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A Brief History of Neural Networks and AI

<latexit sha1_base64="ETXllkiLteQtyzsaZwLRhmKrsXo=">AAACInicbZBLS8NAFIUnvq2PVl26CRbBVUlUfK0Kblwq2FpoSrmZ3OjgzCTM3Kgl9Je41T/jTlwJ/hQXprWCth4Y+DjnXuZywlQKS5737kxNz8zOzS8slpaWV1bLlbX1pk0yw7HBE5mYVggWpdDYIEESW6lBUKHEq/D2dJBf3aGxItGX1Euxo+Bai1hwoMLqVsoB4QOFce4f7++d9EvdStWreUO5k+CPoMpGOu9WPoMo4ZlCTVyCtW3fS6mTgyHBJfZLQWYxBX4L19guUINC28mHh/fd7cKJ3DgxxdPkDt3fGzkoa3sqLCYV0I0dzwbmf1k7o/iokwudZoSaf38UZ9KlxB204EbCICfZKwC4EcWtLr8BA5yKrkqBQY33PFEKdJQHMSghexHGkEnq54GNf3hQlz9eziQ0d2v+Qc2/2K3W66PiFtgm22I7zGeHrM7O2DlrMM4y9sie2LPz5Lw4r87b9+iUM9rZYH/kfHwBvgykaA==</latexit>

1943:
<latexit sha1_base64="WiC0oKltVU/4mvcnupcCYwUzUVc="></latexit>

McCulloch and Pitts had the
vision to introduce artificial
intelligence to the world.

<latexit sha1_base64="O4/gC9J2uQqlIShsIAnJA8DQTRw=">AAACH3icbZBLS8NAFIUnvq2vqks3wSK4KomgVlcFNy4rWBWaKjeTGx2cmYSZG7WE/g+3+mfcidv+FxdOawVfBwY+zrmXuZw4l8JSEAy8icmp6ZnZufnKwuLS8kp1de3MZoXh2OaZzMxFDBal0NgmQRIvcoOgYonn8e3RMD+/Q2NFpk+pl2NXwbUWqeBAzrqMCB8oTsvwYLdx2L+q1oJ6MJL/F8Ix1NhYravqe5RkvFCoiUuwthMGOXVLMCS4xH4lKizmwG/hGjsONSi03XJ0dd/fck7ip5lxT5M/cr9vlKCs7anYTSqgG/s7G5r/ZZ2C0ka3FDovCDX//CgtpE+ZP6zAT4RBTrLnALgR7laf34ABTq6oSmRQ4z3PlAKdlFEKSshegikUkvplZNMvrri6wt/l/IWznXq4Vw9PdmrN5ri4ObbBNtk2C9k+a7Jj1mJtxplhj+yJPXtP3ov36r19jk5445119kPe4AMQgqQp</latexit>

1958:
<latexit sha1_base64="O8czY9xybPIAlK4hHmRXVQZXqPY="></latexit>

Rosenblatt implemented the
first perceptron for learning.

<latexit sha1_base64="4cLcFmpvfUgC2WSDGMlcWlmEYsY=">AAACH3icbZBLS8NAFIUnPmt9VV26CRbBVUlc+FoV3LisYFVoqtxMbnRwZhJmbtQS+j/c6p9xJ279Ly6c1graemDg45x7mcuJcyksBcGHNzU9Mzs3X1moLi4tr6zW1tbPbVYYjm2eycxcxmBRCo1tEiTxMjcIKpZ4Ed8dD/KLezRWZPqMejl2FdxokQoO5KyriPCR4rQMDw/2jvrXtXrQCIbyJyEcQZ2N1LqufUZJxguFmrgEazthkFO3BEOCS+xXo8JiDvwObrDjUINC2y2HV/f9beckfpoZ9zT5Q/f3RgnK2p6K3aQCurXj2cD8L+sUlB50S6HzglDz74/SQvqU+YMK/EQY5CR7DoAb4W71+S0Y4OSKqkYGNT7wTCnQSRmloITsJZhCIalfRjb94aqrKxwvZxLOdxvhXiM83a03m6PiKmyTbbEdFrJ91mQnrMXajDPDntgze/GevVfvzXv/Hp3yRjsb7I+8jy8SNaQq</latexit>

1986:
<latexit sha1_base64="ot/rc2qv6S+RAt2Eh6i48QR4VLw="></latexit>

Rumelhart, Hinton, and Williams

studied backpropagation for

training multilayer perceptrons.
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<latexit sha1_base64="EZTEcmGzGPp1WQ4206nqM+csZto="></latexit>

What kinds of functions do neural networks prefer?

<latexit sha1_base64="vNJ36RC7pq9H09iRlWs9aw1XXNg="></latexit>

• Such functions can be approximated by a neural network

with K neurons at a rate K� 1
2 .

<latexit sha1_base64="mJEdEq7RAqNgR3++TGcIlKmMuVQ="></latexit>

Barron (1993) introduced a class of d-dimensional functions
that can be approximated extremely well by neural networks.

<latexit sha1_base64="tDcNvo7JWcBWSLgYve2QQwy9r/8="></latexit>

=) Andrew Barron broke the curse of dimensionality!

<latexit sha1_base64="7WyLIv6kiLJn5BlaSL0Ev1KT3fg="></latexit>

Andrew Barron

<latexit sha1_base64="OIA0cLGJ+macBLsgKA5DuirRg6Q="></latexit>

• Rates for classical function classes behave as K� s
d

<latexit sha1_base64="JRcGQJ+AxMWHD5VAvDeKqkJChIg="></latexit>

the curse

<latexit sha1_base64="a09S0NI06vOH4KEhiBo6LfJQsro=">AAACS3icbZBNbxMxEIa9gUIJXwGOXCwiJE6RN4KyPVEBB3pBRSJNpWwUzXpnGyv+WNmzraJV/gq/hmu58zu4oR5w0iBBYSTLj953RmO/Ra1VICG+J50bN3du3d6907177/6Dh71Hj4+Da7zEkXTa+ZMCAmplcUSKNJ7UHsEUGsfF4t3aH5+hD8rZz7SscWrg1KpKSaAozXpZXlQBvcLAx3Mgfhg4zZEf2rKRpM6Qv1UQuKv4R2 w86HjRufOL8GbW64vBvtjPxEsuBql4lWXDCGJTPN1Cn23raNa7zEsnG4OWpIYQJqmoadqCJyU1rrp5E7AGuYBTnES0YDBM280PV/x5VEpeOR+PJb5R/5xowYSwNEXsNEDzcN1bi//zJg1V2bRVtm4IrbxaVDWak+PruHipPErSywggvYpv5XIOHiTFULu5R4vn0hkDtmzzCozSyxIraDSt2jxUv7kb40qvh/MvHA8H6d5g79Owf/B+G9wue8qesRcsZa/ZAfvAjtiISfaFfWUX7FtykfxIfiaXV62dZDvzhP1VnZ1fzcq0jg==</latexit>

What Is the Inductive Bias of Neural Networks?
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<latexit sha1_base64="f4TiU4Fjmp3W8pcc6hJmgzv22hg=">AAACRHicbZDfahNBFMZnq9WaWo166c1gKHi1zAb/pHeFFvFGjWDaQjaEs7Nn2yHzZ5k52xKWPIdP4219Bt/BO/FOxEkaQasHhvnxfedwZr6i1iqQEF+SjRs3N2/d3rrT2b67c+9+98HDo+AaL3EknXb+pICAWlkckSKNJ7VHMIXG42J2sPSPz9EH5ewHmtc4MXBqVaUkUJSm3SwvqoBeYeBDdLVG/sadY8nfWf7KO8PfYuNBx4 sunJ+FNE2n3Z5I98TeQDzjIs3E88GgH0Gsimdr6LF1DafdH3npZGPQktQQwjgTNU1a8KSkxkUnbwLWIGdwiuOIFgyGSbv62oLvRqXklfPxWOIr9c+JFkwIc1PETgN0Fq57S/F/3rihajBpla0bQiuvFlWN5uT4MideKo+S9DwCSK/iW7k8Aw+SYpqd3KPFC+mMAVu2eQVG6XmJFTSaFm0eqt/ciXFl18P5F476afYizd73e/uH6+C22GP2hD1lGXvJ9tlrNmQjJtlH9oldss/JZfI1+ZZ8v2rdSNYzj9hflfz8BYeQsm4=</latexit>

People Moved On From Neural Networks...

<latexit sha1_base64="S8WD2/QC1gcNywqFvEh1Cw2sRG0="></latexit>

• The (r)evolution of sparsity

<latexit sha1_base64="d1qQvH/gCjVzouUSQhzR5t8f/DA="></latexit>

• Reproducing kernel Hilbert Spaces
<latexit sha1_base64="Zw4iUn69nhU7ETFcPfWfBEIXvwg="></latexit>

• Representer theorem

<latexit sha1_base64="UISIGmxW5qgtnJYTxXNY4rIbWf0="></latexit>

=) Compressed sensing
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<latexit sha1_base64="eAyWAi6tlYxlJbHq1u5rbFkaxeI=">AAACMnicbZDNThsxFIU9lFIILYR2yQKLqFJXkSfiJ9mB6IIllQhBykTRHc8dsPDPyPYUjUZZ9mm6hYdpd1W3PAKLOiFIQLmS5U/n3Ktrn7SQwnnGfkULbxbfLr1bXmmsvv+wtt7c+HjmTGk59rmRxp6n4FAKjX0vvMTzwiKoVOIgvTqa+oPvaJ0w+tRXBY4UXGiRCw4+SOPmVpLmDq1ARw91Ro/RIh0gPQzXqcmgGjdbrN1jvS 7boawds91utxOAzYrGc2iReZ2Mm/dJZnipUHsuwblhzAo/qsF6wSVOGknpsAB+BRc4DKhBoRvVs49M6OegZDQ3Nhzt6Ux9OlGDcq5SaehU4C/dS28qvuYNS593R7XQRelR84dFeSmpN3SaCs2ERe5lFQC4FeGtlF+CBe5Ddo3EosZrbpQCndVJDkrIKsMcSukndeLyR26EuOKX4fwPZ512vNeOv3VaB1/nwS2TTbJNvpCY7JMDckxOSJ9w8oP8JDfkNrqJfkd/or8PrQvRfOYTeVbR3T+a5qsH</latexit>

And Here We Are Today

<latexit sha1_base64="sajjKTFcXmQyjRJDGOzD/AMn+3Y="></latexit>

• ChatGPT

<latexit sha1_base64="V3AF5tbFUEE2aXQBGrErh9Rlk7s="></latexit>

We have come full circle
back to neural networks!

<latexit sha1_base64="rp+g/e5YtBLEWsjNOdMJD2alXAk="></latexit>

Large language models (LLMs) like
generative pre-trained transformers (GPT)
have taken the world by storm.

<latexit sha1_base64="WZaOESwyT/7wJEwrlelDpoeaM+g="></latexit>

• DALL·E
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<latexit sha1_base64="eAyWAi6tlYxlJbHq1u5rbFkaxeI=">AAACMnicbZDNThsxFIU9lFIILYR2yQKLqFJXkSfiJ9mB6IIllQhBykTRHc8dsPDPyPYUjUZZ9mm6hYdpd1W3PAKLOiFIQLmS5U/n3Ktrn7SQwnnGfkULbxbfLr1bXmmsvv+wtt7c+HjmTGk59rmRxp6n4FAKjX0vvMTzwiKoVOIgvTqa+oPvaJ0w+tRXBY4UXGiRCw4+SOPmVpLmDq1ARw91Ro/RIh0gPQzXqcmgGjdbrN1jvS 7boawds91utxOAzYrGc2iReZ2Mm/dJZnipUHsuwblhzAo/qsF6wSVOGknpsAB+BRc4DKhBoRvVs49M6OegZDQ3Nhzt6Ux9OlGDcq5SaehU4C/dS28qvuYNS593R7XQRelR84dFeSmpN3SaCs2ERe5lFQC4FeGtlF+CBe5Ddo3EosZrbpQCndVJDkrIKsMcSukndeLyR26EuOKX4fwPZ512vNeOv3VaB1/nwS2TTbJNvpCY7JMDckxOSJ9w8oP8JDfkNrqJfkd/or8PrQvRfOYTeVbR3T+a5qsH</latexit>

And Here We Are Today

<latexit sha1_base64="SfQgyuHlYH6RHbr5bZ3KWaFMK30="></latexit>

Develop standards, tools, and tests
to ensure that AI systems are
trustworthy and reliable.



<latexit sha1_base64="3hPoSORVqj6J36Jc8pmLGpr+nwg="></latexit>

Second Extreme
<latexit sha1_base64="E+vj8ipj0hftSunsL9zfHbPR8tw="></latexit>

First Extreme
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<latexit sha1_base64="/0PiBQYXehwSAbyAWzSXb7hJblU=">AAACOHicbZDLbhMxFIY95dISbgGWbCyiSqwiT8Ql3RUBEuwKatpKmSg64zlurPoyss+0RKM8AU/DtjwJO3aILWsWOGmQoPBLlj7/5xwd+y9royMJ8SXbuHL12vXNrRudm7du37nbvXf/IPomSBxJb3w4KiGi0Q5HpMngUR0QbGnwsDx5uawfnmKI2rt9mtc4sXDstNISKFnT7nZRqohBY+T7Z56//kABbbp4xV+85e8xIgQ5m3 Z7or8jdobiCRf9XDwdDgcJxEo8X0OPrbU37f4sKi8bi46kgRjHuahp0kIgLQ0uOkUTsQZ5Asc4Tugg7Zy0q+8s+HZyKq58SMcRX7l/TrRgY5zbMnVaoFm8XFua/6uNG1LDSatd3RA6ebFINYaT58tseKUDSjLzBCCDTm/lcgYBJKUEO0VAh2fSWwuuagsFVpt5hQoaQ4u2iOo3d1Jc+eVw/oWDQT9/1s/fDXq7r9bBbbGH7BF7zHL2nO2yN2yPjZhkH9knds4+Z+fZ1+xb9v2idSNbzzxgfyn78QtBZ63q</latexit>

Two Extremes of AI Research

<latexit sha1_base64="SCeimkHWEOWz6euSdrHiEb+PHBo="></latexit>

Let’s put it everywhere!
<latexit sha1_base64="gbh2R/LoKpg4trHZGh08e9lvenM="></latexit>

More interest in if it could work
as opposed to if it could fail.

<latexit sha1_base64="jbd5+FPm+hHgjEJ88bVARpRP+Pg="></latexit>

Trial and error
<latexit sha1_base64="30YXagmi8FjwMTN/G/TJ1O7cPDc="></latexit>

Empiricism

<latexit sha1_base64="UkNwHNUduXOrTziRkt3p/DdoUMw=">AAACGnicbVC7SgNBFJ31GeMrammzGASrsJsiWkZsLCMYH2SD3J29a4bMY5mZVcKSr7CNP2Mntjb+i4WTuIKvAwOHc+7h3jlxxpmxQfDmzc0vLC4tV1aqq2vrG5u1re0Lo3JNsUsVV/oqBoOcSexaZjleZRpBxBwv4+HJ1L+8Q22Ykud2lGFfwK1kKaNgnXR9rN0K5VI3tXrQCGbw/5KwJHVSonNTe48SRXOB0lIOxvTCILP9ArRllOO4GuUGM6BDuMWeoxIEmn4xO3js7zsl8VOl3ZPWn6nfEwUIY0YidpMC7MD89qbif14vt+lRv2Ayyy1K+rkozblvlT/9vZ8wjdTykSNANXO3+nQAGqh1HVUjjRLvqRICZFJEKQjGRwmmkHM7LiKTfvGqqyv8Xc5fctFshK1GeNast1tlcRWyS/bIAQnJIWmTU9IhXUKJIA9kQh69iffkPXsvn6NzXpnZIT/gvX4ALcaisg==</latexit>

Aristotle

<latexit sha1_base64="g9i2YZhj6t8T7nvmfnyBllVvNnI="></latexit>

Do we understand how it works?

<latexit sha1_base64="fT+s6GOvGynujOH4Cij9D964VTQ="></latexit>

Theoretical foundations

<latexit sha1_base64="fla1ZcaBg0KkGdq2+qEEQ28DsFM="></latexit>

Is it reliable and trustworthy?

<latexit sha1_base64="CjWvBENqZVJ0X0PK+g/dzcw7/bE="></latexit>

Rationalism

<latexit sha1_base64="Smu3B1odB5BWfuydwQsKr7cGumk=">AAACFnicbZDJSgNBEIZ73I1b1KOXwSB4CjMe1GPAi8cIJgqZIDU9NdrYy9Bdo4Qhz+BVX8abePXqu3iwswhuPzR8/FVFVf9pIYWjKHoPZmbn5hcWl5ZrK6tr6xv1za2uM6Xl2OFGGnuZgkMpNHZIkMTLwiKoVOJFensyql/coXXC6HMaFNhXcK1FLjiQtzptCWSu6o2oGY0V/oV4Cg02Vfuq/pFkhpcKNXEJzvXiqKB+BZYElzisJaXDAvgtXGPPowaFrl+Njx2Ge97JwtxY/zSFY/f7RAXKuYFKfacCunG/ayPzv1qvpPy4XwldlISaTxblpQzJhKOfh5mwyEkOPAC3wt8a8huwwMnnU0ssarznRinQWZXkoIQcZJhDKWlYJS7/4pqPK/4dzl/oHjTjw2Z8dtBoHU6DW2I7bJfts5gdsRY7ZW3WYZwJ9sAe2VPwGDwHL8HrpHUmmM5ssx8K3j4BrTKg0w==</latexit>

Plato

z
<latexit sha1_base64="2cwnx57ZBo9Gi+NRG3sO2Cvueag="></latexit>

Scientific innovation needs both extremes.
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<latexit sha1_base64="GYwDGiq8gkOtFmT2UmyNhe8L8OA=">AAACPXicbZDPSltBFMbnam1ttDW1y24Gg6BdhLlB27gTdGEWAZVGhdwQzp17bhycP5eZuS3hknfwadza1/ABuitu3XTRSUyhtX4w8OP7zuEwX1pI4Txjd9HC4oull6+WX9dWVt+8Xau/Wz9zprQce9xIYy9ScCiFxp4XXuJFYRFUKvE8vTqY5udf0Tph9Bc/LnCgYKRFLjj4YA3rH5M0d2gFOtoNCXrB6Sk6o0FzpJ0wLfSIbn VPO9vDeoM199hem+1Q1ozZbrvdCsBmovEcGmSu42H9V5IZXirUnktwrh+zwg8qsOGIxEktKR0WwK9ghP2AGhS6QTX704RuBiejubHhaU9n7t8bFSjnxioNkwr8pXuaTc3nsn7p8/agErooPWr+eCgvJfWGTguimbDIvRwHAG7FtBB+CRa4DzXWEosav3GjFOisSnJQQo4zzKGUflIlLv/DtVBX/LSc/+Gs1Yw/NeOTVmP/cF7cMvlANsgWiclnsk+OyDHpEU6uyQ25Jd+j2+hH9DO6fxxdiOY778k/ih5+A9zkr6Q=</latexit>

Magnetic Resonance Imaging (MRI)

<latexit sha1_base64="fm3sMZPe48NuwtRNSZ0nLuRqNE8="></latexit>

Accelerating MRI scans is one of the principal outstanding problems
in the MRI research community.

<latexit sha1_base64="Umhro9KDK5PJIrNncwJywzvYLsw="></latexit>

=) Almost no theoretical guarantees.

<latexit sha1_base64="e/yvN7bd1zwmwyG4FdgEaMPgRsY="></latexit>

• Modern approaches are based
on deep learning and massive
amounts of data.

<latexit sha1_base64="X0PvgZYmsItXQPTj5Rs81A44bAQ="></latexit>

• Early approaches were based
on compressed sensing.

<latexit sha1_base64="YAzmb0S7HM9miqdhNcXS2p08RrQ="></latexit>

Can we trust deep-learning-based methods?

<latexit sha1_base64="pkmLRGdX4L4ehsvIVyiimMO03sM="></latexit>

=) Theoretical guarantees of stability.
<latexit sha1_base64="ovlcGKBJUNmCSvg/+bhSWB5/1EM="></latexit>

Candès et al. (2006)
Donoho (2006)
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<latexit sha1_base64="EWEKoH4nD2BeYiA4ZC6DN1J1dqQ=">AAACQnicbZDNbhMxFIU95acl/AW6ZGMRIbEKnhHQdFepXcACqVSkrZSJojue68Sq7RnZd0DRKI/B03RbHqKvwA6x7QInDRIUjmTp0zn3yvYpaqMDCXGZbNy6fefu5ta9zv0HDx897j55ehyqxkscyspU/rSAgEY7HJImg6e1R7CFwZPibH+Zn3xGH3TlPtG8xrGFqdNKS6BoTbqv8kIF9BoDP8LQGAq8UpxmyDORCa4g0Iej93 x/Bsagm+Kk2xP9XbE7EK+56KfizWCQRRAr8XQNPbbW4aR7lZeVbCw6kgZCGKWipnELnrQ0uOjkTcAa5BlMcRTRgcUwblcfW/AX0Sm5qnw8jvjK/XOjBRvC3BZx0gLNws1saf4vGzWkBuNWu7ohdPL6ItUYThVftsRL7VGSmUcA6XV8K5cz8CApdtnJPTr8IitrwZVtrsBqMy9RQexv0eZB/eZOrCu9Wc6/cJz107f99GPW2ztYF7fFnrHn7CVL2Q7bY+/YIRsyyb6yc3bBviUXyffkR/LzenQjWe9ss7+UXP0CNfKxQA==</latexit>

Results of the 2020 fastMRI Challenge

<latexit sha1_base64="1vngttRTMjgClFLrXQqI7W3tVvM="></latexit>

Ground
Truth

<latexit sha1_base64="2BuiOroARkJNogyQGZGd/fIGSls="></latexit>

DNN-Based
Reconstruction

<latexit sha1_base64="T4E7ykDV9pi4U+guH0E8d+vq15Q="></latexit>

AI-generated hallucinations identified by radiologists as false vessels.

<latexit sha1_base64="gOXjD8dB9YBYimS5sgybuKOjiQk="></latexit>

Muckley et al. (2021, IEEE Transactions on Medical Imaging)
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<latexit sha1_base64="urzk5CEuKn2P2EfB54aGE7qOWu4="></latexit>

My Research
<latexit sha1_base64="n0EdCsimm8VRENBtp/kTqdrkMR0="></latexit>

P. and Nowak (2020, IEEE Signal Process. Lett.)
P. and Nowak (2021, J. Mach. Learn. Res.)
P. and Nowak (2022, SIAM J. Math. Data Sci.)
P. and Nowak (2022, IEEE ICASSP)
P. and Nowak (2023, IEEE Trans. Inf. Theory)
P. and Nowak (2023, IEEE Signal Process. Mag.)
Shenouda, P., and Nowak (2023, SAMPTA)
Shenouda, P., Lee, and Nowak (2023, arXiv)
P. and Unser (2023, IEEE Signal Process. Lett.)
P. and Unser (2023, SAMPTA)
P. and Unser (2023, arXiv)
P. and Unser (2023, arXiv)
DeVore, Nowak, P., and Siegel (2023, arXiv)

<latexit sha1_base64="1JxY9aOQOwlnCaHLbEXRZtNaAjc="></latexit>

We essentially understand the entire story
for kernel methods and wavelet/TV methods.

<latexit sha1_base64="CKa8DdIQvKFi2KJjn0H9i//ABp4="></latexit>

=) These methods are (mathematically) interpretable.

<latexit sha1_base64="cw1K0uoyAGhHDqt9nwOlKwGZG90=">AAACTHicbVBdaxNBFJ2NWmv8aNRHXwaD4FOYDWqTt5b2wYIPFUxbyIZwd/ZuOnQ+lpm7yrLkt/TX+Fqf/R++qeAkjaDVAwOHc+65M3PySqtAQnxNOrdu39m6u32ve//Bw0c7vcdPToKrvcSJdNr5sxwCamVxQoo0nlUeweQaT/OLg5V/+hF9UM5+oKbCmYGFVaWSQFGa98ZZXgb0CgM/soQ+hglypRU1/MCroAJ3Jd8/4mALfo hY8XcI3iq7mPf6YjAW45F4xcUgFa9Ho2EkYg2ebkifbXA87/3ICidrg5akhhCmqaho1oInJTUuu1kdsAJ5AQucRmrBYJi16y8u+YuoFLx0Ph5LfK3+mWjBhNCYPE4aoPNw01uJ//OmNZWjWatsVRNaeX1RWWtOjq/64oXyKEk3kYD0Kr6Vy3PwIGNZcZNHi5+kMyb202YlGKWbAkuoNS3bLJS/eTfWld4s519yMhykbwbp+2F/73BT3DZ7xp6zlyxlu2yPvWXHbMIku2Sf2RX7klwl35Lvyc/r0U6yyTxlf6Gz9Qs2OLU4</latexit>

Interpretability Crisis of AI and Deep Learning

<latexit sha1_base64="4LwZ1g0cLXs1dM38t+6dtuc+bfg="></latexit>

Can we develop a similar
story for neural networks
and deep learning?

<latexit sha1_base64="CjWvBENqZVJ0X0PK+g/dzcw7/bE="></latexit>

Rationalism

<latexit sha1_base64="Smu3B1odB5BWfuydwQsKr7cGumk=">AAACFnicbZDJSgNBEIZ73I1b1KOXwSB4CjMe1GPAi8cIJgqZIDU9NdrYy9Bdo4Qhz+BVX8abePXqu3iwswhuPzR8/FVFVf9pIYWjKHoPZmbn5hcWl5ZrK6tr6xv1za2uM6Xl2OFGGnuZgkMpNHZIkMTLwiKoVOJFensyql/coXXC6HMaFNhXcK1FLjiQtzptCWSu6o2oGY0V/oV4Cg02Vfuq/pFkhpcKNXEJzvXiqKB+BZYElzisJaXDAvgtXGPPowaFrl+Njx2Ge97JwtxY/zSFY/f7RAXKuYFKfacCunG/ayPzv1qvpPy4XwldlISaTxblpQzJhKOfh5mwyEkOPAC3wt8a8huwwMnnU0ssarznRinQWZXkoIQcZJhDKWlYJS7/4pqPK/4dzl/oHjTjw2Z8dtBoHU6DW2I7bJfts5gdsRY7ZW3WYZwJ9sAe2VPwGDwHL8HrpHUmmM5ssx8K3j4BrTKg0w==</latexit>

Plato
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<latexit sha1_base64="mR4EfybHjHLwoMt4mWkhYsLc9/I=">AAACOHicbZBPa1NBFMXntdXW+C/apZuhoeAqzAvWprtCRQQVKjRtIS+E++bd1wydP4+58yzhkU/QT+O2fpLu3Ilb1y6cpClo9cDAj3PuZWZOXmlFQYjrZGV17d799Y0HrYePHj952n72/Jhc7SUOpNPOn+ZAqJXFQVBB42nlEUyu8SQ/P5jnJ5/Rk3L2KEwrHBk4s6pUEkK0xu3tLC8JvULiH5DIWeJvvTP8PXqLmn/EMHEFjd sd0d0Te33xiotuKnb6/V4EsRBPl9BhSx2O27+ywsnaoA1SA9EwFVUYNeCDkhpnrawmrECewxkOI1owSKNm8Z0Z345OwUvn47GBL9w/NxowRFOTx0kDYUJ3s7n5v2xYh7I/apSt6oBW3lxU1poHx+fd8EJ5lEFPI4D0Kr6Vywl4kCE22Mo8WryQzhiwRZOVYJSeFlhCrcOsyai85VasK71bzr9w3Oumr7vpp15n/82yuA32gm2xlyxlu2yfvWOHbMAku2Rf2BX7mlwl35LvyY+b0ZVkubPJ/lLy8zcYmK5n</latexit>

Lessons From Kernel Methods

<latexit sha1_base64="8/eWJkClW5ABib1WwiU/58Ytm7k="></latexit>

A representer theorem designates a finite-dimensional
parametric formula to solutions of an optimization problem
posed over an infinite-dimensional function space.

<latexit sha1_base64="hp7mQCAbGrHxL5zCF+eujB4n6HM="></latexit>

Carl de Boor

<latexit sha1_base64="A98qem1xOPuNJ4U/UANLfDP/4zw="></latexit>

Grace Wahba

<latexit sha1_base64="4sv5kEdSnxmBikqQaqAdrepKmW4="></latexit>

Let H be an RKHS with kernel k(·, ·). Then,
for any data set {(xn, yn)}Nn=1, the solution to

<latexit sha1_base64="L5TmYUP9uqLoQs9hlgkeXLOFmsE="></latexit>

min
f2H

NX

n=1

L(yn, f(xn)) + �kfk2
H
, � > 0,

<latexit sha1_base64="qs1b+hc1CeoRLXrAO/q/3TnpqXQ="></latexit>

admits a representation of the form
<latexit sha1_base64="wHKhPyoTGEx6kj7V/xvNiD6i4YE="></latexit>

fRKHS(x) =
NX

n=1

ank(x,xn).

<latexit sha1_base64="WOMG5RwyPPUfG820oJ6z0ws8I8U="></latexit>

Representer Theorem (circa 1970)



<latexit sha1_base64="j2TlivaaU7V4F6kfGMs2CV5VRJ4="></latexit>

kD2fk2L2

12

<latexit sha1_base64="GzvuATpILoAwE97JnUhfCo7lAwc=">AAACNHicbZBNbxMxEIa9LdASPprCkYshQuIUeSNo01ul9tBjUUlbKRtFs97ZxKo/VvYsKFrl3F/Dtf0tlXpDXPkFHHDSIEFhJEuP3ndmbL95pVUgIW6StfUHDx9tbD5uPXn67PlWe/vFaXC1lziQTjt/nkNArSwOSJHG88ojmFzjWX5xsPDPPqMPytlPNKtwZGBiVakkUJTG7ddZXgb0CgM/qHMl+YlxjqbKTvhJtVgaxu2O6O 6Jvb54z0U3FR/6/V4EsSyerqDDVnU8bv/MCidrg5akhhCGqaho1IAnJTXOW1kdsAJ5ARMcRrRgMIya5Vfm/G1UCl46H48lvlT/nGjAhDAzeew0QNNw31uI//OGNZX9UaNsVRNaeXdRWWtOji9y4YXyKEnPIoD0Kr6Vyyl4kBTTa2UeLX6RzhiwRZOVYJSeFVhCrWneZKH8za0YV3o/nH/htNdNd7rpx15n/3AV3CZ7xd6wdyxlu2yfHbFjNmCSXbKv7IpdJ1fJbfIt+X7XupasZl6yvyr58QsT/6zr</latexit>

Cubic Smoothing Splines

<latexit sha1_base64="Tn1JU7Z7EWkNWbZK8tCC5PQBCc8="></latexit>

The solution to
<latexit sha1_base64="XUwsYwp2BuwF9vzZJjTxuzWpqTM="></latexit>

min
f

NX

n=1

(yn � f(xn))
2 + �

Z 1

0
|D2f(x)|2 dx

<latexit sha1_base64="c8hP4vP/zpbUqSLFE806X/MIuRM="></latexit>

where a? = argmina2RN ky �Kak22 + �aTKa.

<latexit sha1_base64="P2Ddv6CBH1oh2fEi9pYeXsoNiZ8="></latexit>

fspline(x) =
NX

n=1

a?n k(x, xn),

<latexit sha1_base64="2P2X8MEZu+EVcE6zo9qss5I5ATI="></latexit>

is a cubic (smoothing) spline,

<latexit sha1_base64="RWC3W4jsDKCBqrzvzIWqFcuHmiE="></latexit>

quadratic regularizer )
solution linear in data y

<latexit sha1_base64="CcOjJIeunLp9G70Sy+mNPopmc8s="></latexit>

minimax rate

<latexit sha1_base64="u80mGJDQVo1c0T2ZFOwVslNR5X8="></latexit>

de Boor and Lynch (1966, Journal of Mathematics and Mechanics)
Kimeldorf and Wahba (1971, Journal of Mathematical Analysis and Applications)

<latexit sha1_base64="ZZf8Mi0rbw2BIskuZil1yAbyLiI="></latexit>

If yn = f?(xn) + "n with kD2f?kL2 < 1, then
<latexit sha1_base64="I8y00QaHORlN4ZWlvIW6vxru7sQ="></latexit>

Ekf? � fsplinek2L2 = O(N� 4
5 ).
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<latexit sha1_base64="YE8OLkXIDo6PUZ4teBRI70oVJ3s=">AAACQXicbZDLahRBFIar4yVxvI26dFM4CK7a6kHNZBfQhaBCBCcJTA/D6epTmSJ1aapOK0Mzb+HTuI0v4SO4E7e6sGYygkZ/KPjqP+dwqv6qMTqSEF+yrUuXr1zd3rnWu37j5q3b/Tt3D6Nvg8Sx9MaH4woiGu1wTJoMHjcBwVYGj6rT56v60XsMUXv3jhYNTi2cOK20BErWrJ+XlYoYNEb+WltNaztyr9LVIYTHrzA4NPwN0t zXcdYfiHxP7I3EEy7yQjwdjYYJxFq82MCAbXQw6/8say9bi46kgRgnhWho2kEgLQ0ue2UbsQF5Cic4SejAYpx2638t+cPk1Fz5kI4jvnb/nOjAxriwVeq0QPN4sbYy/1ebtKRG0067piV08nyRag0nz1ch8VoHlGQWCUAGnd7K5RwCSEpR9sqADj9Iby24uisVWG0WNSpoDS27Mqrf3EtxFRfD+RcOh3nxLC/eDgf7LzbB7bD77AF7xAq2y/bZS3bAxkyyj+wTO2Ofs7Psa/Yt+37eupVtZu6xv5T9+AW/zrIy</latexit>

Limitations of Linear/Kernel Methods

<latexit sha1_base64="Nv47293ri7ZpsrR06uGcJ5Rmrqw="></latexit>

True function and noisy data

<latexit sha1_base64="XOXe8TOOxu/5spbXowSWSQChop4="></latexit>

large �:
oversmooths high variation
portion of the data

<latexit sha1_base64="b+TK6A16uFZMUoHHTc/yB6wB7qw="></latexit>

small �:
overfits low variation
portion of the data

<latexit sha1_base64="UhPRBohprI5czvYY1nHYsmQtrlU="></latexit>

Linear methods cannot adapt to spatially varying smoothness.

<latexit sha1_base64="AwKzn4wo4HwNRC9FtUQ94ez+rXM="></latexit>

Donoho, Liu, and MacGibbon (1990, Annals of Statistics)
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<latexit sha1_base64="YE8OLkXIDo6PUZ4teBRI70oVJ3s=">AAACQXicbZDLahRBFIar4yVxvI26dFM4CK7a6kHNZBfQhaBCBCcJTA/D6epTmSJ1aapOK0Mzb+HTuI0v4SO4E7e6sGYygkZ/KPjqP+dwqv6qMTqSEF+yrUuXr1zd3rnWu37j5q3b/Tt3D6Nvg8Sx9MaH4woiGu1wTJoMHjcBwVYGj6rT56v60XsMUXv3jhYNTi2cOK20BErWrJ+XlYoYNEb+WltNaztyr9LVIYTHrzA4NPwN0t zXcdYfiHxP7I3EEy7yQjwdjYYJxFq82MCAbXQw6/8say9bi46kgRgnhWho2kEgLQ0ue2UbsQF5Cic4SejAYpx2638t+cPk1Fz5kI4jvnb/nOjAxriwVeq0QPN4sbYy/1ebtKRG0067piV08nyRag0nz1ch8VoHlGQWCUAGnd7K5RwCSEpR9sqADj9Iby24uisVWG0WNSpoDS27Mqrf3EtxFRfD+RcOh3nxLC/eDgf7LzbB7bD77AF7xAq2y/bZS3bAxkyyj+wTO2Ofs7Psa/Yt+37eupVtZu6xv5T9+AW/zrIy</latexit>

Limitations of Linear/Kernel Methods
<latexit sha1_base64="Zt+a2mzE0hZ8HJm6CP0BGmoB6vE="></latexit>

True function
and noisy data

<latexit sha1_base64="vsCsu0sMyw1aTvvg+mhJ0HvSyPE="></latexit>

Thin-plate spline
(kernel method)

<latexit sha1_base64="wbLjgwtF/XJXyAV3Y74FTPCt2Us="></latexit>

Neural network
(nonlinear method)

<latexit sha1_base64="2W1r+VoazoiT+cexoFcrz8zzGdM="></latexit>

Neural networks can adapt to low-dimensional structure.
<latexit sha1_base64="tU605C0Vw3LNwkwPkKAmBSsgTHA="></latexit>

P. and Nowak (2023, IEEE Transactions on Information Theory)
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<latexit sha1_base64="MZjvM0EJd7dKb6gXPoHvgPBv3QY=">AAACPnicbZBNa1NBFIbn1o/W+BV16WYwCIIQ5oaq6a5iF66kgmkLuSGcO/fcZsh8XGbOtIRLfoS/xm39Gf4Bd+LWhQsnaQStHhjm4X3PYea8ZaNVICG+ZFvXrt+4ub1zq3P7zt1797sPHh4FF73EkXTa+ZMSAmplcUSKNJ40HsGUGo/L+ZuVf3yGPihnP9CiwYmBU6tqJYGSNO0+L8o6oFcY+AFiw99h9KDTRefOz/lrL2eKUF L0GKbdnujvib2h2OWin4sXw+EggVgXzzfQY5s6nHZ/FpWT0aAlqSGEcS4amrTgSUmNy04RAzYg53CK44QWDIZJu15qyZ8mpeK18+lY4mv1z4kWTAgLU6ZOAzQLV72V+D9vHKkeTlplm0ho5eVDddScHF8lxCvl08J6kQCkV+mvXM7Ag6SUY6fwaPFcOmPAVm1Rg1F6UWENUdOyLUL9mzsprvxqOP/C0aCfv+zn7we9/YNNcDvsMXvCnrGcvWL77C07ZCMm2Uf2iV2wz9lF9jX7ln2/bN3KNjOP2F+V/fgFbr2xGA==</latexit>

Deep Neural Network Architectures

<latexit sha1_base64="bXJgYVobOsZhDbHX85CeS5foekU="></latexit>

Rectified Linear Unit (ReLU)
ReLU(t) = max{0, t} = t+

<latexit sha1_base64="IwrM3Ja6VqZ6fpQU/iYm18/MoLE="></latexit>

+ weight decay in training
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<latexit sha1_base64="I4GmATl5PAvx0mCrrBpkV6avGa4="></latexit>

What Is the E↵ect of
Regularization in Deep Learning?
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<latexit sha1_base64="+yumYikKgL2L5gHpB+gZkhG1yMk=">AAACQ3icbZDNahsxFIU1Sdqm7p/bLrsRMYWujMb0x9mFNouuQgJ1EvAYc0dzJxHWzyDdaTCDXyNPk23yDn2G7kqXCUR2HGiSHhB8nHMvkk5eaRVIiF/Jyurao8dP1p+2nj1/8fJV+/Wb/eBqL3EgnXb+MIeAWlkckCKNh5VHMLnGg3zybZ4f/EQflLM/aFrhyMCRVaWSQNEat0WWlwG9wsB3sPag+VfQYCVyZfk2YnVr7yCdOD 8J43ZHdDfFZl985KKbik/9fi+CWIinS+iwpXbH7cuscLI2aElqCGGYiopGDXhSUuOsldUBK5ATOMJhRAsGw6hZ/GzG30en4KXz8VjiC/ffjQZMCFOTx0kDdBzuZ3Pzf9mwprI/apStakIrby4qa83J8XlNvFAeJelpBJBexbdyeQweJMUyW5lHiyfSGQO2aLISjNLTAkuoNc2aLJS33Ip1pffLeQj7vW76uZvu9Tpb28vi1tk7tsE+sJR9YVvsO9tlAybZKTtj5+wiOU9+J3+SvzejK8ly5y27o+TqGpGlsos=</latexit>

Neural Balance in Deep Neural Networks

<latexit sha1_base64="QOHLkB+QgOzWfAF2887nyBfRQxE="></latexit>

Rd 3 z
<latexit sha1_base64="3s22nU/3kod/84piwQnPWrSAV4Y="></latexit>

v(wTz)+ 2 RD<latexit sha1_base64="+I27T0SWVYiEEboNInecpA5MBHA="></latexit>w <latexit sha1_base64="kYEE+sEIPNiclfKYQKczTMcTGrU="></latexit>v

<latexit sha1_base64="EYTttEXIo21GnY0nkhhaOu52qmY="></latexit>

weight decay in training
is equivalent to adding
kwk22 + kvk22 to the
training objective

<latexit sha1_base64="1F8O5aE9oVJTzyFyxtWDSV/M3u4="></latexit>

Neural Balance Theorem (P. and Nowak, 2023)
<latexit sha1_base64="/U9G4jEN29FGyZvi/HgS4QlItGA="></latexit>

If a DNN is trained with weight decay, then the
2-norms of the input and output weights to each
ReLU neuron must be balanced.

<latexit sha1_base64="UsjRnErdUki4r19WfKPqhFMlrTo="></latexit>

kwk2 = kvk2

<latexit sha1_base64="9fv77ZmxsViIrnW9J90jKYD2lyc="></latexit>

mathematical expression
for a single ReLU neuron

<latexit sha1_base64="XjFM9jMngw6I9Cb2CdNoAt9/OA4="></latexit>

ReLU activation

<latexit sha1_base64="OLl40Rmiapeg3/3XlsZPlLLunSE="></latexit>

P. and Nowak (2023, IEEE Signal Processing Magazine)
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<latexit sha1_base64="HML0vrVQxr43WMqjcOcLA+zBkFU="></latexit>

f✓(x)
<latexit sha1_base64="W0sMCOttyvCry5uacSGdXbjHqoE="></latexit>x

<latexit sha1_base64="Iyy/P0XMovnH8XD8yEmfJ00PARg="></latexit>

parameterized by a vector ✓ 2 RP

of neural network weights

<latexit sha1_base64="+75s/8ogh93inYjbs0M1NKcFGt0="></latexit>

min
✓2RP

NX

n=1

L(yn, f✓(xn))

| {z }
+

�

2
k✓k22

| {z }
<latexit sha1_base64="qVCUFJr9GWao2wvMF6pyahPG++M="></latexit>

data fidelity
<latexit sha1_base64="3tjwlQ75XB5KjiUypMV64kZpc38="></latexit>

regularization

<latexit sha1_base64="DhGZIyWk5eRHOCRaa+GEwTauuZQ=">AAACNHicbZBNaxsxEIa1ST9S9yNueuxFrSn0ZLSmTZ1bID3kVBKIk4DXmFntrCOsj0WabTCLz/01vSa/pZBb6bW/oIfIjgtNmgGhh/edYaQ3r7QKJMSPZG39wcNHjzeetJ4+e/5is/1y6zi42kscSKedP80hoFYWB6RI42nlEUyu8SSf7i38k6/og3L2iGYVjgxMrCqVBIrSuP0my8uAXmHgX7D2oONF585P+ZEHZZWdjNsd0d 0RO33xgYtuKj72+70IYlk8XUGHrepg3P6TFU7WBi1JDSEMU1HRqAFPSmqct7I6YAVyChMcRrRgMIya5Vfm/F1UCl46H48lvlT/nWjAhDAzeew0QGfhrrcQ7/OGNZX9UaNsVRNaebOorDUnxxe58EJ5lKRnEUB6Fd/K5Rl4kBTTa2UeLZ5LZwzYoslKMErPCiyh1jRvslD+5VaMK70bzv9w3Oum2930sNfZ/bwKboO9Zm/Ze5ayT2yX7bMDNmCSfWPf2QW7TC6Sq+Rn8uumdS1Zzbxityr5fQ0yR6z8</latexit>

Neural Network Training

<latexit sha1_base64="JYjBGFqrxlEFFhOzf5Mss525/jY="></latexit>

Neural network training problem for the data {(xn, yn)}Nn=1.



<latexit sha1_base64="oaQkyOuiz99QgixOltkYyOhJjDM="></latexit>

weight decay

<latexit sha1_base64="RaHWtrOayYBTX1aj17E267nh4oI="></latexit>

GD update on L

<latexit sha1_base64="wwT5poBTW2z5yZb6Gs55NYiyal8="></latexit>

step size
“learning rate”

<latexit sha1_base64="5n4k0Q/onuR6MmRAf0YigV1042o="></latexit>

weight decay
objective

19

<latexit sha1_base64="dF+DtcYHRlOnBkYMxIhTQ9IIP8s=">AAACRHicbZBdaxNBFIZn61eNH4166c3QIHgVZoPa9K5gL7ySCk1TyIZwdvZsMmQ+lpmzlmXJ7/DXeFt/g//BO/FOxEkawVYPDPPwvudwZt680iqQEF+TnVu379y9t3u/8+Dho8d73SdPz4KrvcSRdNr58xwCamVxRIo0nlceweQax/ny7doff0QflLOn1FQ4NTC3qlQSKEqzbprlZUCvMPAxqvmC+DFKaLiy/D3WHnS86ML5JT /1oKyy81m3J/qH4nAoXnHRT8Xr4XAQQWyKp1vosW2dzLo/s8LJ2qAlqSGESSoqmrbgSUmNq05WB6xALmGOk4gWDIZpu/nair+ISsFL5+OxxDfq3xMtmBAak8dOA7QIN721+D9vUlM5nLbKVjWhlVeLylpzcnydEy+UR0m6iQDSq/hWLhfgQVJMs5N5tHghnTFgizYrwSjdFFhCrWnVZqH8w50YV3oznH/hbNBP3/TTD4Pe0fE2uF32nO2zlyxlB+yIvWMnbMQk+8Q+s0v2JblMviXfkx9XrTvJduYZu1bJr9+3irMh</latexit>

Weight Decay in Neural Network Training

<latexit sha1_base64="isuiFKk1+H4W1e2KQxhuzwQUQNg="></latexit>

min
✓2RP

NX

n=1

L(yn, f✓(xn))

| {z }
L (✓)

+
�

2
k✓k22

<latexit sha1_base64="uU/vqKDc5auAwzat34oNuvd1LUw="></latexit>

Gradient descent update on ✓i

<latexit sha1_base64="yjJ1+uoi04mzWsprJYcOQJEFM5c="></latexit>

Hanson and Pratt (1988, NeurIPS)

Krogh and Hertz (1990, NeurIPS)

<latexit sha1_base64="tvdusIyDJ5sdNjeW6pO1EQEfJww="></latexit>

✓t+1
i = ✓ti � ⌧

 
@L
@✓i

����
✓i=✓t

i

+ �✓ti

!
<latexit sha1_base64="214wQ8rXBCfnlbKPJMiGh2p0aaM="></latexit>

= ✓ti � ⌧
@L
@✓i

����
✓i=✓t

i

� ⌧�✓ti
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<latexit sha1_base64="lLdo7n3Ry3q9gmVv3PTcsBjQGVk=">AAACK3icbZDNahsxFIU1aZI6bpM67SaQjagpdGU0Jk2cXWi76Co4EMcBjzF3NHdsYUkzSJoGM7hP0637Ml21dJu3yCLyTyBxekDwcc69SDpxLoV1jP0JNl5sbm2/rOxUX73e3XtT2397ZbPCcOzwTGbmOgaLUmjsOOEkXucGQcUSu/H4yzzvfkdjRaYv3STHvoKhFqng4Lw1qB1EcWrRCLT0HAsDkn4GCZrjoFZnjVN22mJHlD VC9qnVanpgC9FwBXWyUntQu4uSjBcKteMSrO2FLHf9EowTXOK0GhUWc+BjGGLPowaFtl8ufjClH7yT0DQz/mhHF+7jjRKUtRMV+0kFbmTXs7n5v6xXuLTVL4XOC4eaLy9KC0ldRud10EQY5E5OPAA3wr+V8hEY4M6XVo0MarzhmVKgkzJKQQk5STCFQrppGdn0gau+rnC9nOdw1WyEx43wolk/+7oqrkIOyXvykYTkhJyRb6RNOoSTH+QnmZFfwSz4HfwN/i1HN4LVzjvyRMHtPWp6qQI=</latexit>

Neural Balance

<latexit sha1_base64="XZQ+4EcVcZJ/nFFmH2lRhc71jz8="></latexit>

The ReLU activation is homogeneous

<latexit sha1_base64="lSLIU1xYcI/j8kQ+KTwOMpSAFcI="></latexit>

v(wTz)+ = ��1v(�wTz)+, for any � > 0.

<latexit sha1_base64="KTXpovT/Bgc3RRpL7cD8OkNJUMo="></latexit>

At a global minimizer,
kvk22 + kwk22

2
= kvk2kwk2.

<latexit sha1_base64="MnMyFTV6ZTIowK0CFDjmcxKYWZc="></latexit>

At a global minimizer of the weight decay objective, kvk2 = kwk2.

<latexit sha1_base64="E6LOWjMyfbwX8OdkN+1jEjhZh6I="></latexit>

Grandvalet (1998, ICANN)
Neyshabur et al. (2015, ICLR Workshop)

<latexit sha1_base64="6CHLuqaiI9kuBy879MGI7o1/kgk="></latexit>⇤

<latexit sha1_base64="DiZP+Qh3eNvaUoe9FA7tSkmoLgE="></latexit>

Proof. The solution to

<latexit sha1_base64="gj1plmbSRzbg/1tDgrggnTc5oFM="></latexit>

is � =
p

kvk2/kwk2.

<latexit sha1_base64="FVaM4V6z5dOLQx+lglpG7QNThTw="></latexit>

min
�>0

k��1vk2 + k�wk2



<latexit sha1_base64="ObJSHte5YW5v/jS3loS4TEUcl+c="></latexit>

multitask lasso

<latexit sha1_base64="ebOykO7wP0GkFed4dNBzep6Jh0k="></latexit>

path-norm

<latexit sha1_base64="nhOOe28uxulTwMFfT4rP4lHfav0="></latexit>

weight decay
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<latexit sha1_base64="5n5GPBgQ3wh2M5q9e3yEnKrshFc=">AAACPHicbZBLaxsxFIU16St1X26z7EbUFNqNmTF9OLtAsugyIXUc8BhzR3Nli+gxSHdahsG/ob8m2/R3dN9d6LarLCo7LrRpDwg+zrkXSaeotAqUpt+SrVu379y9t32/8+Dho8dPuk+fnQRXe4Ej4bTzpwUE1MriiBRpPK08gik0jouz/VU+/oQ+KGc/UlPh1MDcKqkEULRm3dd5IQN6hYEfo/BI/LiCOE4Nd5KPUc0XxA9QQD Pr9tL+bro7TN/wtJ+lb4fDQYR0LZ5toMc2Opx1r/LSidqgJaEhhEmWVjRtwZMSGpedvA5YgTiDOU4iWjAYpu36S0v+Mjoll87HY4mv3T83WjAhNKaIkwZoEW5mK/N/2aQmOZy2ylY1oRXXF8lac3J81Q8vlUdBuokAwqv4Vi4W4EFQbLGTe7T4WThjwJZtLsEo3ZQooda0bPMgf3Mn1pXdLOdfOBn0s3f97GjQ2zvYFLfNnrMX7BXL2Hu2xz6wQzZign1h5+yCfU0uku/JZfLjenQr2ezssL+U/PwFKnGv5w==</latexit>

Secret Sparsity of Weight Decay

<latexit sha1_base64="9ACEmQpE6TZ9BlAlZaKKTvZQGdk="></latexit>

✓ = {(wk,vk)}Kk=1

<latexit sha1_base64="i4TALX/KSJveDx+kzaa1zwdcamU="></latexit>

min
✓={(wk,vk)}K

k=1

NX

n=1

L(yn, f✓(xn)) +
�

2

KX

k=1

kvkk22 + kwkk22

<latexit sha1_base64="5OLo7onTez1+8qMvtu847cCOwYU="></latexit>

f✓(x) =
KX

k=1

vk(w
T
kx)+

<latexit sha1_base64="M6cssoMyF/hqa9MFOJouqGavBCw="></latexit>

min
✓={(wk,vk)}K

k=1

NX

n=1

L(yn, f✓(xn)) + �
KX

k=1

kvkk2kwkk2

<latexit sha1_base64="/m1pbFxIhINTw2f5kGY2gUKLWyA="></latexit>

min
✓={(wk,vk)}K

k=1
kwkk2=1

NX

n=1

L(yn, f✓(xn)) + �
KX

k=1

kvkk2

<latexit sha1_base64="EC5vyNa182YDWTI2F1JhN7pBJRg="></latexit>

Rebalancing
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<latexit sha1_base64="5n5GPBgQ3wh2M5q9e3yEnKrshFc=">AAACPHicbZBLaxsxFIU16St1X26z7EbUFNqNmTF9OLtAsugyIXUc8BhzR3Nli+gxSHdahsG/ob8m2/R3dN9d6LarLCo7LrRpDwg+zrkXSaeotAqUpt+SrVu379y9t32/8+Dho8dPuk+fnQRXe4Ej4bTzpwUE1MriiBRpPK08gik0jouz/VU+/oQ+KGc/UlPh1MDcKqkEULRm3dd5IQN6hYEfo/BI/LiCOE4Nd5KPUc0XxA9QQD Pr9tL+bro7TN/wtJ+lb4fDQYR0LZ5toMc2Opx1r/LSidqgJaEhhEmWVjRtwZMSGpedvA5YgTiDOU4iWjAYpu36S0v+Mjoll87HY4mv3T83WjAhNKaIkwZoEW5mK/N/2aQmOZy2ylY1oRXXF8lac3J81Q8vlUdBuokAwqv4Vi4W4EFQbLGTe7T4WThjwJZtLsEo3ZQooda0bPMgf3Mn1pXdLOdfOBn0s3f97GjQ2zvYFLfNnrMX7BXL2Hu2xz6wQzZign1h5+yCfU0uku/JZfLjenQr2ezssL+U/PwFKnGv5w==</latexit>

Secret Sparsity of Weight Decay
<latexit sha1_base64="/m1pbFxIhINTw2f5kGY2gUKLWyA="></latexit>

min
✓={(wk,vk)}K

k=1
kwkk2=1

NX

n=1

L(yn, f✓(xn)) + �
KX

k=1

kvkk2<latexit sha1_base64="7YrhTh5QtCsPkuMrPeDfDVKBZGI="></latexit>

weight decay
<latexit sha1_base64="ay9RiSt765q0ol+wuhHCmcxNd5o="></latexit>()

<latexit sha1_base64="iqvmEW1nhXP4R0hvFfjTSDqOAV0="></latexit>

=) Convex reformulations of
neural network training problems.

<latexit sha1_base64="Bf5ScOyZItwxlkk7Lkq7Pa5ABNs="></latexit>

Ergen and Pilanci (2021, JMLR)
Sahiner et al. (2021, ICLR)

<latexit sha1_base64="vmgCP8HNcCMPJlvYj+1HlKx4w7c="></latexit>

What Kinds of Functions Do Neural Networks Learn?

<latexit sha1_base64="Pz0+3Z4dlpAQczuDnSchc4IskXc="></latexit>

Why Do Neural Networks Work Well in High-Dimensional Problems?

<latexit sha1_base64="qzGxg5AwyX/7G2xXlb4E8GgIBKg="></latexit>

Practical Implications for Learning with Deep Neural Networks.

<latexit sha1_base64="NjT4P4JwbS0aB3d2ro3T3upUrII="></latexit>

• Weight decay is equivalent to a non-convex multitask lasso.
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<latexit sha1_base64="WW6135V26L0xhiEM+Wo378OUe/M="></latexit>

What Kinds of Functions
Do Neural Networks Learn?



<latexit sha1_base64="ebOykO7wP0GkFed4dNBzep6Jh0k="></latexit>

path-norm

24

<latexit sha1_base64="kuL/3dHf7qvVxo+J3fm15ICPGIU="></latexit>

f✓(x) =
KX

k=1

vk(w
T
kx)+

<latexit sha1_base64="5MRqUqPrvOPSSVUq38gWROluqs4=">AAACSHicbZDLbhMxFIY94VbCLcCSjUWExCqaiWhJd5Vg0RUtKmkqZaLojOdMY8WXkX1MFI3yJDxNt+UJeAt2qBILnDRIUDiS5U//f47s8xe1kp7S9FvSunX7zt17O/fbDx4+evyk8/TZqbfBCRwKq6w7K8CjkgaHJEnhWe0QdKFwVMzfrf3RZ3ReWvOJljVONJwbWUkBFKVpZzcvKo9OoucnM1DKLvgHDA5UvGhh3dzzkaQZPx GgwPGjQHUgP+10095+uj9I3/C0l6W7g0E/Qropnm2hy7Z1PO38zEsrgkZDQoH34yytadKAIykUrtp58FiDmMM5jiMa0OgnzWa9FX8VlZJX1sVjiG/UPyca0N4vdRE7NdDM3/TW4v+8caBqMGmkiSuhEdcPVUFxsnydFS+lQ0FqGQGEk/GvXMzAgaCYaDt3aHAhrNZgyiavQEu1LLGCoGjV5L76ze0YV3YznH/htN/L9nrZx3734P02uB32gr1kr1nG3rIDdsiO2ZAJ9oVdsEv2NblMvic/kqvr1laynXnO/qpW6xfM/LQs</latexit>

Shallow Neural Networks With Scalar Outputs

<latexit sha1_base64="wCfQyCv7wJvtGLK7neTB2I5/jL4="></latexit>

min
✓={(wk,vk)}K

k=1

NX

n=1

L(yn, f✓(xn)) +
�

2

KX

k=1

|vk|2 + kwkk22

<latexit sha1_base64="XdAG5Ykk4+bPseBUtdtbtouNOXI="></latexit>

min
✓={(wk,vk)}K

k=1

NX

n=1

L(yn, f✓(xn)) + �
KX

k=1

|vk|kwkk2



<latexit sha1_base64="AS2MFOf0YYcfIHuUoCK4Uz8Ag5I="></latexit>

“output weights”
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<latexit sha1_base64="oFDvFZkprL7TKTAaFzdX5lLAwW0=">AAACP3icbZDPThsxEMa9UFoItA30yMVqhNRDG3mjQsMNtT30hFKVAFI2ima9s8SK/6xsLyha5SV4ml7hLXiC3iquSBxwQpBaYCRLP33fjD3+0kIK5xm7ihYWXyy9fLW8Ultde/3mbX1949CZ0nLsciONPU7BoRQau154iceFRVCpxKN09G3qH52idcLoAz8usK/gRItccPBBGtQ/Jmnu0Ap0tAN++GnfWEVBZ3QfSwuSfgUNfE h/FcDRDeoN1txlu232mbJmzLbb7VYANisaz6FB5tUZ1G+TzPBSofZcgnO9mBW+X4H1gkuc1JLSYbh5BCfYC6hBoetXs19N6FZQMpobG472dKb+O1GBcm6s0tCpwurusTcVn/N6pc/b/UroovSo+f1DeSmpN3QaEc2ERe7lOABwK8KulA/BAvchyFpiUeMZN0qFmKokByXkOMMcSuknVeLyB66FuOLH4TyFw1Yz3mnGP1uNve/z4JbJJnlPPpCYfCF75AfpkC7h5Jz8JhfkMrqI/kR/o+v71oVoPvOO/FfRzR3Rx7Cp</latexit>

Path-Norm and Neural Banach Spaces

<latexit sha1_base64="mE9kGOQS/q/3hzt+epzdNT0v8jA="></latexit>

The path-norm is a valid norm on F :
<latexit sha1_base64="Iy5zzAmbm+75/ZHfbDhCaPMsciE="></latexit>

kfkF =
KX

k=1

|vk|kwkk2

<latexit sha1_base64="glJGQ3Ar4s4yPFzSlCh0k9OFE2s="></latexit>

The “completion” of F (in an appropriate sense) is a Banach space.
It is the Banach space of all functions of the form

<latexit sha1_base64="gePzFDstFeQ03ZwvWK7wTbkRYew="></latexit>

f(x) =

Z

Sd�1

(wTx)+ d⌫(w).

<latexit sha1_base64="Zvsgw85kXhHSa05GSWDh6t0qFKw="></latexit>

Barron (1993, IEEE Transactions on Information Theory)
Bach (2017, Journal of Machine Learning Research)
Siegel and Xu (2023, Constructive Approximation)

<latexit sha1_base64="bQfA1gbjbeVu9+DmDi1++9vJiWw="></latexit>

F =

(
f(x) =

KX

k=1

vk(w
T
kx)+ : vk 2 R,wk 2 Rd,K 2 N

)

<latexit sha1_base64="yIKdiBk0/d0aG6/NQHHT6BuuTN0="></latexit>

finite-width
networks
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<latexit sha1_base64="h7CWb0UI3JAPEKbPE+LZ8p5TVIc=">AAACNnicbVDLSiNBFK32MWpGxzizdFMYBmZjqA4+kp0wLmY1RDAqpIPcrr6thfVoqqojockH+DVu9VNmM7thtvMBLqzECD7mQMHhnHO5t05aSOE8Y7+iufmFxQ9Lyyu1j6trn9brG59PnCktxx430tizFBxKobHnhZd4VlgElUo8Ta++T/zTIVonjD72owIHCi60yAUHH6TzeiNJc4dWoKNd8JfbP41VFHRGD4M4DKEhupBizQ 7rtNkOZc2Y7bbbrUDYFDSekQaZoXtef0gyw0uF2nMJzvVjVvhBBdYLLnFcS0qHBfAruMB+oBoUukE1/cyYfg1KRnNjw9OeTtWXExUo50YqDUkVLnZvvYn4P69f+rw9qIQuSo+aPy3KS0m9oZNmaCYsci9HgQC3ItxK+SVY4D70V0ssarzmRqnQTpXkoIQcZZhDKf24Slz+zGuhrvhtOe/JSasZ7zXjo1bj4HBW3DLZJFvkG4nJPjkgP0iX9AgnN+SW3JH76C76Hf2J/j5F56LZzBfyCtG/R2qyrZI=</latexit>

Path-Norm and Derivatives

<latexit sha1_base64="GVgO+FIZdESswgAEm47qmcOgNWI="></latexit>

f✓(x) =
KX

k=1

vk(wkx� bk)+

b1
w1

b2
w2

b3
w3

b4
w4

b5
w5

b6
w6

fµ(x) Dfµ(x)

v1|w1|
v3|w3| v5|w5|

v2|w2|
v4|w4|

v6|w6|

D2fµ(x)

<latexit sha1_base64="ynoULWRQDCevfT9TrRKG/3mm8v0="></latexit>

More rigorously:
total variation of Df✓

<latexit sha1_base64="3v7G/lQMhaOhjykE7BZZi3/GMBE="></latexit>

“How do infinite width bounded norm networks look in function space?”

Pedro Savarese, Itay Evron, Daniel Soudry, and Nathan Srebro

Conference on Learning Theory (2019)

<latexit sha1_base64="XT6t1PZYWZe5ZhyqbuSYDC7hR44="></latexit>

path-norm(f✓) =
KX

k=1

|vk||wk| =
Z 1

�1
|D2f✓(x)| dx



<latexit sha1_base64="XmHcrgyJIlVV74j8d5wU2UftKAs="></latexit>

TV2(f✓)

27

<latexit sha1_base64="8aI1fgDlR3W29tXIPHiVWkzlkcc=">AAACVXicbZDNbhMxFIWdoZQ2/DTAko1FilQWRJ6In3SBVEEWLAtqkkqZqLrjuU6s2p6R7QENo3kfnoZt4V2KhJNOJShcydKnc+61r09aKOk8Yz870a2t29t3dna7d+/df7DXe/ho6vLScpzwXOX2NAWHShqceOkVnhYWQacKZ+n5+7U/+4zWydyc+KrAhYalkUJy8EE6671LUuHQSnR0hnK58nSMHCq6/5YmGvzK6vpk2hxc87 gRz/dffMJlqcDKr+0lfTY4ZIcj9pKyQcxejUbDAGxTNG6hT9o6PutdJlnOS43GcwXOzWNW+EUN1kuusOkmpcMC+DkscR7QgEa3qDd/beizoGRU5DYc4+lG/XOiBu1cpdPQud7Z3fTW4v+8eenFaFFLU5QeDb96SJSK+pyug6OZtMi9qgIAtzLsSvkKLHAf4u0mFg1+4bnWYLI6EaClqjIUUCrf1IkT19wNccU3w/kXpsNB/HoQfxz2j8ZtcDvkCXlKDkhM3pAj8oEckwnh5Bv5Ti7Ij85F51e0FW1ftUadduYx+auivd/HO7cL</latexit>

Weight Decay = TV(Df)-Regularization

<latexit sha1_base64="t7JkEwrC6yOXfIzREuRjSDtqUYo="></latexit>

min
✓={(wk,vk)}K

k=1

NX

n=1

L(yn, f✓(xn)) +
�

2

KX

k=1

|vk|2 + |wk|2

<latexit sha1_base64="/kM38osHd0mvob2x7mG3wJQ8+ZY="></latexit>

min
✓={(wk,vk)}K

k=1

NX

n=1

L(yn, f✓(xn)) + �
KX

k=1

|vk||wk|

<latexit sha1_base64="9WhbCwk+A99z3q5dXq3A88eeE5c="></latexit>

min
✓={(wk,vk)}K

k=1

NX

n=1

L(yn, f✓(xn)) + �TV(D f✓)

<latexit sha1_base64="g+RaLMX0UBD2lhvfF4amZnhav5c="></latexit>

BV2 is the space of all functions with TV2(f) = kD2fkM < 1.
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<latexit sha1_base64="5p4tRVDzHcbIYPngQH/ENpESMsU=">AAACPnicbZDPahRBEMZ7YjRx/bfq0UuTRRCEpWdRszkZiYdchASy2cDOstT01GSb9J+huyayDPsQPo3X+Bi+gDfJ1YMHezcbiNEPGj6+qqKqf3mlVSAhvidrd9bv3tvYvN968PDR4yftp8+Og6u9xIF02vmTHAJqZXFAijSeVB7B5BqH+dneoj48Rx+Us0c0q3Bs4NSqUkmgGE3ar7O8DOgVBj6cAvEPuauJ0xT5p1qTOgevgJ DvxRXvJ+2O6O6Inb54w0U3FW/7/V40YimerkyHrXQwaf/OCidrg5akhhBGqaho3IAnJTXOW1kdsAJ5Bqc4itaCwTBulp+a85cxKXjpfHyW+DK9OdGACWFm8thpgKbhdm0R/q82qqnsjxtlq5rQyqtFZa05Ob4gxAvlUZKeRQPSq3grl1PwIClybGUeLX6WzhiwRZOVYJSeFVhCxDVvslBe+1bEld6G86857nXTd930sNfZ/bgCt8lesC32iqVsm+2yfXbABkyyL+wru2DfkovkR/IzubxqXUtWM8/ZX0p+/QGS1bCV</latexit>

What About the Multivariate Case?

<latexit sha1_base64="21jOfszXbgurEd/IS29e5MxWANw="></latexit>

D2

<latexit sha1_base64="mUBkLkWIfPm57TtM/T1o+c90394="></latexit>

???

<latexit sha1_base64="BJsL6/f1+alioeqqT7CBihh5kdc="></latexit>

(wTx� b)+

<latexit sha1_base64="qJDal6vKjmOEQF2YfzjTivAh3mA="></latexit>

(wx� b)+
<latexit sha1_base64="Z6c423Z95xGARlzCTY6FEyxHcus="></latexit>

|w|�(x� b/w)

<latexit sha1_base64="pMse6Br/sINgFljlYvDtYuonpJg="></latexit>

�?
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<latexit sha1_base64="WLvyckTHoyWjonMOGU9AcYimX+Q=">AAACSHicbVBdaxNBFJ2NH63xK+qjL4NB8CnMBlvTPhVawRehStIWsiHcnb3bDJ2PZeZubVjyS/prfK2/wH/hmwg+OEkjaPXAwOGce7hzT15pFUiIr0nr1u07dzc277XvP3j46HHnydOj4GovcSSddv4kh4BaWRyRIo0nlUcwucbj/Gx/6R+fow/K2SHNK5wYOLWqVBIoStPOVpaXAb3CwN/XmtQ5eAWE/O0FoV2mdvlwhvwjFM 7yoQcbSufNtNMVvR2xMxCvueilYmsw6EciVuDpmnTZGofTzs+scLI2aElqCGGcioomDXhSUuOindUBK5BncIrjSC0YDJNmdd6Cv4xKwePe+CzxlfpnogETwtzkcdIAzcJNbyn+zxvXVA4mjbJVHY+V14vKWnNyfNkVL5RHSXoeCUiv4l+5nIEHSbHRdubR4ifpjAFbNFkJRul5gSXEHhdNFsrfvB3rSm+W8y856vfS7V76od/dO1gXt8mesxfsFUvZG7bH3rFDNmKSXbLP7Ip9Sa6Sb8n35Mf1aCtZZ56xv9Bq/QLnCrQ3</latexit>

Multivariate Extension: The Radon Transform

<latexit sha1_base64="N4SF83KWEM7HT1cyMEr1wSPUKOE="></latexit>

“A function space view of bounded norm infinite width ReLU nets: The multivariate case”

Greg Ongie, Rebecca Willett, Daniel Soudry, and Nathan Srebro

International Conference on Learning Representations (2020)

x 1

°50

0

50x
2

°50
0

50

°10
0

10

s(x)

°10

0

10

<latexit sha1_base64="4S/nPgbcJ/32iy4TebxmK9C6IHk="></latexit>

path-norm(f✓) =
KX

k=1

|vk|kwkk2 = kKR�f✓kM

<latexit sha1_base64="7cUW6VVAMBOBnuAwfQ1skK7NYJE="></latexit>

f✓

x1

x
2

¢{s}(x)

<latexit sha1_base64="wsRuLPfskY7F2lJnZ2NrJD9EHaQ="></latexit>

�

<latexit sha1_base64="v2bh699P0p+O/6PDU+a45f7SgNw="></latexit>

di↵erentiate
twice

<latexit sha1_base64="2DltLQ659kYt5TNyyFLmufl46uQ="></latexit>

Dirac “lines”
along activation

thresholds

0 º/2 º
µ

w = (cos µ, sin µ)

°50

°25

0

25

50

b

R2{s}(x)

<latexit sha1_base64="+J4O4LNuxKiB7cm5hmBnJqw/NbA="></latexit>

KR

<latexit sha1_base64="SUHV0kxZrDQjnvX8eXBJ6DfgvVA="></latexit>

filtered
Radon

transform

<latexit sha1_base64="xqNJrZzx9yNj8EscWGdhzII5qi4="></latexit>

� at each
neuron

weight/bias

<latexit sha1_base64="zrzbT03cC9r/3spHUna7JDkqS7U="></latexit>

second-order
Radon-domain
total variation

<latexit sha1_base64="N82jQPJQnAHvNFjTG+FbprEHW8o="></latexit>

magnitude of
each �: vkkwkk2

<latexit sha1_base64="HimauWyHGVSKxGQv0G94lk8dt0Y="></latexit>

ReLU network
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<latexit sha1_base64="kt3ethdxHVFJfyhY5ixKxDHUz08=">AAACfHicbZBNa9tAEIbXSj9S9SNOeuxlqR0IlBrJtKkDPYSkh55K2sZOwHLNaDWKluyuxH60GKE/k1+Ta3rrnyldKy4kaQcWHt53hpl900pwY6PoVydYu3f/wcP1R+HjJ0+fbXQ3tyamdJrhmJWi1KcpGBRc4dhyK/C00ggyFXiSnh8u/ZPvqA0v1bFdVDiTcKZ4zhlYL82775M0N6g5GnpcIP2EToOgB6CAFfRrBQxpP5FgC8 N0/aVpUcv6YNJ8G/bn3V402Iv2RtEbGg3i6O1oNPQQtUXjFfTIqo7mm52dJCuZk6gsE2DMNI4qO6tBW84ENmHiDPql53CGU48KJJpZ3X6zodteyWheav+Upa16c6IGacxCpr6zvfiutxT/502dzUezmqvKWVTselHuBLUlXWZGM66RWbHwAExzfytlBWhg1icbJhoV/mCllKCyOslBcrHIMAcnbFMnJv/L4a2D2iRNbhoahts3DQ2FE43PNr6b5L8wGQ7i3UH8edjb/7BKeZ28IC/JDonJO7JPPpIjMiaMXJBLckV+dn4H/eBV8Pq6NeisZp6TWxXs/gHY9MQn</latexit>

The Neural Banach Space RBV2

<latexit sha1_base64="Sux+jxxBZY/3do+qTT1wQLUlNcY="></latexit>

Radon-domain TV2: R TV2(f) := kKR�fkM
<latexit sha1_base64="vGIoleN5xijbA85ECG+788a7uQo="></latexit>

total variation
of the measure

KR�f

<latexit sha1_base64="73Lzjscx3FjZxTw0CQywV3rkurA="></latexit>

� =
dX

k=1

@2

@x2
k

= Laplacian operator

<latexit sha1_base64="dLdwcA8/GvN4UIxX+fENevqrtu8="></latexit>

Average measure of sparsity of second
derivatives along each direction in Rd.

<latexit sha1_base64="bMbYziCUHoU/mqulEXn+V3C+7h4="></latexit>

R BV2 is the space of all functions on Rd with R TV2(f) < 1.

<latexit sha1_base64="85CNy24/e1OhLIHZEEDIL7LqIzI="></latexit>

P. and Nowak (2021, Journal of Machine Learning Research)

<latexit sha1_base64="fFK1iJDAoBSumEFM+aWrid7/cbU="></latexit>

Banach, not Hilbert!

<latexit sha1_base64="uSqkTSWy8MOFrmUeXVTGMdTxKQc="></latexit>

KR = filtered Radon transform
<latexit sha1_base64="oODqq2YQL+/6IziisnOxPDqlNvg="></latexit>

cKg(!) / |!|d�1bg(!)
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<latexit sha1_base64="85CNy24/e1OhLIHZEEDIL7LqIzI="></latexit>

P. and Nowak (2021, Journal of Machine Learning Research)

<latexit sha1_base64="ImDNgVWgvRVJhX8VDhM8JVLGzIE=">AAACbHicbVDbbhMxEHWWW1kuTYG3CskiKuoDirwRhfStXB54LNC0lbJRNOsdd636srK9oGi1P8HX8Ap/wU/wDThpkNrCSJaOzpk5Mz5FraQPjP3qJTdu3rp9Z+Nueu/+g4eb/a1Hx942juOEW2XdaQEelTQ4CTIoPK0dgi4UnhTn75b6yRd0XlpzFBY1zjScGSkkhxCpef9FXgiPTqKnb+hbMMAr+rkGjvQTRiOPJqCjRxVah3 reH7DhPtsfs5eUDTO2Nx6PImCrotkaDMi6Dudbvd28tLzR0YYr8H6asTrMWnBBcoVdmjce47ZzOMNphAY0+lm7+lZHdyJTUmFdfCbQFXt5ogXt/UIXsVNDqPx1bUn+T5s2QYxnrTR1E9Dwi0WiUTRYusyIltIhD2oRAXAn462UV+CAxyyik0ODX7nVGkzZ5gK0VIsSBTQqdG3uxV+cXjloeYbzwnc0TXcuCw6qRnUx2+x6kv+C49EwezXc+zgaHLxfp7xBtskzsksy8pockA/kkEwIJ9/Id/KD/Oz9Tp4k28nTi9akt555TK5U8vwPkEi9wg==</latexit>

A Banach Space Representer Theorem
<latexit sha1_base64="UZKlDfv88Tj4QS2Gpb5//0NTkAc="></latexit>

Neural Network Representer Theorem (P. and Nowak 2021)
<latexit sha1_base64="pJvuTH5jWz8S1gYt1czsUD9V9TE="></latexit>

For any data set {(xn, yn)}Nn=1 and lower semicontinuous L(·, ·),
there exists a solution to

<latexit sha1_base64="+F4gckzTHyP3gAjKBikyLgJHiFk="></latexit>

min
f2R BV2

NX

n=1

L(yn, f(xn)) + �R TV2(f), � > 0,

<latexit sha1_base64="WJ6bg7TBgz4PulDmXQqBrj8MuAg="></latexit>

that admits a representation of the form
<latexit sha1_base64="Z9uKGKItZBXYv8JILReNGIQIlyY="></latexit>

fReLU(x) =
KX

k=1

vk(w
T
kx� bk)+ +wT

0x+ b0, K < N.
<latexit sha1_base64="4pdmNDm4DS2yJaL0jcWzY9u3Zd4="></latexit>

ReLU neurons
<latexit sha1_base64="CXwNTRK1h6bSTwwj15zPzWLRK6k="></latexit>

skip connection
<latexit sha1_base64="D6JSJznrr2mzdFEr57SUGGbIt2I="></latexit>

sparse solution

<latexit sha1_base64="38jpo8Az/gFjp7kmD4dsJLGh7fQ="></latexit>

Training a su�ciently parameterized
neural network (K � N) with weight
decay (to a global minimizer) is a solution
to the Banach space problem.

<latexit sha1_base64="2Veh8gcm0ixw+aGeYlq9TB2sqHs="></latexit>

Neural networks learn
R BV2-functions.
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<latexit sha1_base64="kgMWYgHoDetDrGAPZSAMRyNIXE8="></latexit>

Why Do Neural Networks Work

Well in High-Dimensional Problems?
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<latexit sha1_base64="Zt+a2mzE0hZ8HJm6CP0BGmoB6vE="></latexit>

True function
and noisy data

<latexit sha1_base64="vsCsu0sMyw1aTvvg+mhJ0HvSyPE="></latexit>

Thin-plate spline
(kernel method)

<latexit sha1_base64="wbLjgwtF/XJXyAV3Y74FTPCt2Us="></latexit>

Neural network
(nonlinear method)

<latexit sha1_base64="tU605C0Vw3LNwkwPkKAmBSsgTHA="></latexit>

P. and Nowak (2023, IEEE Transactions on Information Theory)

<latexit sha1_base64="/haLHIxiIJ7beZCTgqU2JrhLkIE=">AAACTHicbVBNbxMxFPQGKCV8pXDkYhEhcYq8EYXkVkQPnFARpK2UjaK33reNFX+s7LetolV+C7+GaznzP7gBEt40SFB4kuXRzDzZM3mlVSAhviadGzdv7dzevdO9e+/+g4e9vUfHwdVe4kQ67fxpDgG1sjghRRpPK49gco0n+fJNq5+cow/K2Y+0qnBm4MyqUkmgSM174ywvA3qFgb/D2oOOF104vwz8dQEVcXL8UHmUrT2qH4 xztLAYwrzXF4OxGI/ECy4GqdgfjYYRiM3wdAv6bDtH896PrHCyNmhJaghhmoqKZg14UlLjupvVASuQSzjDaYQWDIZZs4m45s8iU/DS+Xgs8Q3750YDJoSVyaPTAC3Cda0l/6dNaypHs0bZqia08uqhstZt7rYvXmzC61UEIL2Kf+VyAR4kxVa7mUeLF9IZA7ZoshKM0qsCS6g1rZsslL9xN9aVXi/nX3A8HKQvB/vvh/2Dw21xu+wJe8qes5S9YgfsLTtiEybZJ/aZXbIvyWXyLfme/LyydpLtzmP213R2fgFsYrX2</latexit>

Neural Networks Adapt to Directional Smoothness

<latexit sha1_base64="lu5BV8dyxb/Fn7ZnRp/sNxLf9Rk=">AAAEunicdVNdb9MwFPW2AiN8bfDIi9VtEg9V5aRLu0o8jO7zYRVlWttJSxlO4rRWEyeyHbYqyt/jP/AfeIVnnDadmjAcXenmnnOub05sO/KpkAj9XFvfqDx5+mzzufbi5avXb7a23w5EGHOH9J3QD/m1jQXxKSN9SaVPriNOcGD7ZGhPjzJ8+J1wQUN2JWcRGQV4zKhHHSxV6Xbr2wBzOs8hZTBk/gxiaElyL20v8cgddCknTo </latexit>

Variation in only a few directions is a defining characteristic of R BV2.
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<latexit sha1_base64="tU605C0Vw3LNwkwPkKAmBSsgTHA="></latexit>

P. and Nowak (2023, IEEE Transactions on Information Theory)

<latexit sha1_base64="zxKO9KpOXT5NUWcL3I2Tuo0zzIQ=">AAACMXicbZDLThsxFIY9tEAabqFdIiGLCIlV5Im4hB1qu+gKgWgIUiaKznjOEAvbM7I9VNEoO56Gbfoy7Cq2vEIXOJdK5XIkS5/+/5xj+49zKaxj7CFY+PBxcWm58qm6srq2vlHb/Hxps8JwbPNMZuYqBotSaGw74SRe5QZBxRI78c23id+5RWNFpn+6YY49BddapIKD81K/th3FqUUj0NJTLAxI+hU08AG9yIGj7dfqrHHMjl tsn7JGyA5araYHNi0azqFO5nXWr/2NkowXCrXjEqzthix3vRKME1ziqBoVFv3mG7jGrkcNCm2vnP5jRHe9ktA0M/5oR6fq/xMlKGuHKvadCtzAvvYm4ntet3Bpq1cKnRcONZ9dlBaSuoxOQqGJMMidHHoAboR/K+UDMMCdj64aGdT4i2dKgU7KKAUl5DDBFArpRmVk039c9XGFr8N5C5fNRnjYODhv1k++z4OrkC2yQ/ZISI7ICflBzkibcHJH7smY/A7GwUPwJ3ictS4E85kv5EUFT88HF6tY</latexit>

Neural Banach Spaces

<latexit sha1_base64="xAKwJRNq6DWaYcJcfOPOrT7Fr7Y="></latexit>

H
s(⌦), s > d/2 + 2
Sobolev space

“s derivatives in L
2(⌦)”

<latexit sha1_base64="s1gXRYiUTTyGkohPR7BqSph9MX4="></latexit>

R BV2(⌦)
Radon-domain BV space

“sparsity in Radon domain”

<latexit sha1_base64="gf0yhJqWvGj+Tp1VD2JRNbeTkLs="></latexit>

B2(⌦)
spectral Barron spaceZ

(1 + k!k2)2|f̂(!)| d! < 1
“sparsity in Fourier domain”

<latexit sha1_base64="dBqtlPG3JJHzXOAgMQsP69tJ/kU="></latexit>

cartoon diagram
of unit R BV2-ball
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<latexit sha1_base64="tU605C0Vw3LNwkwPkKAmBSsgTHA="></latexit>

P. and Nowak (2023, IEEE Transactions on Information Theory)

<latexit sha1_base64="+gAnTxRv6MsPsQFZlPxrhXFoG5M="></latexit>

� 1
↵

<latexit sha1_base64="EkBAVIovS7lT9h4vIrX2A8lfjlc="></latexit>�↵

<latexit sha1_base64="2w37kwr02+OLGfRmJDHbElrGSd8="></latexit>

unit ball

<latexit sha1_base64="Thznyngc04kKzvWxSz8Fz7OtgY8="></latexit>

Given f 2 R BV2, there exists a finite-width ReLU network
fK with K neurons such that

<latexit sha1_base64="NCIMDi4+QOPswp8rF5MqkQwxg3g="></latexit>

kf � fKkL1(⌦) = O(K� 1
2�

3
2d ) = O(K� 1

2 ).

<latexit sha1_base64="P1180Ks7OkcmjGA0HzbtDDR/6vQ="></latexit>

By the inequality of Carl (1981), this implies

<latexit sha1_base64="Jb8M3Gk6Aww8EltOi4mzUncNGkw="></latexit>

logN (�, U(R BV2), k · kL1(⌦)) = eO(��
2d

d+3 ) = eO(��2).

<latexit sha1_base64="EVUTsFWUag0XJMhV+msS4736Yhk=">AAACQnicbVDLbhMxFPW0PEp4hbJkYxEhsQqeiEK6akW7YFkk0lbKRNEdz53Eih8j+w5oNMpn9GvYlo/gF9ghtl3gpEGCwpEsHZ1zz7V98kqrQEJ8S7a2b92+c3fnXuf+g4ePHnef7J4GV3uJI+m08+c5BNTK4ogUaTyvPILJNZ7li6OVf/YJfVDOfqSmwomBmVWlkkBRmnZfZXkZ0CsM/F3MLZSdcZojP6p9QO5KfqwM2lUctK LmYNrtif6+2B+K11z0U7E3HA4iEWvwdEN6bIOTafcqK5ys4xKSGkIYp6KiSQuelNS47GR1wArkAmY4jtSCwTBp1x9b8hdRKXjpfDyW+Fr9M9GCCaExeZw0QPNw01uJ//PGNZXDSatsVRNaeX1RWWtOjq9a4oXyKEk3kYD0Kr6Vyzl4kBS77GQeLX6WzhiwRZuVYJRuCiyh1rRss1D+5p1YV3qznH/J6aCfvunvfRj0Do83xe2wZ+w5e8lS9pYdsvfshI2YZBfsC7tkX5PL5HvyI/l5PbqVbDJP2V9Irn4BXoaygg==</latexit>

Breaking the Curse of Dimensionality?

<latexit sha1_base64="3lr9YO220lOx/ZPKL5tdJDRuXn0="></latexit>

Approximation rates and metric entropies
do not grow with the input dimension d.

<latexit sha1_base64="k6CsfidhLorDZLMHoTWZrQAtmWo="></latexit>

Barron (1993)
Matoušek (1996)
Bach (2017)
Siegel (2023)
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<latexit sha1_base64="tU605C0Vw3LNwkwPkKAmBSsgTHA="></latexit>

P. and Nowak (2023, IEEE Transactions on Information Theory)

<latexit sha1_base64="VTzA/0E/9vm7msmp6Ric8uEjXw8=">AAACQnicbZDLbhMxFIY95VbCLYUlG4sIiVXwRC2ku0p0waZQJNJWykTRGc+Z1oovI/tMy2iUx+jTsC0P0Vdgh9h2gZMGCQq/ZJ1P/zlHtv+80iqQEJfJ2q3bd+7eW7/fefDw0eMn3Y2nB8HVXuJIOu38UQ4BtbI4IkUajyqPYHKNh/ns3aJ/eIo+KGc/U1PhxMCxVaWSQNGadl9neRnQKwx8T1ll4Av/WFGsWlHDXck/YO1Bx0 Jnzs/CtNsT/W2xPRSbXPRTsTUcDiKIpXi6gh5baX/avcoKJ2uDlqSGEMapqGjSgiclNc47WR2wAjmDYxxHtGAwTNrlx+b8ZXQKXjofjyW+dP/caMGE0Jg8Thqgk3CztzD/1xvXVA4nrbJVTWjl9UVlrTk5vkiJF8qjJN1EAOlVfCuXJ+BBUsyyk3m0eCadMWCLNivBKN0UWEKtad5mofzNnRhXejOcf+Fg0E/f9Lc+DXo7u6vg1tlz9oK9Yil7y3bYe7bPRkyyc/aVXbBvyUXyPfmR/LweXUtWO8/YX0qufgH2N7LX</latexit>

Minimax Optimality of Neural Networks

<latexit sha1_base64="c95WRIAgKGhcYq1WQiDIzVhxXh8="></latexit>

Suppose that {xn}Nn=1 are i.i.d. uniform on a bounded domain ⌦ ⇢ Rd.
If yn = f?(xn) + "n with R TV2(f?) < 1, then any solution to

<latexit sha1_base64="EKZgkZc6G/JN59DFuubgsN9twtw="></latexit>

fReLU 2 argmin
✓

NX

n=1

L(yn, f✓(xn)) +
�

2

KX

k=1

|vk|2 + kwkk22
<latexit sha1_base64="mUPz7LVLWXGWmfeazcN6kLyl3/Q="></latexit>

satisfies
<latexit sha1_base64="R3lqUORgBlY+HZm3RGGFzeUp+jI="></latexit>

Ekf? � fReLUk2L2(⌦) = eO(N� d+3
2d+3 ) = eO(N� 1

2 ).
<latexit sha1_base64="CcOjJIeunLp9G70Sy+mNPopmc8s="></latexit>

minimax rate

<latexit sha1_base64="e5ddlHA1ACO119tK/AY0mf/rsGM="></latexit>

Linear methods (thin-plate splines, kernel methods, neural tangent
kernels, etc.) necessarily su↵er the curse of dimensionality.

<latexit sha1_base64="GaAco3qrPhZL4xygz5X7h990kRk="></latexit>

Linear minimax lower bound: N� 3
d+3

<latexit sha1_base64="JRcGQJ+AxMWHD5VAvDeKqkJChIg="></latexit>

the curse

<latexit sha1_base64="NtNUhyJ9+VzhRkS1XmIC3BuVOaM="></latexit>no curse

<latexit sha1_base64="q3ajtA6U8N19MXBc1YsGkjukDls="></latexit>

weight decay
objective
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<latexit sha1_base64="HOcsiifgeU23gHD1uGWqc+oatRI="></latexit>

What Does All of This Mean for
Learning With Deep Neural Networks?



38

<latexit sha1_base64="WgyyE/w+WgupwXXoilhskZ8WvJ4=">AAACRXicbZDNahsxFIU16U9S989tl92ImkI3NRrTtM4u0Cy6KCElsRPwGHNHcxUL62eQNDHD4Pfo03SbvEIforuSVSCVHRfatAcEH+fci6STl0r6wNj3ZOPO3Xv3N7cetB4+evzkafvZ86G3leM44FZZd5KDRyUNDoIMCk9Kh6Bzhcf57OMyPz5D56U1R6Eucazh1EghOYRoTdq9LBcenURPP0MdB6kVdIg8WPd2CKrCgh5OQS k7p/sY5tbN/KTdYd0dttNn7yjrpmy73+9FYCvRdA0dstbBpH2VFZZXGk3gCrwfpawM4wZckFzhopVVHkvgMzjFUUQDGv24Wf1tQV9Hp6DCunhMoCv3z40GtPe1zuOkhjD1t7Ol+b9sVAXRHzfSlFVAw28uEpWiwdJlUbSQLtag6gjAnYxvpXwKDniILbUyhwbn3GoNpmgyAVqqukABlQqLJvPiN7diXentcv6FYa+bvu9uf+l1dvfWxW2Rl+QVeUNS8oHskk/kgAwIJ1/JN3JOLpLz5EfyM7m8Gd1I1jsvyF9Krn8BFTyz2g==</latexit>

Layers of Vector-Valued Shallow Networks

<latexit sha1_base64="nDEMJaUBszW3xk6aSUkmVn8Yb1E="></latexit>

Deep Neural Networks are Layers of Shallow Vector-Valued Networks
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<latexit sha1_base64="ZPQ4hmv7PogsRSGFSoOkmrMK3UU=">AAACRHicbZDNbhMxFIU9LT8l/AVYsrGIkFhFMxEt6a4SXXRZ1KaplImiO57rxKrtGdnXoNEoz8HTsG2foe/ADrFDCCcNEhSOZOnTOffK9ilqrTyl6XWytX3n7r37Ow86Dx89fvK0++z5ma+CEzgSla7ceQEetbI4IkUaz2uHYAqN4+Li/Soff0TnVWVPqalxamBulVQCKFqzbpYX0qNT6PnpAvkJuSAoOCz5SQ1xjRpeST5GNV 8QP0QBzazbS/v76f4wfcvTfpbuDoeDCOlaPNtAj210POv+yMtKBIOWhAbvJ1la07QFR0poXHby4LEGcQFznES0YNBP2/XXlvx1dEouKxePJb52/9xowXjfmCJOGqCFv52tzP9lk0ByOG2VrQOhFTcXyaA5VXzVEy+VQ0G6iQDCqfhWLhbgQFBss5M7tPhJVMaALdtcglG6KVFC0LRscy9/cyfWld0u5184G/Szvf7uh0Hv4HBT3A57yV6xNyxj79gBO2LHbMQE+8y+sEt2lVwmX5Nvyfeb0a1ks/OC/aXk5y8EDrNL</latexit>

The Structured Sparsity of Weight Decay

<latexit sha1_base64="B4RMsWWHegro7GuFb4G7TyoTvqA="></latexit>

Weight decay favors variation in only a few directions (sparse weights)

<latexit sha1_base64="V5au76z1O+t+vA7YdT154SgRXks="></latexit>

Weight decay favors outputs that “share” neurons (sparse neurons)

<latexit sha1_base64="/m1pbFxIhINTw2f5kGY2gUKLWyA="></latexit>

min
✓={(wk,vk)}K

k=1
kwkk2=1

NX

n=1

L(yn, f✓(xn)) + �
KX

k=1

kvkk2

<latexit sha1_base64="SZWxW/G0XFltbXXljXivc+HCFxI=">AAAB6HicdVDLSgNBEJz1GeMr6tHLYBA8hdkga3ILeAl4ScA8IFnC7KQ3GTM7u8zMCmHJF3jxoIhXP8mbf+PkIahoQUNR1U13V5AIrg0hH87a+sbm1nZuJ7+7t39wWDg6bus4VQxaLBax6gZUg+ASWoYbAd1EAY0CAZ1gcj33O/egNI/lrZkm4Ed0JHnIGTVWat4MCkVSIhaeh+fErRDXkmq1Ui5XsbuwCCmiFRqDwnt/GLM0AmmYoFr3XJIYP6PKcCZglu+nGhLKJnQEPUsljUD72eLQGT63yhCHsbIlDV6o3ycyGmk9jQLbGVEz1r+9ufiX10tNWPEzLpPUgGTLRWEqsInx/Gs85AqYEVNLKFPc3orZmCrKjM0mb0P4+hT/T9rlkuuVvOZlsVZfxZFDp+gMXSAXXaEaqqMGaiGGAD2gJ/Ts3DmPzovzumxdc1YzJ+gHnLdP/qqNHQ==</latexit>

K

<latexit sha1_base64="aTdV5e5/VvrE0D7n8WxqJfmXZxo=">AAAB6HicdVBNSwMxEJ31s9avqkcvwSJ4Ktkia3sr6KHHFuwHtEvJpmkbm80uSVYoS3+BFw+KePUnefPfmG0rqOiDgcd7M8zMC2LBtcH4w1lb39jc2s7t5Hf39g8OC0fHbR0lirIWjUSkugHRTHDJWoYbwbqxYiQMBOsE0+vM79wzpXkkb80sZn5IxpKPOCXGSs2bQaGIS9jC81BG3Ap2LalWK+VyFbkLC+MirNAYFN77w4gmIZOGCqJ1z8Wx8VOiDKeCzfP9RLOY0CkZs56lkoRM++ni0Dk6t8oQjSJlSxq0UL9PpCTUehYGtjMkZqJ/e5n4l9dLzKjip1zGiWGSLheNEoFMhLKv0ZArRo2YWUKo4vZWRCdEEWpsNnkbwten6H/SLpdcr+Q1L4u1+iqOHJzCGVyAC1dQgzo0oAUUGDzAEzw7d86j8+K8LlvXnNXMCfyA8/YJ9A6NFg==</latexit>

D
<latexit sha1_base64="5cczcT10E+4pROVbw0QZ/6Avvag="></latexit>

f1(x)
f2(x)

...

fD(x)

<latexit sha1_base64="LV/JUkoQ6icCAsVKPWpXCOdxX/A=">AAACBHicbVC7TgJBFJ31ifhCLW0mEhMrskuBliQ2lJjII4ENmZ29CxNmZteZWQ3Z0PoLttrbGVv/w9YvcYAtBDzJTU7OuTfn5gQJZ9q47rezsbm1vbNb2CvuHxweHZdOTts6ThWFFo15rLoB0cCZhJZhhkM3UUBEwKETjG9nfucRlGaxvDeTBHxBhpJFjBJjJT8EqQE/ARuOjB6Uym7FnQOvEy8nZZSjOSj99MOYpgKkoZxo3fPcxPgZUYZRDtNiP9WQEDomQ+hZKokA7Wfzp6f40iohjmJlRxo8V/9eZERoPRGB3RTEjPSqNxP/83qpiW78jMkkNSDpIihKOTYxnjWAQ6aAGj6xhFDF7K+Yjogi1NieiksxgZjaUrzVCtZJu1rxapXaXbVcb+T1FNA5ukBXyEPXqI4aqIlaiKIH9IJe0Zvz7Lw7H87nYnXDyW/O0BKcr19XV5jb</latexit>

dense weights

<latexit sha1_base64="felRE5XJKbKVJpSc4D9SJepsCnY=">AAACBHicbVC7SgNBFL0bXzG+opY2g0GITdgViSkDWggWRjAPSJYwO5lNhszObmZmhbCk9RdstbcTW//D1i9xkmxhEg9cOJxzL+dyvIgzpW3728qsrW9sbmW3czu7e/sH+cOjhgpjSWidhDyULQ8rypmgdc00p61IUhx4nDa94fXUbz5RqVgoHvU4om6A+4L5jGBtJPe+eIc6aiR1cjM57+YLdsmeAa0SJyUFSFHr5n86vZDEARWacKxU27Ej7SZYakY4neQ6saIRJkPcp21DBQ6ocpPZ0xN0ZpQe8kNpRmg0U/9eJDhQahx4ZjPAeqCWvan4n9eOtV9xEyaiWFNB5kF+zJEO0bQB1GOSEs3HhmAimfkVkQGWmGjTU24hxgsmphRnuYJV0rgoOeVS+eGyUK2k9WThBE6hCA5cQRVuoQZ1IDCCF3iFN+vZerc+rM/5asZKb45hAdbXLyMzmBA=</latexit>

O(K
p
D)

<latexit sha1_base64="5cczcT10E+4pROVbw0QZ/6Avvag="></latexit>

f1(x)
f2(x)

...

fD(x)

<latexit sha1_base64="0kRw/lX4pEyk6PKwsLxc1/U6b0c=">AAACBXicbVC7TgJBFJ3FF+ILtbSZSEysyC4FWpLYUGIijwSQzA53YcLM7mbmroZsqP0FW+3tjK3fYeuXOMAWCp7kJifn3Jtzc/xYCoOu++XkNja3tnfyu4W9/YPDo+LxSctEiebQ5JGMdMdnBqQIoYkCJXRiDUz5Etr+5Gbutx9AGxGFdziNoa/YKBSB4AytdG9ipg3QRxCjMZpBseSW3QXoOvEyUiIZGoPid28Y8URBiFwyY7qeG2M/ZRoFlzAr9BIDMeMTNoKupSFTYPrp4usZvbDKkAaRthMiXai/L1KmjJkq324qhmOz6s3F/7xugsF1PxVhnCCEfBkUJJJiROcV0KHQwFFOLWFcC/sr5WOmGUdbVOFPjK9mthRvtYJ10qqUvWq5elsp1epZPXlyRs7JJfHIFamROmmQJuFEk2fyQl6dJ+fNeXc+lqs5J7s5JX/gfP4AS0GZZA==</latexit>

sparse weights

<latexit sha1_base64="GUZLfN0h5eTUPfTzIzqNan2tjlE=">AAAB+3icbVBNS8NAEJ3Ur1q/qh69LBahXkoiUnss6MGbFewHtKFstpt26WYTdjdCCfkLXvXuTbz6Y7z6S9y0OdjWBwOP92aYmedFnClt299WYWNza3unuFva2z84PCofn3RUGEtC2yTkoex5WFHOBG1rpjntRZLiwOO0601vM7/7TKVioXjSs4i6AR4L5jOCdSY9VO8uh+WKXbPnQOvEyUkFcrSG5Z/BKCRxQIUmHCvVd+xIuwmWmhFO09IgVjTCZIrHtG+owAFVbjK/NUUXRhkhP5SmhEZz9e9EggOlZoFnOgOsJ2rVy8T/vH6s/YabMBHFmgqyWOTHHOkQZY+jEZOUaD4zBBPJzK2ITLDERJt4SktrvCA1oTirEayTzlXNqdfqj9eVZiOPpwhncA5VcOAGmnAPLWgDgQm8wCu8Wan1bn1Yn4vWgpXPnMISrK9fKmCULQ==</latexit>

O(D)

<latexit sha1_base64="5cczcT10E+4pROVbw0QZ/6Avvag="></latexit>

f1(x)
f2(x)

...

fD(x)

<latexit sha1_base64="DAK80BFws27Q5zHrpiRL3yOJsAY=">AAACBXicbVC7TgJBFJ3FF+ILtbSZSEysyC4FWpLYUGIijwRWMjtcYMI8NjOzJmRD7S/Yam9nbP0OW7/EAbYQ8CQ3OTnn3pybE8WcGev7315ua3tndy+/Xzg4PDo+KZ6etYxKNIUmVVzpTkQMcCahaZnl0Ik1EBFxaEeTu7nffgJtmJIPdhpDKMhIsiGjxDrp0cREG8ASEq2k6RdLftlfAG+SICMllKHRL/70BoomAqSlnBjTDfzYhinRllEOs0IvMRATOiEj6DoqiQATpouvZ/jKKQM8VNqNtHih/r1IiTBmKiK3KYgdm3VvLv7ndRM7vA1TJuPEgqTLoGHCsVV4XgEeMA3U8qkjhGrmfsV0TDSh1hVVWImJxMyVEqxXsElalXJQLVfvK6VaPasnjy7QJbpGAbpBNVRHDdREFGn0gl7Rm/fsvXsf3udyNedlN+doBd7XL2MQmXM=</latexit>sparse neurons

<latexit sha1_base64="Oo1sAvoT4+DRkV0yLEBVOIK12qg=">AAACAnicbVC7SgNBFJ2NrxhfUUubwSDEJuyKxJQBLeyMYB6wWcLsZDYZMo91ZlYIy3b+gq32dmLrj9j6JU4ehUk8cOFwzr3ce08YM6qN6347ubX1jc2t/HZhZ3dv/6B4eNTSMlGYNLFkUnVCpAmjgjQNNYx0YkUQDxlph6Prid9+IkpTKR7MOCYBRwNBI4qRsZJ/V+7qR2XSm+y8Vyy5FXcKuEq8OSmBORq94k+3L3HCiTCYIa19z41NkCJlKGYkK3QTTWKER2hAfEsF4kQH6fTkDJ5ZpQ8jqWwJA6fq34kUca3HPLSdHJmhXvYm4n+en5ioFqRUxIkhAs8WRQmDRsLJ/7BPFcGGjS1BWFF7K8RDpBA2NqXCwpqQZzYUbzmCVdK6qHjVSvX+slSvzePJgxNwCsrAA1egDm5BAzQBBhK8gFfw5jw7786H8zlrzTnzmWOwAOfrFys6l5E=</latexit>

O(
p
D)

<latexit sha1_base64="XOIKd8AQYGOd7VO0l5qCZImXtWc="></latexit>

weight decay
()

non-convex multitask lasso
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<latexit sha1_base64="zivGXJEtRYloOx8pJBWSBhBpsEM=">AAACM3icbZA9axtBEIb3nC9b+ZKT0s0SEUgl9kTsyJ1JXLh0wLIMOiHm9uakxftx7M7FiENtfk1a578EdyZt/kGKrGQZHCcvLDy8M8PMvnmlVSAhfiQbDx4+evxkc6v19NnzFy/b269Og6u9xIF02vmzHAJqZXFAijSeVR7B5BqH+fmnZX34BX1Qzp7QvMKxgalVpZJA0Zq0eZaXAb3CwE/UdEb8o6ttEbizfKgKmoVJuyO6+2 K/L95z0U3Fbr/fiyBW4ukaOmyt40n7d1Y4WRu0JDWEMEpFReMGPCmpcdHK6oAVyHOY4iiiBYNh3Kx+suBvo1Pw0vn4LPGVe3eiARPC3OSx00C87n5taf6vNqqp7I8bZaua0MqbRWWtOTm+jIUXyqMkPY8A0qt4K5cz8CAphtfKPFq8kM4YsEWTlWCUnhdYQq1p0WShvOVWjCu9H86/cNrrpnvd3c+9zsHhOrhNtsPesHcsZR/YATtix2zAJPvKvrFL9j25TK6S6+TnTetGsp55zf5S8usP09CsRA==</latexit>

Tight Bounds on Widths

<latexit sha1_base64="KEEHqCqD+KcXTjjY93bmj3cLY4w="></latexit>

Consider one ReLU layer within a trained deep neural network

<latexit sha1_base64="zIlBjU7lJx74EI3kGwSEXrrgX/M="></latexit>

{wk}Kk=1

<latexit sha1_base64="nqpOVhcRGe+mcM4ov58hVaQH2uQ="></latexit>

{vk}Kk=1

<latexit sha1_base64="YRviUNQJC/ACFJ0b6reDDITVNlI="></latexit>xn

<latexit sha1_base64="IKWr5NzoPG7FmTZtmSK8qLn9mHs="></latexit>

� = {�n}Nn=1

<latexit sha1_base64="8RkUUoXrzVZ5Sdad2W41cw6EIKg="></latexit>

 = { n}Nn=1

<latexit sha1_base64="Y4rE5igtP4uYOwBNhq8qTX2AEzw="></latexit>

push the magnitude
of wk into vk

<latexit sha1_base64="rj8mMDZTKZlGvufQJRrdX42BoRs="></latexit>

min
{vk}K

k=1

KX

k=1

kvkk2 s.t.  = V�.

<latexit sha1_base64="ckXSKkIqjQBy50vqxwamA4ee2B4="></latexit>

Shenouda, P., Lee, and Nowak (2023+)

<latexit sha1_base64="fr+LJivI1UslwXMlcIe7q5DeKjA="></latexit>

At each layer, the weight
decay solution minimizes

<latexit sha1_base64="Kq0ZxLKL25zfx6c9SD9hC2D0Dvk="></latexit>

with weight decay
to a global minimizer

<latexit sha1_base64="PO0Y7/gET0QuCpX3Eahs+n3SBcE="></latexit>

multitask lasso
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<latexit sha1_base64="zivGXJEtRYloOx8pJBWSBhBpsEM=">AAACM3icbZA9axtBEIb3nC9b+ZKT0s0SEUgl9kTsyJ1JXLh0wLIMOiHm9uakxftx7M7FiENtfk1a578EdyZt/kGKrGQZHCcvLDy8M8PMvnmlVSAhfiQbDx4+evxkc6v19NnzFy/b269Og6u9xIF02vmzHAJqZXFAijSeVR7B5BqH+fmnZX34BX1Qzp7QvMKxgalVpZJA0Zq0eZaXAb3CwE/UdEb8o6ttEbizfKgKmoVJuyO6+2 K/L95z0U3Fbr/fiyBW4ukaOmyt40n7d1Y4WRu0JDWEMEpFReMGPCmpcdHK6oAVyHOY4iiiBYNh3Kx+suBvo1Pw0vn4LPGVe3eiARPC3OSx00C87n5taf6vNqqp7I8bZaua0MqbRWWtOTm+jIUXyqMkPY8A0qt4K5cz8CAphtfKPFq8kM4YsEWTlWCUnhdYQq1p0WShvOVWjCu9H86/cNrrpnvd3c+9zsHhOrhNtsPesHcsZR/YATtix2zAJPvKvrFL9j25TK6S6+TnTetGsp55zf5S8usP09CsRA==</latexit>

Tight Bounds on Widths

<latexit sha1_base64="YRviUNQJC/ACFJ0b6reDDITVNlI="></latexit>xn

<latexit sha1_base64="IKWr5NzoPG7FmTZtmSK8qLn9mHs="></latexit>

� = {�n}Nn=1

<latexit sha1_base64="8RkUUoXrzVZ5Sdad2W41cw6EIKg="></latexit>

 = { n}Nn=1

<latexit sha1_base64="ckXSKkIqjQBy50vqxwamA4ee2B4="></latexit>

Shenouda, P., Lee, and Nowak (2023+)

<latexit sha1_base64="E67pQyWp8qmZiGVKLtfOMOYPnFM="></latexit>

Let � denote the post-activation features and  denote the neuron
outputs of any ReLU layer in a trained DNN (minimizes the
weight decay objective). Then, there exists a representation with

<latexit sha1_base64="BmXHd1FstATO6K4J49tuwg8nTj8="></latexit>

K  rank(�) rank( )  N2

<latexit sha1_base64="zg24jg69xczhRZdbcXFnPjJgGuE="></latexit>

Layer Width Theorem (Shenouda, P., Lee and Nowak 2023+)

<latexit sha1_base64="pvA7mGGTGPKuCQaRTLWMh3ac5C8="></latexit>

neurons. The representation can be found by solving a convex
multitask lasso problem.

<latexit sha1_base64="rj8mMDZTKZlGvufQJRrdX42BoRs="></latexit>

min
{vk}K

k=1

KX

k=1

kvkk2 s.t.  = V�.

<latexit sha1_base64="ajt75GpKJ9NNNCKosxI3Y0M7bzo="></latexit>

Low-rank data embeddings have been

observed empirically by Huh et al. (2022).

<latexit sha1_base64="0mXlu4mpW6TfD/5OPuTHB7X2dyY="></latexit>

Bound of Jacot (2023): N(N + 1).



42
<latexit sha1_base64="ckXSKkIqjQBy50vqxwamA4ee2B4="></latexit>

Shenouda, P., Lee, and Nowak (2023+)

<latexit sha1_base64="DHGZ8ahSZVlUzMEuWrtqLBeU+sg=">AAACRHicbVDLShxBFK3WGHU0yahLN0WGgKuheohmdKXowpWM4KgwPcjt6ttaWI+mqloZmvkOv8atfoP/4E6yC2LNI5CYHCg4nHNP3aqTFlI4z9hTNDP7Ye7j/MJibWn50+cv9ZXVU2dKy7HLjTT2PAWHUmjseuElnhcWQaUSz9Lr/ZF/doPWCaNP/KDAvoJLLXLBwQfpoh4nae7QCnR0rwgLJ/oO7VihuSgkZvTg6IjuGxWudW 6cabDmNttus++UNWO22W63AmFj0HhKGmSKzkX9V5IZXirUnktwrhezwvcrsF5wicNaUjosgF/DJfYC1aDQ9avx14b0W1AymhsbjvZ0rP6ZqEA5N1BpmFTgr9x7byT+z+uVPm/3K6GL0qPmk0V5Kak3dNQTzYRF7uUgEOBWhLdSfgUWuA9t1hKLGm+5UQp0ViU5KCEHGeZQSj+sEpf/5rVQV/y+nH/JaasZbzU3j1uN3YNpcQtknXwlGyQmP8guOSQd0iWc3JF78kAeo4foOXqJfk5GZ6JpZo38hej1DR//s10=</latexit>

Application: Principled DNN Compression

<latexit sha1_base64="ULCZcrnBL1RTRqOEAPAYYW9UHXM="></latexit>

VGG-19 trained with weight decay on CIFAR-10.
<latexit sha1_base64="hQL6GvAz6XeHaXo1rSrFUNsX/yw="></latexit>

final ReLU layer
K = 512 neurons

<latexit sha1_base64="hDibQf+NuD9WhYzhn4v/0bNgtgw="></latexit>

output dimension
D = 10

<latexit sha1_base64="N/ndzytRRmP05UCEro6/So/z0ag="></latexit>

original network compressed network
active neurons 512 47
test accuracy 93.92% 93.88%
train loss 0.0104 0.0112

<latexit sha1_base64="Y4Cmj/mP7cf8VyKsgp5scP/fbUg="></latexit>

10⇥ compression!
<latexit sha1_base64="GhbXuJ65P0WOjCI8Osz65nKJSMo="></latexit>

no change in
performance!

<latexit sha1_base64="2gjG/skucTzCHbk+wVyh6+QCi5M="></latexit>

Theory: There exists a representation with
<latexit sha1_base64="EDsWl1KFXFcTTrhfLArPbdbIWEk="></latexit>

 rank(�) rank( ) ⇡ 10 · 10 = 100 neurons.
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<latexit sha1_base64="ap1YXPty4mxlB9Dj86QPetOhR1U=">AAAEU3icbZPNThsxEMdNSFualgLtsRcrCKmHNLITNsCN8n0gUooIQSIR8npnE4td78r2tqSrfao+Sw9c23tfoJc6yVIlS2c10mjm958d2xo3DoQ2hDwslZbLz56/WHlZefV69c3a+sbbKx0likOXR0Gkrl2mIRASukaYAK5jBSx0A+i5d4eTeu8LKC0ieWnGMQxCNpTCF5wZm7pdb/dADEcGe8DZGAuNNXAFJhhjhvsG7o3rpz </latexit>

Weight decay is secretly a sparsity-promoting regularization scheme.

<latexit sha1_base64="bvmvrHBdz3brqMYyiZ14QS6/9OY=">AAAEa3icbZPfT9swEMcNdBvLfsF42/ZgFSHtoUNOSwrsifH7oUgdojCJVshxLq1Vx4lsZ1BF+Qv3F+yP2KS9bi9z2zC1YY5OOd19vufzWfYTwbUh5PvC4lLl0eMny0+dZ89fvHy1svr6UsepYtBhsYjVF59qEFxCx3Aj4EuigEa+gCt/eDDOX30FpXksL8wogV5E+5KHnFFjQzcrcA6tDpaQKirsz9zGaqgxVYDjxPDIBnUs0j </latexit>

ReLU neural networks are optimal solutions to data-fitting problems
in new function spaces:

<latexit sha1_base64="ZkqL6GaHe2YCY5AysjkTZISl06o=">AAACJHicbZDNThsxFIU9QNs0/ZvAko1FVKmryBM1NOwilQXLIBpAykTRHc8dsLA9I9tTNBrlUboNL8MOsWDDk7DACalUoEey9Omce+WrkxRSWMfYXbC2vvHm7bvG++aHj58+fwlbm8c2Lw3HEc9lbk4TsCiFxpETTuJpYRBUIvEkufi5yE9+o7Ei179cVeBEwZkWmeDgvDUNW3GSWTQCLT0qlQJTTcM26+yxvT77TlknYr1+v+ uBLUWjFbTJSsNp+BCnOS8VasclWDuOWOEmNRgnuMRZMy4tFsAv4AzHHjUotJN6efqMfvVOSrPc+KcdXbr/btSgrK1U4icVuHP7MluY/8vGpcv6k1roonSo+dNHWSmpy+miB5oKg9zJygNwI/ytlJ+DAe58W83YoMZLnvtGdFrHGSghqxQzKKWb1bHN/nLT1xW9LOc1HHc70W6nd9htD/ZXxTXINtkh30hEfpABOSBDMiKcXJI/ZE6ugnlwHdwEt0+ja8FqZ4s8U3D/CGzIpoE=</latexit>

Summary

<latexit sha1_base64="bPM8MZ9Kgc+zEY4qW+VXJJuNxk0="></latexit>

• Radon-domain bounded variation spaces

• Banach, not Hilbert

• immune to the curse of dimensionality

• solutions are sparse/narrow

• solutions are adaptive to spatial and directional varying smoothness

<latexit sha1_base64="TqYni+Pr1C04JXFAAFrRtPctXj0="></latexit>

• promotes neuron sharing (structured sparsity)

• motivates the design of principled DNN compression schemes
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<latexit sha1_base64="6hN/tWnfiCR+xtyC2nSnHPbsmBQ="></latexit>

This is Just the Beginning!
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<latexit sha1_base64="t3uccsiuBk0we6DNLnWuAbG9xag=">AAACMnicbZBLaxsxFIU1afOo86jbLLuoiAlkZTQmaZyuAilplynEScBjzB3NHVtEj0HSNAyDl/012aY/JtmVbvsTuqjsuNA8Dgg+zrkXSSctpHCesdto4cXLxaXllVeN1bX1jdfNN2/PnCktxx430tiLFBxKobHnhZd4UVgElUo8Ty+Ppvn5N7ROGH3qqwIHCkZa5IKDD9aw+T5Jc4dWoKOfjdAjemzsFdjsIz0do7HVsNli7Q N20GW7lLVjttftdgKwmWg8hxaZ62TY/JNkhpcKtecSnOvHrPCDGqwXXOKkkZQOC+CXMMJ+QA0K3aCefWRCt4OT0dzYcLSnM/f/jRqUc5VKw6QCP3aPs6n5XNYvfd4d1EIXpUfN7y/KS0m9odNWaCYsci+rAMCtCG+lfAwWuA/dNRKLGq+4UQp0Vic5KCGrDHMopZ/Uicv/cSPUFT8u5ymcddrxh/be107r8NO8uBXyjmyRHRKTfXJIvpAT0iOcfCfX5Ib8iG6iu+hn9Ot+dCGa72ySB4p+/wUGW6vd</latexit>

Going Forward: Theory

<latexit sha1_base64="Q5uNGj+7+hbkYmOiwA1WVPQfW8A="></latexit>

What are the fundamental limits of shallow networks?

<latexit sha1_base64="0J/Wj4RFtj1nmg5nWCfZiUQ1C5A="></latexit>

• Quantitative depth separation results

<latexit sha1_base64="UT5WWZsB3XwFalIWulrAww3Dfgg="></latexit>

• RBV2 does not capture everything
<latexit sha1_base64="sw5KTZ+b2dVVHQyYtN4j5pu8dQk="></latexit>

DeVore, Nowak, P. and Siegel (2023+)

<latexit sha1_base64="DbrCvT04KuXSViZ9GSm7R5ztEsk="></latexit>

• Attention mechanisms and transformers
<latexit sha1_base64="n78KnEXvs9pug3qOYWGQsKtDFzM="></latexit>

• Orthogonal weight normalization: WTW = I
<latexit sha1_base64="f9duAuod0O2SwKx88prsGvKb6Us="></latexit>

P. and Unser (2023+)

<latexit sha1_base64="4Inz7J77C843ij0kkARyQjt9dxM="></latexit>

What kinds of functions do structured neural architectures learn?

<latexit sha1_base64="hhAZ6w3xwB0kpC6NkFr6jmEHUSI="></latexit>

• Characterization of the approximation spaces of shallow networks
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<latexit sha1_base64="cyOldarOszDa+IaDOgCCkHQdpyU=">AAACOHicbVBNS1tBFJ2nttX0K9plN0OD0FWYF6pNXCmW1qVCE4W8EO6bd18cnI/HzLyG8Mgv8Ne4tb+ku+5Kt65dOPkQ2rQHBg7nnMu9c9JCCucZ+xGtrW88efpsc6v2/MXLV6/r2zs9Z0rLscuNNPYiBYdSaOx64SVeFBZBpRLP06vjmX/+Da0TRn/1kwIHCkZa5IKDD9KwvpukuUMr0NEvRugR/WzsGGx2QI+KsH8Rc8N6gz U7rNNmHyhrxmyv3W4Fwuag8ZI0yBKnw/p9khleKtSeS3CuH7PCDyqwXnCJ01pSOiyAX8EI+4FqUOgG1fw7U7oblIzmxoanPZ2rf05UoJybqDQkFfhLt+rNxP95/dLn7UEldFF61HyxKC8l9YbOuqGZsMi9nAQC3IpwK+WXYIH70GAtsahxzI1SoLMqyUEJOckwh1L6aZW4/JHXQl3xajn/kl6rGe83985ajcNPy+I2yVvyjrwnMflIDskJOSVdwsk1uSG35Ht0G/2MfkW/F9G1aDnzhvyF6O4BQzOuhQ==</latexit>
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• Implicitly defined, continuous, di↵erentiable signal

representations parameterized by neural networks
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• Gained popularity for denoising,

compression, and inverse problems

(e.g., cryo-EM, CT)
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• Fast inference on edge devices

and embedded systems
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Theory
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Numerical
Investigations
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e.g., implicit neural
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• imaging science
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ongoing research:
INRs for image denoising
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