK6wyrqzDDwqabBLkhSelQ5BZwpPs9GPqX96gc5La45pXGJfw9DIQgqgIA2aG2lWeHQSPT/AyoEKF11aN+LHDqSRZjhotuJ2PC set7d2t7eS7QCdeCcgT+ZWi83rcNC8S3MrKo2GhALve0lcUr8GR1IonDTSymMJYgRD7AU0oNH369lXJvxbUHJeWBeOIT5Tn07UoL0f6yx0aqBz/783FV/yehUVu/1amrIiNOJhUVEpTpZPc+G5dChIjQOAcDK8lYtzcCAopNdIHRq8FFZrMHmdFqClGudYQKVoUqe+eORGiOsxE/46nGy2k067c7TZ2tufB7fM1tlX9p0lbIftsZ/skHWZYL/YFbtmv6Pr6G90E/17aF2I5jNf2LOKbu8BLQ6s/g==</latexit>

Neural Network Training

<latexit sha1_base64="MgtTpqPPoaMDCejKCwBudpd+OsQ="></latexit>

How do we choose ω0i ?
<latexit sha1_base64="OtvT8BqbrgjvOS6jnYo9PBSiybM="></latexit>

randomly!
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<latexit sha1_base64="Ba9B5RKImuh2RnQH6aYTkw10I20="></latexit>

A random neural network is a random function.

<latexit sha1_base64="SsKI/2w/WydkTYjUjvqAKIUfVzE="></latexit>

f✓
<latexit sha1_base64="SV7KoKYKCwD/Xg4JbdC2rhWTaEU="></latexit>

✓ ⇠ Q

<latexit sha1_base64="bssvzUSd7qOqZH78K29QI4sbKIk="></latexit>

A random neural network is a stochastic process.

<latexit sha1_base64="DkHcb51Iao+0gIVKB17qyCo/D9I="></latexit>

(f✓(x))x2Rd

<latexit sha1_base64="vtogEFrgWBwHQgQ5rcd/PcGU/a4=">AAACM3icdZBNSyNBEIZ7dD/c7IdRj3tpDMKewoyG6FHQg6dFl40KmRBqemq0SX8M3TUrYcjVX+NV/4vsTbz6DzxsJ0ZYl7Wg6Yf3raK636xU0lMc30YLi2/evnu/9KHx8dPnL8vNldVjbysnsCessu40A49KGuyRJIWnpUPQmcKTbLQ39U9+ofPSmp80LnGg4czIQgqgIA2bPM0Kj06i5z/A5Fbz71g5UOGiC+tGfthsxe14Vj xub+10tpJOgG68HZAnc6vF5nU4bD6muRWVRkNCgff9JC5pUIMjKRROGmnlsQQxgjPsBzSg0Q/q2U8mfCMoOS+sC8cQn6l/T9SgvR/rLHRqoHP/rzcV/+f1Kyp2BrU0ZUVoxNOiolKcLJ/GwnPpUJAaBwDhZHgrF+fgQFAIr5E6NHghrNYhozotQEs1zrGAStGkTn3xzI0Q13Mm/HU43mwn3Xb3aLO1uz8Pbol9ZevsG0vYNttlB+yQ9Zhgl+yKXbOb6Dr6Hd1F90+tC9F8Zo29qOjhD0sRrIw=</latexit>

Random Neural Networks

<latexit sha1_base64="HML0vrVQxr43WMqjcOcLA+zBkFU="></latexit>

f✓(x)
<latexit sha1_base64="W0sMCOttyvCry5uacSGdXbjHqoE="></latexit>x

<latexit sha1_base64="Iyy/P0XMovnH8XD8yEmfJ00PARg="></latexit>

parameterized by a vector ✓ 2 RP

of neural network weights

<latexit sha1_base64="WfmXzbndcg4jEmc1VVW8ipZuz+A="></latexit>

= �(WL�(WL�1�(· · ·�(W1x))))
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<latexit sha1_base64="7mpe4BGoFIC3KOLwJv+6mu3krNM="></latexit>

Folklore Theorem
<latexit sha1_base64="8n5GBmqW57tmZ0shgCp5OtT64d8="></latexit>

The parameters of neural networks trained with GD do not move
far from their initialization.

<latexit sha1_base64="R29QhM55Td/ddAjjmfPYkczBt+U="></latexit>

If we can understand neural networks at initialization,
then we can understand everything!

<latexit sha1_base64="ZcZq07iBdOtBGAS1TsWHfvHdSqw="></latexit>

ICLR 2018
1300+ citations

<latexit sha1_base64="loQytvFI6abWvrY4wvXUIFXbW7c="></latexit>

NeurIPS 2018
3800+ citations

<latexit sha1_base64="H+t1ybbX6cHC5UhVMI/3b24X/8M=">AAACNnicdVDLSiNBFK32MWrUMerSTWEQXIVuDdGlMCIuFBSMCukgt6tvJ0Xq0VRVO4QmHzBfM1v9FDfuxK0f4MJKjKAyc6DgcM65t6pOkgtuXRg+BFPTM7M/5uYXKotLyz9Xqqtrl1YXhmGLaaHNdQIWBVfYctwJvM4NgkwEXiX9XyP/6haN5VpduEGOHQldxTPOwHnpplqLk8yi4WjpKbCe30JPEIziqkuPtOj7efSpsB6OQc P67n5jN2p40gz3PKXRxKqRCc5uqq9xqlkhUTkmwNp2FOauU4JxnAkcVuLCYg6sD11se6pAou2U488M6ZZXUppp449ydKx+nihBWjuQiU9KcD373RuJ//Lahcv2OyVXeeFQsfeLskJQp+moGZpyg8yJgSfADPdvpawHBpjz/VVigwp/My0lqLSMM5BcDFLMoBBuWMY2++AVX9dHJ/T/5HKnHjXrzfOd2sHhpLh5skE2yTaJyB45IMfkjLQII3/IX3JH7oO74DF4Cp7fo1PBZGadfEHw8gaKKa2o</latexit>

Machine Learning Folklore
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<latexit sha1_base64="HBuMkvqnczqS5YuXDIji+dZfUXE=">AAACRnicdZDLThsxFIY9oRea3lK67MZqVKmraIagwBJRFnRHWwJImSg64zlOLHwZ+QIajfIgPA1b+gh9ie6qbrqoE4IEqP0lS5/+/xzZ/otKCufT9EfSWnv0+MnT9Wft5y9evnrdebNx7EywDIfMSGNPC3AohcahF17iaWURVCHxpDj7tMhPztE6YfSRryscK5hqwQUDH61Jp58X3KEV6Oi3Ci40lhToXrBTNFroKf2sy+C8ra nh9Cs6BMtmk0437aVL0bTX39nqZ1sRBul2RJqtoi5Z6XDS+ZOXhgWF2jMJzo2ytPLjBqwXTOK8nQeHFbAzmOIoogaFbtwsPzenH6JTUm5sPNrTpXt3owHlXK2KOKnAz9zDbGH+KxsFz3fGjdBV8KjZzUU8SOoNXTRFS2GReVlHAGZFfCtlM7DAfOyznVvUeMGMUqDLJueghKxL5BCknze547fcjnXddkL/D8ebvWzQG3zZ7O7ur4pbJ+/Ie/KRZGSb7JIDckiGhJFLckWuyffkOvmZ/Ep+34y2ktXOW3JPLfIXxLizLQ==</latexit>

Spawned a Burgeoning Industry of Research
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<latexit sha1_base64="7mpe4BGoFIC3KOLwJv+6mu3krNM="></latexit>

Folklore Theorem
<latexit sha1_base64="jfxZ+HEeZjVOFewhQGS/8+blHPM="></latexit>

Neural networks initialized with random parameters (with any law)
converge to Gaussian processes in wide limits.

<latexit sha1_base64="9fbVujiWFQr1Vloy8Y9lh9vmvFg="></latexit>

• Shallow neural networks with ReLU activation functions.

<latexit sha1_base64="fRtxCHAfA5878V3+K6stXKRsg2k="></latexit>

• Special kind of initialization of the network parameters.

<latexit sha1_base64="x/JQfwG+D+HcauZ2fQeueyugAds="></latexit>

• Finite-width networks are non-Gaussian processes.

<latexit sha1_base64="DanQRM3pNePYuHDRct5tDfdVLnE="></latexit>

• Gaussian and non-Gaussian processes in wide limits.

<latexit sha1_base64="XsJ8S+E3R/AXRs0LlCeanHXRgaA="></latexit>

We provide a complete characterization of the statistical distribution
of these neural network processes via their characteristic functional.

<latexit sha1_base64="ZNaCl3Z/E55zndQAVP1bxmd8ac8=">AAACRHicdZDLahsxFIY1aXOpc3PaZTeiJpCVmUmCk2UgoXTRQgp1EvAYc0ZzxhbWZZDOJJjBz5GnyTZ9hr5Dd6W7Uio7DrQlOSD4+P9zjqQ/K5X0FMffoqUXL5dXVtdeNdY3Nre2mzuvL7ytnMCusMq6qww8KmmwS5IUXpUOQWcKL7Px6cy/vEbnpTVfaFJiX8PQyEIKoCANmkmaFR6dRM9PrSEHuRQkzZB/AjEKO/lHBGdmwn urxmEbDpqtuB3Pi8ftg+PDg+QwQCc+CsiThdViizofNH+luRWVRkNCgfe9JC6pX4MjKRROG2nlsQQxhiH2AhrQ6Pv1/GtTvhuUnBfWhWOIz9W/J2rQ3k90Fjo10Mj/783Ep7xeRcVxv5amrAiNeLioqBQny2c58Vw6FKQmAUA4Gd7KxQgcCAppNlKHBm+E1RpMXqcFaKkmORZQKZrWqS8euRHiesyEPw8X++2k0+583m+dnC2CW2Nv2Tu2xxJ2xE7YB3bOukywW3bH7tnX6D76Hv2Ifj60LkWLmTfsn4p+/wGPCLOd</latexit>

Contradicting Machine Learning Folklore
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<latexit sha1_base64="4pdmNDm4DS2yJaL0jcWzY9u3Zd4="></latexit>

ReLU neurons

x 1

°50

0

50x
2

°50
0

50

°10
0

10

s(x)

°10

0

10

<latexit sha1_base64="HimauWyHGVSKxGQv0G94lk8dt0Y="></latexit>

ReLU network

x1
x

2

¢{s}(x)

<latexit sha1_base64="nwUOc2LhrSKqONwETlsvpMUGmrQ=">AAACOXicdZA9TxtBEIb3SMKHCeAkJc0qFlEq6w6QoURKCoooIh8GJJ9lze3N4ZX347Q7F8s6+R/k16SFP5IyXURLmyJrY6QEwUirffS+M5rdNyuV9BTHP6OlJ0+fLa+srjXWn29sbjVfvDz1tnICu8Iq684z8KikwS5JUnheOgSdKTzLRu9m/tk3dF5a85UmJfY1XBhZSAEUpEHzTZoVHp1Ez78MQSk75p/xQ5d/xMqBCheNrR v5QbMVt+N58bi9d7i/l+wH6MQHAXmysFpsUSeD5p80t6LSaEgo8L6XxCX1a3AkhcJpI608liBGcIG9gAY0+n49/8+U7wQl54V14Rjic/XfiRq09xOdhU4NNPT3vZn4kNerqDjs19KUFaERt4uKSnGyfBYOz6VDQWoSAIST4a1cDMGBoBBhI3VocCys1mDyOi1ASzXJsYBK0bROfXHHjRDXXSb8cTjdbSeddufTbuvo/SK4VbbNXrO3LGEH7IgdsxPWZYJ9Zz/YJbuKLqNf0e/o+rZ1KVrMvGL/VXTzF7fdrrk=</latexit>

Shallow ReLU Neural Networks

<latexit sha1_base64="N7zq92l0Asg/DimelBgQ8d9rmQ0="></latexit>

x →↑
K∑

k=1

vk(w
T
kx↓ bk)+

<latexit sha1_base64="XfigcboHtzZaN5zs2IDyhMOpaw8="></latexit>

K is the “width”
of the network
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<latexit sha1_base64="SV7KoKYKCwD/Xg4JbdC2rhWTaEU="></latexit>

✓ ⇠ Q

<latexit sha1_base64="XLjd1hk2qfuPTl8yOYJfyY7dGZ0="></latexit>

How do we study these random neural networks?

<latexit sha1_base64="kXOPZx4Oxqbr3hpkVBrYEZ1boY0="></latexit>

How do we derive a form of its characteristic functional?

<latexit sha1_base64="sxEfuBauIXgOdiqHZFa3EXi8s5A="></latexit>

We need to find a way to whiten the neural network.

<latexit sha1_base64="nwUOc2LhrSKqONwETlsvpMUGmrQ=">AAACOXicdZA9TxtBEIb3SMKHCeAkJc0qFlEq6w6QoURKCoooIh8GJJ9lze3N4ZX347Q7F8s6+R/k16SFP5IyXURLmyJrY6QEwUirffS+M5rdNyuV9BTHP6OlJ0+fLa+srjXWn29sbjVfvDz1tnICu8Iq684z8KikwS5JUnheOgSdKTzLRu9m/tk3dF5a85UmJfY1XBhZSAEUpEHzTZoVHp1Ez78MQSk75p/xQ5d/xMqBCheNrR v5QbMVt+N58bi9d7i/l+wH6MQHAXmysFpsUSeD5p80t6LSaEgo8L6XxCX1a3AkhcJpI608liBGcIG9gAY0+n49/8+U7wQl54V14Rjic/XfiRq09xOdhU4NNPT3vZn4kNerqDjs19KUFaERt4uKSnGyfBYOz6VDQWoSAIST4a1cDMGBoBBhI3VocCys1mDyOi1ASzXJsYBK0bROfXHHjRDXXSb8cTjdbSeddufTbuvo/SK4VbbNXrO3LGEH7IgdsxPWZYJ9Zz/YJbuKLqNf0e/o+rZ1KVrMvGL/VXTzF7fdrrk=</latexit>

Shallow ReLU Neural Networks

<latexit sha1_base64="FViVgH4RejA489l72U7Ty3uDDPU="></latexit>

fω(x) =
K∑

k=1

vk(w
T
kx→ bk)+
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<latexit sha1_base64="GVgO+FIZdESswgAEm47qmcOgNWI="></latexit>

f✓(x) =
KX

k=1

vk(wkx� bk)+

b1
w1

b2
w2

b3
w3

b4
w4

b5
w5

b6
w6

fµ(x) Dfµ(x)

v1|w1|
v3|w3| v5|w5|

v2|w2|
v4|w4|

v6|w6|

D2fµ(x)

<latexit sha1_base64="X0anfcQMGBEGaDAowNQsUPlFQl0=">AAACRHicdZDLahsxFIY1adqm7s1Nl92ImEJXZiYJTpaBdpFFCblNEvAYc0ZzJhbWZZDOxJjBz9Gn6TZ9hrxDd6W7UCo7DqSlPSD08f/ncKQ/r5T0FMc30cqj1cdPnq49az1/8fLV6/ab9TNvaycwFVZZd5GDRyUNpiRJ4UXlEHSu8Dwff5z751fovLTmlKYVDjRcGllKARSkYTvJ8tKjk+h5auQVOAmE/GQEStkJP8bPKT/A2o EKF02sG/thuxN340XxuLu1u72VbAfoxTsBebK0OmxZh8P2bVZYUWs0JBR430/iigYNOJJC4ayV1R4rEGO4xH5AAxr9oFl8bcbfB6XgpXXhGOIL9eFEA9r7qc5DpwYa+b+9ufgvr19TuTtopKlqQiPuFpW14mT5PCdeSIeC1DQACCfDW7kYgQNBIc1W5tDgRFitwRRNVoKWalpgCbWiWZP58p5bIa77TPj/4Wyzm/S6vaPNzt6nZXBr7B3bYB9YwnbYHttnhyxlgn1hX9k1+xZdR9+jH9HPu9aVaDnzlv1R0a/fIVmzXw==</latexit>

Univariate Shallow ReLU Neural Networks

<latexit sha1_base64="8ft0PTZfvo9jJa+EbgmnAxqIIxU="></latexit>

“looks like” a Poisson
white noise

<latexit sha1_base64="b3hYOEgkpLIahUzenFtUTzFqEh4="></latexit>

Second derivatives “whiten” univariate neural networks
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<latexit sha1_base64="21jOfszXbgurEd/IS29e5MxWANw="></latexit>

D2

<latexit sha1_base64="mUBkLkWIfPm57TtM/T1o+c90394="></latexit>

???

<latexit sha1_base64="BJsL6/f1+alioeqqT7CBihh5kdc="></latexit>

(wTx� b)+

<latexit sha1_base64="qJDal6vKjmOEQF2YfzjTivAh3mA="></latexit>

(wx� b)+
<latexit sha1_base64="Z6c423Z95xGARlzCTY6FEyxHcus="></latexit>

|w|�(x� b/w)

<latexit sha1_base64="pMse6Br/sINgFljlYvDtYuonpJg="></latexit>

�?

<latexit sha1_base64="mzOo3eJrEWqiRWVmfQUvwe6cYc0=">AAACPnicdZDPShxBEMZ7jEnMmj+rHnNpXAJCYJlRWb2p6CEXwUDWFXaWpaanxm3sP0N3jbIM+xA+Ta7mMfICuYVcPXiwd11BQ1LQ8PF9VVT1LyuV9BTHP6OFF4svX71eetNYfvvu/Yfmyuqpt5UT2BVWWXeWgUclDXZJksKz0iHoTGEvuzic5r1LdF5a843GJQ40nBtZSAEUrGHzc5oVHp1Ez3sjIH6Q2Yo4jZAfV4rkJTgJhP wwrNgbNltxO54Vj9tbu9tbyXYQnXgnSJ7Moxab18mweZfmVlQaDQkF3veTuKRBDY6kUDhppJXHEsQFnGM/SAMa/aCefWrCPwUn54V14RniM/fpRA3a+7HOQqcGGvm/s6n5r6xfUbE7qKUpK0IjHhYVleJk+ZQQz6VDQWocBAgnw61cjMCBoMCxkTo0eCWs1mDyOi1ASzXOsYCAa1KnvnjUjYDrkQn/vzjdbCeddufrZmv/aA5uiX1k62yDJWyH7bMv7IR1mWDX7Du7YT+im+hX9Dv689C6EM1n1tizim7vAY2csJc=</latexit>

What About the Multivariate Case?
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<latexit sha1_base64="O71MfByhPhnRueUdPrdzJYym+K0=">AAAFC3icjZRBb9MwFMeztcAIlG1w5GLokBBIU1MOIATSpm7TDtXUlXXrVHeV4zhrNCeOHIe1snznwlfhwgGEuPIFuPFtcFonW7YJYcl5T7/3f8/OS2w3pkEiGo0/C4uV6q3bd5bu2vfu1x4sr6w+ PExYyjHpYUYZ77soITSISE8EgpJ+zAkKXUqO3LNWFj/6SHgSsOhATGMyDNFpFPgBRkKj0WrlSa0GI3IuxoRxEsqYs1jJjn6yJMgkqhSmJAyRku2ZKUWMVfLAOKUoZpxRivhUyVbhlhQe8YNovqLcuvBLGj0RP1OyO7c124Y6DUBHwhCJsesDRyfM0LZBLtjOUadAHWUS 9wu0n6u6BermaFdKiBEFuyonO4bsqLzSpiGbhaZlSKsgfUP6BTk25FjdsJap3DOkV5C2Ie2CuKmELqNeMg21kWkRwGOJT17kxcNQtnJ/T+4V2ZNS9uSi7HkpcK53aWffAzP9+SNP7+KDuqyAW4QK9K+yl5NdVw2coYSCTITrz23iy7qjtNKGiS4RsSDySCRsLZZtFFOE AxQB5oMuaffeKrA2XxLAeBwACN7rCX2OsIQx4iJA9KQ5i6kCgMnIOWkq8PI/hM1MuDZaqTfWG7MBrjuOceqWGZ3Rym/oMZyGeuOYoiQZOI1YDGVWFlOiu5AmJEb4DJ2SgXYjFJJkKGdnWYFnmnjAZ1zPSIAZvZwhUZhkHdXK7D9NrsYyeFNskAr/zVAGUZwKEuH5Qn5K gWAguxiAF3CCBZ1qB2GuTx8GeIx0i4S+PmzdBOfqK193Dpvrzqt1Z79Z33hn2rFkPbaeWs8tx3ptbVi7VsfqWbjyqfKl8q3yvfq5+rX6o/pzLl1cMDmPrNKo/voL8Zi33w==</latexit>

<latexit sha1_base64="iOnh9Isb+YMlUIHmTr2ZLfKA2nw=">AAAEvnicfZNBb9MwFMeztcAIFDY4crHokAaIqukBEHDY1G3aoZq6sW6dmhI5jrOGOnYUO7SV5S+JuPBtcFonW7YJS8n76/f+79mxYz8hERft9t+19Vr9wcNHG4/tJ08bz55vbr045yxLER4gRlg6 9CHHJKJ4ICJB8DBJMYx9gi/8aTfPX/zCKY8YPROLBI9jeEWjMEJQaORtrf9pNFyKZ2KCWYpjmaQsUbKv34xHuUVV0gTHMVSytwyVjIlKnhlRySKWMkJgulCyW8qKI8BhRFczyv1rXfHoB6ZTJU9XsWHbri4DriPdGIqJHwJHFyzRgUE+OChQv0R9ZQpPSnRSuE5LdFqg IyldBAk4UgU5NORQFZ32DNkrPV1DuiUZGjIsyaUhl+qeuUzngSGDkvQM6ZXEz6TrMxLwRayDzMoEmkj0413RPI5lt9DH8risnleq59dtZ5XETK/Szs8DMX38NNCr+K5uOtx9TAT8X9ubxb6vRs5YugLPhR+uIg9l01Haabtct6AsogGmwtZmfeq9AQgzivIf44sC224y iXZmngPmnvN+5nV07HzwvfbbbW+z2W61lwPcFY4RTcuMvrf52w0YymI9FyKQ85HTTsRYwlREiGC98IzjBKIpvMIjLSmMMR/L5fVT4I0mAQhZqh8qwJLerJAw5vkmaGf+a/HbuRzelxtlIvw8lhFNMoEpWk0UZgQIBvK7DIIoxUiQhRYQpfrCIIAmMIVI6Btv601wbn/y XXHeaTkfW52TTnP3m9mODeuV9drasRzrk7VrHVl9a2Ch2tcarP2sTeu79bAe19nKur5mal5alVGf/wOpWJlh</latexit>

<latexit sha1_base64="j1YUWF6dnJg3+8CgPydeevkgT9o=">AAAEv3icfZNBb9MwFMeztcAoFDY4crHokAaIqSkHENphU7dph2nqxrp1akrkOE5r1bEjx6GtLH9JJA58G5zWyZYNYSl5f/3e/z07jh0klKSy3f6ztl6rP3r8ZONp49nz5ouXm1uvrlKeCYT7iFMu BgFMMSUM9yWRFA8SgWEcUHwdTLt5/vonFinh7FIuEjyK4ZiRiCAoDfK31n83mx7DMznBXOBYJYInWvXMm6ckt+hKmuI4hlqdLkMlY6NWl1ZUsogLTikUC626paw4QhwRtppRHd7qisc8UEy1uljFZqPhmTLgucqLoZwEEXBNwRIdWRSAowL1StTTtvC8ROeF66JEFwU6 UcpDkIITXZBjS4510enAkoPS07WkW5KBJYOS3Fhyo/8xl+3ct6RfklNLTksSZMoLOA3TRWyCysoEmij040PRPI5Vt9Bn6qysnleq57dtZ5XEzKyykf8PxM3vZ6FZxXd91+EdYirh/9reLQ4CPXRHypN4LoNoFdNItVxtnA0vNS0YJyzETDaMWQkSjjGIMobyk/FNg20v mRC/szPzXTD33Y8zv2Ni51PwftvfbLV328sBHgrXipZjR8/f/OWFHGWxmQxRmKZDt53IkYJCEkSxWXmW4gSiKRzjoZEMxjgdqeX90+CdISGIuDAPk2BJ71YoGKf5LhhnfrbS+7kc/is3zGT0daQISzKJGVpNFGUUSA7yywxCIjCSdGEERMLcGATQBAqIpLnyDbMJ7v1P fiiuOrvu5133vNPa37PbseG8cd46O47rfHH2nROn5/QdVNurBbVpjdYP6uM6qycr6/qarXntVEZ98Rf/6poc</latexit>

<latexit sha1_base64="o2/CH2SOP5vVOs/7ju3Yps52NWY=">AAAFjnicbZTbTtswGMfDoRvrxgbbJTfWAAkmqJpKY9M0NFABcYFQ6SgH4VI5jkMjnINsF6iMX2HvtzfYC+x+X1I3I4Alx59+38n524mX8lCqev33xOTUdOXFy5lX1ddvZt++m5t/fyKTgaCsQxOe iDOPSMbDmHVUqDg7SwUjkcfZqXfdzPynN0zIMImP1TBl3YhcxWEQUqIA9eanfs3imN2qPksEi3QqktToFjwTGWYRpuTmLIqI0Qf5UvLY1ehja5S8NBEJ50QMjW4WZinCZ0EYjzrqnf92KQYmEddGt0frbLWKIQ1hV+OIqL4XIBcScrRrkYd2x6hVoJaxiUcFOhpHtQvU HqN9rTElHO2bMdmzZM+MK21bsl3ENC1pFuTMkrOCnFtybp7pZSt3LOkU5MCSg4J4A429hPtyGMGiB4WD9jW9/DQuHkW6ObYP9SEImKlLEzjM2IeaP83DMniHcUWKFnelFndZi4fJnmcu3K7Git0pLxitMtCLrrGbgfuZ31YdDQXzjRZXntHuWn2tXmt8NqVamb8oVkrK ytkNtYk/OipJhW4DrmIZINhUEsY+ixVs2dNByBWDTATRSYyUILEMEhF9MwhjhBHCNzIllOn1mhvGOVzCB/D1+CTvgPAaGumAcNoPIWMTJr6/xfe9RuaTEeFcw44gZMVb93r11TwnB9gLr1Yw3F5F1rEi8aVedw0OBKH6tucaeDRMFrNqsqJ92Cxf6s0t1mv1fKCnhmuN RceOVm/uD/YTOojglSknUl649VR1NREqpJyBWgPJ4BWvyRW7ADMmEZNdnatq0DIQH4EiMEGynD7M0CSS2YlDZC71Y18Gn/NdDFTwtavDOB0oFtNRo2DAkUpQ9hdCfigYVXwIBqECvnWKaJ+AMnBc5S5ZbSEDaaogjftYiKfGSaPmbtQaR43Fre9WpBlnwfnorDiu88XZ cvadltNx6NTf6YXppenlylxlo7JZ+TEKnZywOR+c0qjs/wNYXePs</latexit>

<latexit sha1_base64="O71MfByhPhnRueUdPrdzJYym+K0=">AAAFC3icjZRBb9MwFMeztcAIlG1w5GLokBBIU1MOIATSpm7TDtXUlXXrVHeV4zhrNCeOHIe1snznwlfhwgGEuPIFuPFtcFonW7YJYcl5T7/3f8/OS2w3pkEiGo0/C4uV6q3bd5bu2vfu1x4sr6w+ PExYyjHpYUYZ77soITSISE8EgpJ+zAkKXUqO3LNWFj/6SHgSsOhATGMyDNFpFPgBRkKj0WrlSa0GI3IuxoRxEsqYs1jJjn6yJMgkqhSmJAyRku2ZKUWMVfLAOKUoZpxRivhUyVbhlhQe8YNovqLcuvBLGj0RP1OyO7c124Y6DUBHwhCJsesDRyfM0LZBLtjOUadAHWUS 9wu0n6u6BermaFdKiBEFuyonO4bsqLzSpiGbhaZlSKsgfUP6BTk25FjdsJap3DOkV5C2Ie2CuKmELqNeMg21kWkRwGOJT17kxcNQtnJ/T+4V2ZNS9uSi7HkpcK53aWffAzP9+SNP7+KDuqyAW4QK9K+yl5NdVw2coYSCTITrz23iy7qjtNKGiS4RsSDySCRsLZZtFFOE AxQB5oMuaffeKrA2XxLAeBwACN7rCX2OsIQx4iJA9KQ5i6kCgMnIOWkq8PI/hM1MuDZaqTfWG7MBrjuOceqWGZ3Rym/oMZyGeuOYoiQZOI1YDGVWFlOiu5AmJEb4DJ2SgXYjFJJkKGdnWYFnmnjAZ1zPSIAZvZwhUZhkHdXK7D9NrsYyeFNskAr/zVAGUZwKEuH5Qn5K gWAguxiAF3CCBZ1qB2GuTx8GeIx0i4S+PmzdBOfqK193Dpvrzqt1Z79Z33hn2rFkPbaeWs8tx3ptbVi7VsfqWbjyqfKl8q3yvfq5+rX6o/pzLl1cMDmPrNKo/voL8Zi33w==</latexit>

<latexit sha1_base64="iOnh9Isb+YMlUIHmTr2ZLfKA2nw=">AAAEvnicfZNBb9MwFMeztcAIFDY4crHokAaIqukBEHDY1G3aoZq6sW6dmhI5jrOGOnYUO7SV5S+JuPBtcFonW7YJS8n76/f+79mxYz8hERft9t+19Vr9wcNHG4/tJ08bz55vbr045yxLER4gRlg6 9CHHJKJ4ICJB8DBJMYx9gi/8aTfPX/zCKY8YPROLBI9jeEWjMEJQaORtrf9pNFyKZ2KCWYpjmaQsUbKv34xHuUVV0gTHMVSytwyVjIlKnhlRySKWMkJgulCyW8qKI8BhRFczyv1rXfHoB6ZTJU9XsWHbri4DriPdGIqJHwJHFyzRgUE+OChQv0R9ZQpPSnRSuE5LdFqg IyldBAk4UgU5NORQFZ32DNkrPV1DuiUZGjIsyaUhl+qeuUzngSGDkvQM6ZXEz6TrMxLwRayDzMoEmkj0413RPI5lt9DH8risnleq59dtZ5XETK/Szs8DMX38NNCr+K5uOtx9TAT8X9ubxb6vRs5YugLPhR+uIg9l01Haabtct6AsogGmwtZmfeq9AQgzivIf44sC224y iXZmngPmnvN+5nV07HzwvfbbbW+z2W61lwPcFY4RTcuMvrf52w0YymI9FyKQ85HTTsRYwlREiGC98IzjBKIpvMIjLSmMMR/L5fVT4I0mAQhZqh8qwJLerJAw5vkmaGf+a/HbuRzelxtlIvw8lhFNMoEpWk0UZgQIBvK7DIIoxUiQhRYQpfrCIIAmMIVI6Btv601wbn/y XXHeaTkfW52TTnP3m9mODeuV9drasRzrk7VrHVl9a2Ch2tcarP2sTeu79bAe19nKur5mal5alVGf/wOpWJlh</latexit>

<latexit sha1_base64="j1YUWF6dnJg3+8CgPydeevkgT9o=">AAAEv3icfZNBb9MwFMeztcAoFDY4crHokAaIqSkHENphU7dph2nqxrp1akrkOE5r1bEjx6GtLH9JJA58G5zWyZYNYSl5f/3e/z07jh0klKSy3f6ztl6rP3r8ZONp49nz5ouXm1uvrlKeCYT7iFMu BgFMMSUM9yWRFA8SgWEcUHwdTLt5/vonFinh7FIuEjyK4ZiRiCAoDfK31n83mx7DMznBXOBYJYInWvXMm6ckt+hKmuI4hlqdLkMlY6NWl1ZUsogLTikUC626paw4QhwRtppRHd7qisc8UEy1uljFZqPhmTLgucqLoZwEEXBNwRIdWRSAowL1StTTtvC8ROeF66JEFwU6 UcpDkIITXZBjS4510enAkoPS07WkW5KBJYOS3Fhyo/8xl+3ct6RfklNLTksSZMoLOA3TRWyCysoEmij040PRPI5Vt9Bn6qysnleq57dtZ5XEzKyykf8PxM3vZ6FZxXd91+EdYirh/9reLQ4CPXRHypN4LoNoFdNItVxtnA0vNS0YJyzETDaMWQkSjjGIMobyk/FNg20v mRC/szPzXTD33Y8zv2Ni51PwftvfbLV328sBHgrXipZjR8/f/OWFHGWxmQxRmKZDt53IkYJCEkSxWXmW4gSiKRzjoZEMxjgdqeX90+CdISGIuDAPk2BJ71YoGKf5LhhnfrbS+7kc/is3zGT0daQISzKJGVpNFGUUSA7yywxCIjCSdGEERMLcGATQBAqIpLnyDbMJ7v1P fiiuOrvu5133vNPa37PbseG8cd46O47rfHH2nROn5/QdVNurBbVpjdYP6uM6qycr6/qarXntVEZ98Rf/6poc</latexit>

<latexit sha1_base64="o2/CH2SOP5vVOs/7ju3Yps52NWY=">AAAFjnicbZTbTtswGMfDoRvrxgbbJTfWAAkmqJpKY9M0NFABcYFQ6SgH4VI5jkMjnINsF6iMX2HvtzfYC+x+X1I3I4Alx59+38n524mX8lCqev33xOTUdOXFy5lX1ddvZt++m5t/fyKTgaCsQxOe iDOPSMbDmHVUqDg7SwUjkcfZqXfdzPynN0zIMImP1TBl3YhcxWEQUqIA9eanfs3imN2qPksEi3QqktToFjwTGWYRpuTmLIqI0Qf5UvLY1ehja5S8NBEJ50QMjW4WZinCZ0EYjzrqnf92KQYmEddGt0frbLWKIQ1hV+OIqL4XIBcScrRrkYd2x6hVoJaxiUcFOhpHtQvU HqN9rTElHO2bMdmzZM+MK21bsl3ENC1pFuTMkrOCnFtybp7pZSt3LOkU5MCSg4J4A429hPtyGMGiB4WD9jW9/DQuHkW6ObYP9SEImKlLEzjM2IeaP83DMniHcUWKFnelFndZi4fJnmcu3K7Git0pLxitMtCLrrGbgfuZ31YdDQXzjRZXntHuWn2tXmt8NqVamb8oVkrK ytkNtYk/OipJhW4DrmIZINhUEsY+ixVs2dNByBWDTATRSYyUILEMEhF9MwhjhBHCNzIllOn1mhvGOVzCB/D1+CTvgPAaGumAcNoPIWMTJr6/xfe9RuaTEeFcw44gZMVb93r11TwnB9gLr1Yw3F5F1rEi8aVedw0OBKH6tucaeDRMFrNqsqJ92Cxf6s0t1mv1fKCnhmuN RceOVm/uD/YTOojglSknUl649VR1NREqpJyBWgPJ4BWvyRW7ADMmEZNdnatq0DIQH4EiMEGynD7M0CSS2YlDZC71Y18Gn/NdDFTwtavDOB0oFtNRo2DAkUpQ9hdCfigYVXwIBqECvnWKaJ+AMnBc5S5ZbSEDaaogjftYiKfGSaPmbtQaR43Fre9WpBlnwfnorDiu88XZ cvadltNx6NTf6YXppenlylxlo7JZ+TEKnZywOR+c0qjs/wNYXePs</latexit>

<latexit sha1_base64="qjs0uIArTsgJfXKdGE+bLqZUm+E="></latexit>

ReLU Neuron: (wTx� b)+
<latexit sha1_base64="5PLRuGcMP5B3RLqjBLhkC/hSlLU="></latexit>

= kwk2

 
w

kwk2

�T
x� b

kwk2

!

+

<latexit sha1_base64="GO014OZn0w4PktOpd5YymfFQHg0="></latexit>

assume w → Sd→1

<latexit sha1_base64="OaQ31NtDlFSggw5U2i0B+jOeUVo="></latexit>

�{(wTx� b)+} = �(wTx� b)

<latexit sha1_base64="RnGGsmySNfNOCZlfzDLb3BYXZXo="></latexit>

Radon-domain Dirac
centered at (w, b)

<latexit sha1_base64="R4KSXJG7hP2wtK46u5n240Nc9/0="></latexit>

KR�{(wTx� b)+} = �e(w,b)

<latexit sha1_base64="MSXZImuchZIJapyQJ/QderCH8k8="></latexit>

Ongie et al. (2020); P. and Nowak (2021); P. and Unser (2024)

<latexit sha1_base64="AfwJmHRL9KquTPVilSZsFTu9ka4=">AAACSHicdZDLbhNBEEV7zCuYl4ElmxYWEitrJglOlpHCggWC8HAcyWNZNT3Vdsv9GHXXxLJG/hK+hm34Av6CHUJiQdtxJEBQq6N7q1RVt6i0CpSmX5PWtes3bt7aud2+c/fe/Qedh49Og6u9wIFw2vmzAgJqZXFAijSeVR7BFBqHxfx47Q/P0Qfl7EdaVjg2MLVKKgEUpUnnRV7IgF5h4MOZIrTKTvnbCj2Q89xJ/mEGWrsFf4 +vB/wN0sL5eZh0umkv3RRPe3uH+3vZfoR+ehCRZ1ury7Z1Mun8zEsnaoOWhIYQRlla0bgBT0poXLXzOmAFYg5THEW0YDCMm817K/4sKiWX8R7pLPGN+vtEAyaEpSlipwGahb+9tfgvb1STPBw3ylZ1fFxcLpK15uT4OiteKo+C9DICCK/irVzMwIOgmGg792hxIZwxYMsml2CUXpYooda0avIgr7gd47rKhP8fTnd7Wb/Xf7fbPXq5DW6HPWFP2XOWsQN2xF6xEzZggn1in9kF+5JcJN+S78mPy9ZWsp15zP6oVusXa+Sz9w==</latexit>

Whitening Operator of Shallow ReLU Networks

<latexit sha1_base64="oODqq2YQL+/6IziisnOxPDqlNvg="></latexit>

cKg(!) / |!|d�1bg(!)
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<latexit sha1_base64="HAuKoBT0Qje9jjN+6vltpqDjmoI="></latexit>

KX

k=1

vk(w
T
kx� bk)+

<latexit sha1_base64="ZhqG6JLYWm1wQ0tXAu+1aNeaigQ="></latexit>

KR�
D4{s}(x)

<latexit sha1_base64="BUJN1TO1X6Oz3vlRuywfW2JjU7Q="></latexit>

T

<latexit sha1_base64="AfwJmHRL9KquTPVilSZsFTu9ka4=">AAACSHicdZDLbhNBEEV7zCuYl4ElmxYWEitrJglOlpHCggWC8HAcyWNZNT3Vdsv9GHXXxLJG/hK+hm34Av6CHUJiQdtxJEBQq6N7q1RVt6i0CpSmX5PWtes3bt7aud2+c/fe/Qedh49Og6u9wIFw2vmzAgJqZXFAijSeVR7BFBqHxfx47Q/P0Qfl7EdaVjg2MLVKKgEUpUnnRV7IgF5h4MOZIrTKTvnbCj2Q89xJ/mEGWrsFf4 +vB/wN0sL5eZh0umkv3RRPe3uH+3vZfoR+ehCRZ1ury7Z1Mun8zEsnaoOWhIYQRlla0bgBT0poXLXzOmAFYg5THEW0YDCMm817K/4sKiWX8R7pLPGN+vtEAyaEpSlipwGahb+9tfgvb1STPBw3ylZ1fFxcLpK15uT4OiteKo+C9DICCK/irVzMwIOgmGg792hxIZwxYMsml2CUXpYooda0avIgr7gd47rKhP8fTnd7Wb/Xf7fbPXq5DW6HPWFP2XOWsQN2xF6xEzZggn1in9kF+5JcJN+S78mPy9ZWsp15zP6oVusXa+Sz9w==</latexit>

Whitening Operator of Shallow ReLU Networks

<latexit sha1_base64="sSmbBh8JQRUBYqUMzSUQiKXe9l8="></latexit>

P. and Nowak (2021); P. and Unser (2024)

<latexit sha1_base64="3W+2sflmnDlxM/A+Q/wrKRyaTaE="></latexit>

Does such a well-behaved inverse exist?
<latexit sha1_base64="qV5je8yYnp6374cO5OAUki72+eE="></latexit>

T{ω}(x) =
∫

Sd→1→R
kx(u, t)ω(u, t) du dt

<latexit sha1_base64="+N85X/8mtXaJofABD5okl0VM7kI="></latexit>

kx(u, t) = (uTx→ t)+ → (uTx→ t)

2
→ |t|

2
+ uTx sgn(t)
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<latexit sha1_base64="rDBG0q62gGWQDSCR3tdaTUnflQU=">AAACR3icdZDNahsxFIU17l/q/rntshtRU+jKzCTGyTKQQrMoJU3rJOAx5o7mKhbWzyDdiTGDX6RPk236Bn2K7koXXVR2HGhLe0BwOOdeJH1FpVWgNP2atG7dvnP33tb99oOHjx4/6Tx9dhJc7QUOhdPOnxUQUCuLQ1Kk8azyCKbQeFrMDlb96QX6oJz9RIsKxwbOrZJKAMVo0unnhQzoFQZ+DLZ0hr9Fi37dcif5xylo7eb8GN 8N+XukufOzMOl00166Fk97O3v9nawfzSDdjZZnm6rLNjqadH7mpRO1QUtCQwijLK1o3IAnJTQu23kdsAIxg3McRWvBYBg3698t+auYlFw6H48lvk5/32jAhLAwRZw0QNPwd7cK/9WNapJ740bZqia04voiWWtOjq9Q8VJ5FKQX0YDwKr6Viyl4EBSBtnMfQc2FMyZya3IJRulFiRJqTcsmD/LGtyOuGyb8/+Zku5cNeoMP2939NxtwW+wFe8les4ztsn12yI7YkAn2mV2yK/YluUq+Jd+TH9ejrWSz85z9oVbyC0CKs2E=</latexit>

Random Generation of Shallow ReLU Networks

<latexit sha1_base64="otS5lWAE3bZ6L+oGfbbDxR5czbI="></latexit>∑

k

vk(w
T
kx→ bk)+

<latexit sha1_base64="tAw5wvksZzdpA3xPeIEr1770dsE="></latexit>

1. Generate (vk,wk, bk) according to some point process on Sd→1 → R.

<latexit sha1_base64="N3PO0NmSabo+Qdq+8e/QoatwZOE="></latexit>

2. Compute the characteristic functional P̂w of this point process

<latexit sha1_base64="Yd5DUJa3yFRbl+17GXEsU6hE7Ck="></latexit>

w =
∑

k

vk ω(wk,bk)

<latexit sha1_base64="qAEon0Bl+I+gBnEhTrhSxsFrs9Q="></latexit>

3. The characteristic functional of the random neural network is P̂w(T→ω)
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<latexit sha1_base64="WvjM4I78IjjQsTqZvpECE2ECCRY="></latexit>

The vk are drawn i.i.d. with respect to PV . The (wk, bk) are
drawn such that

<latexit sha1_base64="8benkCHSQWV0AHiJMJJIAcr85pQ="></latexit>

(wk, bk) form a homogeneous Poisson point process on Sd�1 ⇥ R
<latexit sha1_base64="ls8quQ/uQvt42qmuDVN2FywF624="></latexit>

Write s ⇠ RP(�;PV ) (ReLU Process) to denote this randomness.

<latexit sha1_base64="otS5lWAE3bZ6L+oGfbbDxR5czbI="></latexit>∑

k

vk(w
T
kx→ bk)+

<latexit sha1_base64="rDBG0q62gGWQDSCR3tdaTUnflQU=">AAACR3icdZDNahsxFIU17l/q/rntshtRU+jKzCTGyTKQQrMoJU3rJOAx5o7mKhbWzyDdiTGDX6RPk236Bn2K7koXXVR2HGhLe0BwOOdeJH1FpVWgNP2atG7dvnP33tb99oOHjx4/6Tx9dhJc7QUOhdPOnxUQUCuLQ1Kk8azyCKbQeFrMDlb96QX6oJz9RIsKxwbOrZJKAMVo0unnhQzoFQZ+DLZ0hr9Fi37dcif5xylo7eb8GN 8N+XukufOzMOl00166Fk97O3v9nawfzSDdjZZnm6rLNjqadH7mpRO1QUtCQwijLK1o3IAnJTQu23kdsAIxg3McRWvBYBg3698t+auYlFw6H48lvk5/32jAhLAwRZw0QNPwd7cK/9WNapJ740bZqia04voiWWtOjq9Q8VJ5FKQX0YDwKr6Viyl4EBSBtnMfQc2FMyZya3IJRulFiRJqTcsmD/LGtyOuGyb8/+Zku5cNeoMP2939NxtwW+wFe8les4ztsn12yI7YkAn2mV2yK/YluUq+Jd+TH9ejrWSz85z9oVbyC0CKs2E=</latexit>

Random Generation of Shallow ReLU Networks

<latexit sha1_base64="a8IlEsnuNhTikSkr8+S6HDYRbYM="></latexit>

1. The activation thresholds are mutually independent.

2. The expectation of the number of thresholds that intersect

a finite volume in Rd is a constant proportional to a rate ω > 0.

3. For every finite volume in Rd, the thresholds are i.i.d. and

“uniform” in the volume.

<latexit sha1_base64="km5SUnw9Rh8kFXTeimhQEYhdJcs="></latexit>

finite absolute moment



<latexit sha1_base64="HpPmAJOjLL5YWNSphT6D7SRLSSI="></latexit>

is given by

<latexit sha1_base64="9aHpVlpziTp5JmcHxHZDqxDT5gY="></latexit>

Theorem (PBEPU, 2024)

<latexit sha1_base64="lpuKUwMilfTmXO1r0qHR3eWZ0oY="></latexit>

The characteristic functional of random ReLU neural network
<latexit sha1_base64="WBdozoktCoQo6b27YnN+GNVqb2o="></latexit>

s ⇠ RP(�;PV )

<latexit sha1_base64="3uYEGq2vwzks3DlhQtQCHHrgBbw="></latexit>

P̂s(ω) = exp

(
ε

∫

R

∫

R

∫

Sd→1

(
eivT

↑{ω}(u,t) → 1
)
du dt dPV (v)

)
.
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<latexit sha1_base64="UmcKBR07K/rRfoVFosN2uT6FYcU="></latexit>

' 2 S(Rd)

<latexit sha1_base64="8KqLCOJK9DlZLtE2NM6Ft/dmt80="></latexit>

bPs gives us the full statistical distribution of s.

<latexit sha1_base64="2IjmvrQP4OP2lDdfdiRsGiBbJSE="></latexit>

The law Ps of s is the inverse Fourier transform of bPs.

<latexit sha1_base64="gteeQZGTsHt1/w3Ofoo0HRfP4SU=">AAACYnicdVDLbhMxFHWmPMrwaNKKFSwsIiRW0aQtaZeVihALFgGRtlImiu54rlurfox8PaBolC/ha9jCF7DnQ/CkiUQRXMnS8Tnn+l6fotKKQpb97CRbd+7eu7/9IH346PGTnW5v94xc7QVOhNPOXxRAqJXFSVBB40XlEUyh8by4Pm3188/oSTn7KSwqnBm4tEoqASFS8+7rvJCEXiHx0yvwIEK8UFCCv62taD2guZP8I76f8L F3AomQ5t1+NshWxbPBwfHhwfAwglF2FCEfrqU+W9d43us8zUsnaoM2CA1E02FWhVkDPo7SuEzzmrACcQ2XOI3QgkGaNav/LfnLyJRcOh+PDXzF/tnRgCFamCI6DYQr+ltryX9p0zrI41mjbFUHtOJmkKw1D463YfFSeRRBLyIA4VUbi9ikFF/yaPGLcMaALZtcglF6UaKEWodlk5Pc4Fv7tFt4krTkPE1jkJu0+P/B2f5gOBqMPuz3T96sI91mz9gL9ooN2RE7Ye/YmE2YYF/ZN/ad/ej8StKkl+zdWJPOumeP3ark+W/wZ7nj</latexit>

Characteristic Functional of ReLU Processes
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<latexit sha1_base64="9aHpVlpziTp5JmcHxHZDqxDT5gY="></latexit>

Theorem (PBEPU, 2024)

<latexit sha1_base64="vY2/nHLThHh9u3s88Jo1exLh0Ag="></latexit>

Let s ⇠ RP(�;PV ) and V ⇠ PV . Then,

<latexit sha1_base64="jDNSmX8uS1xH77ou7VCshUy7BiY="></latexit>

• The process is isotropic.

<latexit sha1_base64="uIBH+OUc0Bbmiah35xZCUid4umI="></latexit>

• The process is non-Gaussian.
<latexit sha1_base64="Po7aC32GrINGJLn2d45MS8/u9w4="></latexit>

• The autocovariance of the process is
<latexit sha1_base64="aMbpGstDtSYVvu4vt99IuzLUuAw="></latexit>

Cs(x,y) / E[V 2]
�
kx� yk32 � kxk32 � kyk32 + 3xTy(kxk2 + kyk2)

�
.

<latexit sha1_base64="cgctR78JsplLN6jarYj7yutH4Ts="></latexit>

• The process wide-sense self-similar with Hurst exponent H = 3/2

(i.e., s and a
H
s(·/a), a > 0 have the same second-order statistics).

<latexit sha1_base64="6mI2PE3AWkQ+Pv3GapvMtRCaQ4g=">AAACOXicdZA9TxtBEIb3yAfE+cAkJc0KK1Eq6w6QoURKihQpDMKA5LOsub1ZWLEfp509kHXyP8ivSUv+SMp0Udq0KbJnjESiZKSVHr3vzOzuW1RaUUjTr8nKg4ePHq+uPek8ffb8xXp34+UJudoLHAmnnT8rgFAri6OggsazyiOYQuNpcfmu9U+v0JNy9jjMKpwYOLdKKgEhStPum7yQhF4h8aF3FfrQopP8CD+OWkkgEdK020 v76aJ42t/Z393JdiMM0r2IPFtaPbas4bT7Ky+dqA3aIDQQjbO0CpMG4n6hcd7Ja8IKxCWc4ziiBYM0aRb/mfPXUSm5dD4eG/hCvT/RgCGamSJ2GggX9LfXiv/yxnWQ+5NG2aoOaMXtRbLWPDjehsNL5VEEPYsAwqv4Vi4uwIMIMcJO7tHitXDGgC2bXIJRelaihFqHeZOTvONOjOsuE/5/ONnuZ4P+4HC7d/B+Gdwa22Rb7C3L2B47YB/YkI2YYJ/YZ3bDviQ3ybfke/LjtnUlWc68Yn9U8vM36xOu1A==</latexit>

Properties of ReLU Processes
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<latexit sha1_base64="l+PVrxhX/ZhKGQgT4zb8vNzJVbw="></latexit>

s� ⇠ RP(�;PV )
<latexit sha1_base64="Px0hLRxxUgML5454vxkPnu4+CFo="></latexit>

� controls the width of the
random ReLU neural network

<latexit sha1_base64="QPFdBeVfl/Le0S2hVp5fOWQs8HM="></latexit>

As � ! 1 the network s� is an infinite-width network.

<latexit sha1_base64="AfsFCFQdf8l5oFFKGV51hWuT/Pg=">AAAEbHicbZNdT9swFIYNlI11H8C2OzTJKmLaRVfZLS1wx/i+AK1DlCLRCjnJCbXqOJHtAFWUn7UfM+12u91vmNuGqQlzdOSj4+c9eW3LTiS4NoT8mJtfKC0+e770ovzy1es3yyurby91GCsXOm4oQnXlMA2CS+gYbgRcRQpY4AjoOsP98Xr3DpTmobwwowj6AbuV3OcuM7Z0s/L1nEkvDLCEWDFhJ3MfqqHGTAGWofx8zGKtOZ </latexit>

Random neural networks are non-Gaussian processes even in wide limits.

<latexit sha1_base64="Swv92i8icyPAiZcgMqlLpf0E7D8="></latexit>

sω|!(x) = wT
0x+ b0 +

Nω,!∑

k=1

vk(w
T
kx→ bk)+, Nω,! Poisson with mean ↑ ω|!|

<latexit sha1_base64="Vnkl86D9dO7ZZIA0wgvH+BF9gDg="></latexit>

PV fixed ω ω → ↑
Gaussian sω is non-Gaussian s→ is Gaussian
Laplacian sω is non-Gaussian s→ is Laplacian
ε-stable, ε < 2 sω is non-Gaussian s→ is ε-stable

<latexit sha1_base64="9/BH2PstrwGbjEItuTktr/2ch0s="></latexit>

short proof via characteristic functional +
Lévy-Fernique theorem

<latexit sha1_base64="eg7vKRCGIlddWJa+Zc4XM4nYvKI="></latexit>

can check for non-Gaussianity by inspection

<latexit sha1_base64="Tn4Wm5QrnHJIlKU3b1hDbJpnsvg=">AAACOnicdZA9TxtBEIb3gCTE+TKkpFlhRUll3QEylCBSpEhhohiQfJa1tzcLK/bjtDOXyDr5J/Br0pIfkjZdlJYyBWtjJIiSkVZ69L4zu7NvURmNlKY/kqXllUePn6w+bT17/uLlq/ba+jH6OkgYSG98OC0EgtEOBqTJwGkVQNjCwElxcTjzT75AQO3dZ5pUMLLizGmlpaAojdtv80IhBA3ID3BiK/KkJXKv+Cf4OOD94CUgAo 7bnbSbzoun3e29ne1sJ0Iv3Y3Is4XVYYvqj9t/8tLL2oIjaQTiMEsrGjUixPsNTFt5jVAJeSHOYBjRCQs4auYfmvI3USm58iEeR3yu3p9ohMW4bRE7raBz/Nubif/yhjWpvVGjXVUTOHn7kKoNJ89n6fBSB5BkJhGEDDruyuW5CEJSzLCVB3DwVXprhSubXAmrzaQEJWpD0yZHdcetGNddJvz/cLzVzXrd3tFWZ//9IrhVtsE22TuWsV22zz6wPhswyS7ZN3bFvidXyc/kV/L7tnUpWcy8Zg8qub4B4dSvUQ==</latexit>

Asymptotics of ReLU Processes
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<latexit sha1_base64="+XszPwhDm/H3EbUNTCrN9mI0rZI="></latexit>

PV is Gaussian

<latexit sha1_base64="rXNF9v5xZAb4tgUAqp64G7vUPFs="></latexit>

� = 1
<latexit sha1_base64="zG0mK5imeSp6l66uoiMkMLM8xSA="></latexit>

� = 10
<latexit sha1_base64="uODf188WWXjPADbiAV5TkQCjm4o="></latexit>

� = 100
<latexit sha1_base64="OXs6jRqOysRRmnt3GmgQWpFEUgA="></latexit>

� = 1000

<latexit sha1_base64="GXjndJvr+vVL/4UTu/NQWjNrenc=">AAAEPHicbZPPb9MwFMe9hcEoP7bBkQNW10kcSmWnS9vdxn4fNqlM6zpprSrHcVZriRPZDlBFOfLXcIUr/wd3bogrZ9w2Q02Goyc9PX++L99ny24ccKUR+rG0bD1Yefho9XHlydNnz9fWN15cqiiRlPVoFETyyiWKBVywnuY6YFexZCR0A9Z3b/en+/0PTCoeiQs9idkwJDeC+5wSbUqj9de1QUj02PXTbja6rEGuYA03bKf2Vm </latexit>

PV is 1.25-stable

<latexit sha1_base64="rXNF9v5xZAb4tgUAqp64G7vUPFs="></latexit>

� = 1
<latexit sha1_base64="zG0mK5imeSp6l66uoiMkMLM8xSA="></latexit>

� = 10
<latexit sha1_base64="uODf188WWXjPADbiAV5TkQCjm4o="></latexit>

� = 100
<latexit sha1_base64="OXs6jRqOysRRmnt3GmgQWpFEUgA="></latexit>

� = 1000

<latexit sha1_base64="PS5BHG7LVpGs21BaDnSipwImV+o=">AAACLHicdZDNSiQxFIVTjr+to+3MStwEm4FZNVUqrUvBWcyyBVuFrqa5lbqlwSRVJLeUomh8Grf6MrMZxO08hQvTbQsq44HAxzn3kuQkhZKOwvBvMPNldm5+YXGpsbzydXWtuf7txOWlFdgTucrtWQIOlTTYI0kKzwqLoBOFp8nl4Tg/vULrZG6OqSpwoOHcyEwKIG8Nmxtxkjm0Eh3vWiSqeFcKKi26YbMVtsOJeNje2d/diX Y9dMI9jzyaRi02VXfYfIrTXJQaDQkFzvWjsKBBDZakUDhqxKXDAsQlnGPfowGNblBPvjDiP7yT8iy3/hjiE/ftRg3auUonflIDXbiP2dj8X9YvKdsf1NIUJaERLxdlpeKU83EfPJUWBanKAwgr/Vu5uAALgnxrjdiiwWuRaw0mreMMtFRVihmUikZ17LJXbvi6Xjvhn8PJdjvqtDtH262DX9PiFtkm22I/WcT22AH7zbqsxwS7Ybfsjt0Hd8Gf4CF4fBmdCaY739k7Bf+eAeklqdg=</latexit>

Pretty Pictures
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<latexit sha1_base64="A+OUO3V1BOoWOcOFD0pR0T/fW64=">AAAEf3icbVNdb9owFA0d3Tr20XZ73ItFVXUPCDlQaHnr+v1AJYZKqVRQ6zg3YOHYke2Uoig/dE/7B/sNcyGdIJ2jqxzde8718ZcXcaYNxr8Ka2+K62/fbbwvffj46fPm1vaXGy1jRaFHJZfq1iMaOBPQM8xwuI0UkNDj0PcmJ8/1/iMozaS4NrMIhiEZCRYwSoxN3W/NukT4MkR6TDiXU9SFdg8JiBXh9memUk00okQgD9Ajgy </latexit>

Random shallow ReLU neural networks can be viewed as the deterministic
“mixing” of a point process on the Radon domain

<latexit sha1_base64="rAw9K+fRn/OwcdtwH/nozQ2UUkw="></latexit>

• Generic procedure to derive the characteristic functional of these
random neural networks → law of the stochastic process

• The characteristic functional streamlines the derivation of properties
(asymptotic and non-asymptotic) of stochastic processes

• We can prove things that “contradict” machine learning folklore
<latexit sha1_base64="SDv0a8kVPJMEp0gN8a81/6cXJOY=">AAAED3icbZPNTttAEMcX0g+afgDtsZdVEFIPEdp1cICeKN8HqFJECFISofV6TFas15Z33RJZfogeem0fo7eq1z5CX6LP0CUxVWw61kijmd9/PLur8WIptCHk99x87cHDR48XntSfPnv+YnFp+eW5jtKEQ5dHMkouPKZBCgVdI4yEizgBFnoSet717m299xESLSJ1ZsYxDEN2pUQgODM21X8PNwZrA7F+e7m0QtbIxPD9gBbBCi </latexit>

Next steps:
<latexit sha1_base64="hrgXkddyoC3ozNEnSWP3FzqfYII="></latexit>

• Explore other Radon-domain point processes (and general Radon
-domain innovation processes)

• Deep neural networks? Compositions of stochastic processes?

<latexit sha1_base64="+wsyKnWMj71+EL4Tng2NkIomyfw=">AAACQXicdZDNShxBFIWr/UlMq4nmZ+WmcBBcDd0qo0tBF1kayKgwPcjt6ltaWD9N3eqEsZl3cRtfw6fII2QXss0mNeMIUZILBR/n3EsdTllrRSHLvidz8wuLL14uvUqXV1Zfv1lbf3tKrvEC+8Jp589LINTKYj+ooPG89gim1HhWXh9N/LMv6Ek5+zmMahwauLRKKgEhShdr74tSEnqFxI+cFbqhqdzJutl0eNbdPdjbzfci9L L9iDyfWR02m5OL9eRDUTnRGLRBaCAa5Fkdhi34oITGcVo0hDWIa7jEQUQLBmnYTuOP+VZUKi6dj88GPlX/vmjBEI1MGTcNhCt67k3Ef3mDJsiDYats3QS04uEj2WgeHJ90wSvlUQQ9igDCq5iViyvwIEJsLC08WvwqnDFgq7aQYJQeVSih0WHcFiQf+UmeSQpPksacp2ks8rEt/n843enmvW7v007n8HhW6RLbYJtsm+Vsnx2yj+yE9ZlgN+yWfWN3yX3yI/mZ/HpYnUtmN+/Yk0l+/wFZxLCS</latexit>

Conclusion
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