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<latexit sha1_base64="0E77vp8Pi0rHHQZxzbjGorqp19w="></latexit>

Deep Learning Meets Sparse Regularization

<latexit sha1_base64="LFwxoetsKVjEKCLvBXLM5YtkJKM="></latexit>

Mathematics of Machine Learning Session
CMS Winter Meeting
30 November 2024

<latexit sha1_base64="szLdnxNFBbZdhjW/F5A+YDEOTKA="></latexit>

Rahul Parhi
ECE, UCSD



2

<latexit sha1_base64="ETXllkiLteQtyzsaZwLRhmKrsXo=">AAACInicbZBLS8NAFIUnvq2PVl26CRbBVUlUfK0Kblwq2FpoSrmZ3OjgzCTM3Kgl9Je41T/jTlwJ/hQXprWCth4Y+DjnXuZywlQKS5737kxNz8zOzS8slpaWV1bLlbX1pk0yw7HBE5mYVggWpdDYIEESW6lBUKHEq/D2dJBf3aGxItGX1Euxo+Bai1hwoMLqVsoB4QOFce4f7++d9EvdStWreUO5k+CPoMpGOu9WPoMo4ZlCTVyCtW3fS6mTgyHBJfZLQWYxBX4L19guUINC28mHh/fd7cKJ3DgxxdPkDt3fGzkoa3sqLCYV0I0dzwbmf1k7o/iokwudZoSaf38UZ9KlxB204EbCICfZKwC4EcWtLr8BA5yKrkqBQY33PFEKdJQHMSghexHGkEnq54GNf3hQlz9eziQ0d2v+Qc2/2K3W66PiFtgm22I7zGeHrM7O2DlrMM4y9sie2LPz5Lw4r87b9+iUM9rZYH/kfHwBvgykaA==</latexit>

1943:
<latexit sha1_base64="WiC0oKltVU/4mvcnupcCYwUzUVc="></latexit>

McCulloch and Pitts had the
vision to introduce artificial
intelligence to the world.

<latexit sha1_base64="O4/gC9J2uQqlIShsIAnJA8DQTRw=">AAACH3icbZBLS8NAFIUnvq2vqks3wSK4KomgVlcFNy4rWBWaKjeTGx2cmYSZG7WE/g+3+mfcidv+FxdOawVfBwY+zrmXuZw4l8JSEAy8icmp6ZnZufnKwuLS8kp1de3MZoXh2OaZzMxFDBal0NgmQRIvcoOgYonn8e3RMD+/Q2NFpk+pl2NXwbUWqeBAzrqMCB8oTsvwYLdx2L+q1oJ6MJL/F8Ix1NhYravqe5RkvFCoiUuwthMGOXVLMCS4xH4lKizmwG/hGjsONSi03XJ0dd/fck7ip5lxT5M/cr9vlKCs7anYTSqgG/s7G5r/ZZ2C0ka3FDovCDX//CgtpE+ZP6zAT4RBTrLnALgR7laf34ABTq6oSmRQ4z3PlAKdlFEKSshegikUkvplZNMvrri6wt/l/IWznXq4Vw9PdmrN5ri4ObbBNtk2C9k+a7Jj1mJtxplhj+yJPXtP3ov36r19jk5445119kPe4AMQgqQp</latexit>

1958:
<latexit sha1_base64="O8czY9xybPIAlK4hHmRXVQZXqPY="></latexit>

Rosenblatt implemented the
first perceptron for learning.

<latexit sha1_base64="4cLcFmpvfUgC2WSDGMlcWlmEYsY=">AAACH3icbZBLS8NAFIUnPmt9VV26CRbBVUlc+FoV3LisYFVoqtxMbnRwZhJmbtQS+j/c6p9xJ279Ly6c1graemDg45x7mcuJcyksBcGHNzU9Mzs3X1moLi4tr6zW1tbPbVYYjm2eycxcxmBRCo1tEiTxMjcIKpZ4Ed8dD/KLezRWZPqMejl2FdxokQoO5KyriPCR4rQMDw/2jvrXtXrQCIbyJyEcQZ2N1LqufUZJxguFmrgEazthkFO3BEOCS+xXo8JiDvwObrDjUINC2y2HV/f9beckfpoZ9zT5Q/f3RgnK2p6K3aQCurXj2cD8L+sUlB50S6HzglDz74/SQvqU+YMK/EQY5CR7DoAb4W71+S0Y4OSKqkYGNT7wTCnQSRmloITsJZhCIalfRjb94aqrKxwvZxLOdxvhXiM83a03m6PiKmyTbbEdFrJ91mQnrMXajDPDntgze/GevVfvzXv/Hp3yRjsb7I+8jy8SNaQq</latexit>

1986:
<latexit sha1_base64="ot/rc2qv6S+RAt2Eh6i48QR4VLw="></latexit>

Rumelhart, Hinton, and Williams

studied backpropagation for

training multilayer perceptrons.

<latexit sha1_base64="7C38JinVtn003QNE77bHbFlqEcs=">AAACRnicdVDJbhNBEO0xWzCbSY5cWlhInEYzdrwcs3AIFxQknETyWFZNT3XSci+j7h6i0cgfwtfkGj4hP8ENceFA23EkQPCkVj29V6WqfnkphfNJchO17t1/8PDR1uP2k6fPnr/ovNw+caayDCfMSGPPcnAohcaJF17iWWkRVC7xNF8crvzTz2idMPqTr0ucKTjXggsGPkjzTj/LuUMr0NF9ehAqp0dhq7E1NZx+wMqCDMVfGr twFHRB99/PO90kTvrD3cGIJnE/ScejXiCD3WQ8SGkaJ2t0yQbH887PrDCsUqg9k+DcNE1KP2vAesEkLttZ5bAEtoBznAaqQaGbNevPLemboBSUGxue9nSt/j7RgHKuVnnoVOAv3N/eSvyXN608H88aocvKo2a3i3glqTd0lRQthEXmZR0IMCvCrZRdgAXmQ57tzKLGS2aUCqE0GQclZF0gh0r6ZZM5fsfbIa67TOj/yUkvTofx8GOvu/duE9wWeUVek7ckJSOyR47IMZkQRr6QK3JNvkbX0bfoe/TjtrUVbWZ2yB9okV8zW7JJ</latexit>

A Brief History of Neural Networks and AI
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<latexit sha1_base64="a4Yxj6sqgaUzsRbtaIs4zzFX+NY=">AAACRnicdVDLbhMxFPWEVxseDbBkYxEhsRp5kuaxrIAF3VRFappKmSi647nTWPFjZHuIolE+hK9hWz6Bn2CHumFRJ00lQHAky0fn3Ht9fbJSCucZ+x417t1/8PDR3n7z8ZOnzw5az1+cO1NZjiNupLEXGTiUQuPICy/xorQIKpM4zhbvN/74M1onjD7zqxKnCi61KAQHH6RZq5tmhUMr0NGzOdKxsTKnx46emCV9F+bm1Gh6gp UFGS6/NHbhZq02i1m3f9gbUBZ3WTIcdALpHbJhL6FJzLZokx1OZ61faW54pVB7LsG5ScJKP63BesElrptp5bAEvoBLnASqQaGb1tvPrembarNFYWw42tOt+ntHDcq5lcpCpQI/d397G/Ff3qTyxXBaC11WHjW/faioJPWGbpKiubDIvVwFAtyKsCvlc7DAfcizmVrUuORGKdB5nRaghFzlWEAl/bpOXXHHmyGuu0zo/8l5J076cf9Tp330YRfcHnlFXpO3JCEDckQ+klMyIpx8IV/JFfkWXUU/op/R9W1pI9r1vCR/oEFuAG+CsnE=</latexit>

The World Is Now Based on Neural Networks

<latexit sha1_base64="rp+g/e5YtBLEWsjNOdMJD2alXAk="></latexit>

Large language models (LLMs) like
generative pre-trained transformers (GPT)
have taken the world by storm.

<latexit sha1_base64="7LCgoLxXOAFepTxSWuMLcFNOEtk="></latexit>

Do we even understand why
neural networks work?

<latexit sha1_base64="sajjKTFcXmQyjRJDGOzD/AMn+3Y="></latexit>

• ChatGPT
<latexit sha1_base64="5Y9EZuqJPc1HBCn8j+DhNwa5uOA="></latexit>

• Claude



4

<latexit sha1_base64="3J94o5NUT+qVJ5rxFiu5dSFtUDk=">AAACKXicdVBNSxxBEO0xJprNh5sEcsmlyRKS09Czuh9HwRxyNOCqsLMsNT012mx/DN09hmHcP+NV/4w3k2v+Rg7pXVcwEh8U9XiviipeVkrhPGM/o7Un60+fbWw+b714+er1VvvN20NnKstxxI009jgDh1JoHHnhJR6XFkFlEo+y2d7CPzpD64TRB74ucaLgRItCcPBBmrbfp1nh0Ap09MDkUH8OHeRs2u6wmG33d3oDyuJtlg wH3UB6O2zYS2gSsyU6ZIX9aftPmhteKdSeS3BunLDSTxqwXnCJ81ZaOSyBz+AEx4FqUOgmzfL/Of0UlJwWxobSni7V+xsNKOdqlYVJBf7UPfQW4v+8ceWL4aQRuqw8an57qKgk9YYuwqC5sMi9rAMBbkX4lfJTsMB9iKyVWtT4gxulQOdNWoASss6xgEr6eZO64o63Qlx3mdDHyWE3Tvpx/3u3s/t1Fdwm+UA+ki8kIQOyS76RfTIinJyTC3JJrqLL6Dq6iX7djq5Fq5135B9Ev/8CpLOoHA==</latexit>

Today’s Talk

<latexit sha1_base64="L1Uwj1hs+tD0MAZMm+p6aCkSgE4="></latexit>

Understanding analytic properties of trained neural networks.

<latexit sha1_base64="HML0vrVQxr43WMqjcOcLA+zBkFU="></latexit>

f✓(x)
<latexit sha1_base64="W0sMCOttyvCry5uacSGdXbjHqoE="></latexit>x

<latexit sha1_base64="Iyy/P0XMovnH8XD8yEmfJ00PARg="></latexit>

parameterized by a vector ✓ 2 RP

of neural network weights

<latexit sha1_base64="+75s/8ogh93inYjbs0M1NKcFGt0="></latexit>

min
✓2RP

NX

n=1

L(yn, f✓(xn))

| {z }
+

�

2
k✓k22

| {z }
<latexit sha1_base64="qVCUFJr9GWao2wvMF6pyahPG++M="></latexit>

data fidelity
<latexit sha1_base64="3tjwlQ75XB5KjiUypMV64kZpc38="></latexit>

regularization

<latexit sha1_base64="JYjBGFqrxlEFFhOzf5Mss525/jY="></latexit>

Neural network training problem for the data {(xn, yn)}Nn=1.

<latexit sha1_base64="PfWEublqCaKR9WGpR/KUmeGuYaQ="></latexit>

We will be agnostic to the optimization algorithm.

<latexit sha1_base64="cGQh+P74PRAiwDbsZZ66BN97/Zo="></latexit>

“weight decay”

<latexit sha1_base64="v1Ynr/raStk95PyNitgqgdp9kaw="></latexit>

Tikhonov
regularization
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<latexit sha1_base64="zKXx76jdPcrNiX+daQlxVEe+Zno=">AAACHnicbZDNSgMxFIUz/lv/qi7dBIvgqsx0UV0W3LgRFKwtdAa5k7mjwSQzJhmlDH0Ot/Vl3IlbfRcXprWCth4IfJxzL7mcOBfcWN//8ObmFxaXlldWK2vrG5tb1e2dK5MVmmGbZSLT3RgMCq6wbbkV2M01gowFduK7k1HeeUBteKYubT/HSMKN4ilnYJ0VnXF2CyhoWxnU19WaX/fHorMQTKBGJjq/rn6GScYKicoyAcb0Aj+3UQnaciZwUAkLgzmwO7jBnkMFEk1Ujo8e0APnJDTNtHvK0rH7e6MEaUxfxm5Sgr0109nI/C/rFTY9jkqu8sKiYt8fpYWgNqOjBmjCNTIr+g6Aae5upa4EDcy6niqhRoWPLJMSVFKGKUgu+gmmUAg7KEOT/nDF1RVMlzMLV4160KwHF41aqzkpboXskX1ySAJyRFrklJyTNmHknjyRIXn2ht6L9+q9fY/OeZOdXfJH3vsXw3ukAw==</latexit>

Michael Unser
<latexit sha1_base64="9UmvOtC9qKlczx58Y4pPW0kTSSY=">AAACGnicbZA9SwNBEIb3/DZ+RS1tFoNgFe4s1FKwsZIoRiO5IHN7c7pkP47dPSUc+RW28c/Yia2N/8XCTYygxhcWHt6ZYWbfJBfcujB8D6amZ2bn5hcWK0vLK6tr1fWNS6sLw7DJtNCmlYBFwRU2HXcCW7lBkInAq6R7PKxf3aOxXKsL18uxI+FW8YwzcN66PtcJPdUP0L2p1sJ6OBKdhGgMNTJW46b6EaeaFRKVYwKsbUdh7jolGMeZwH4lLizmwLpwi22PCiTaTjk6uE93vJPSTBv/lKMj9+dECdLankx8pwR3Z//WhuZ/tXbhssNOyVVeOFTsa1FWCOo0Hf6eptwgc6LnAZjh/lbK7sAAcz6jSmxQ4QPTUoJKyzgDyUUvxQwK4fplbLNvrvi4or/hTMLlXj3ar0dne7Wj/XFwC2SLbJNdEpEDckROSIM0CSOSPJIBeQoGwXPwErx+tU4F45lN8kvB2ydo7KI+</latexit>

Rob Nowak
<latexit sha1_base64="+mTpP6Q5r7CmOyf0WT8dZPOpDz0=">AAACG3icbZA9SwNBEIb3/DZ+RS1tFoNgFe4s1FLQwlLFxGAuhLm9OV3cj2N3TwlH/oWt/hk7sbXwv1i4iRE08YWFh3dmmNk3yQW3Lgw/gqnpmdm5+YXFytLyyupadX2jaXVhGDaYFtq0ErAouMKG405gKzcIMhF4ldwdD+pX92gs1+rS9XLsSLhRPOMMnLeuL7SiJ9jUBrvVWlgPh6KTEI2gRkY661Y/41SzQqJyTIC17SjMXacE4zgT2K/EhcUc2B3cYNujAom2Uw4v7tMd76Q008Y/5ejQ/T1RgrS2JxPfKcHd2vHawPyv1i5cdtgpucoLh4p9L8oKQZ2mg+/TlBtkTvQ8ADPc30rZLRhgzodUiQ0qfGBaSlBpGWcgueilmEEhXL+MbfbDFR9XNB7OJDT36tF+PTrfqx3tj4JbIFtkm+ySiByQI3JKzkiDMKLII3kiz8FT8BK8Bm/frVPBaGaT/FHw/gUZJKKZ</latexit>

Ron DeVore

<latexit sha1_base64="uMunX7fCKAXf2tArBQviZfz88ZY=">AAACKnicdVDLahtBEJx1Xo7ykpNDDrkMEYGcllnZehwNySFHByLboBWid7bXHjyPZabXRiz6Gl+dn8nN5JrP8MEjWYYkJAUNRVU1M11FrVUgIa6TrQcPHz1+sv208+z5i5evujuvD4NrvMSJdNr54wICamVxQoo0HtcewRQaj4qzTyv/6Bx9UM5+o0WNMwMnVlVKAkVp3n2bF1VArzDwGNZQOA/kfJh3eyIVu8O9wYiLdFdk41 E/ksGeGA8ynqVijR7b4GDevclLJxuDlqSGEKaZqGnWgiclNS47eROwBnkGJziN1ILBMGvXByz5h6iUvHI+jiW+Vn/faMGEsDBFTBqg0/C3txL/5U0bqsazVtm6IbTy7qGq0ZwcX7XBS+VRkl5EAtKr+FcuT8GDpNhZJ/do8UI6Y8CWbV6BUXpRYgWNpmWbh+qed2Jd953w/5PDfpoN0+HXfm//86a4bfaOvWcfWcZGbJ99YQdswiRbskt2xb4nV8mP5Dr5eRfdSjY7b9gfSH7dAp3eqTY=</latexit>

Collaborators
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<latexit sha1_base64="QOHLkB+QgOzWfAF2887nyBfRQxE="></latexit>

Rd 3 z
<latexit sha1_base64="3s22nU/3kod/84piwQnPWrSAV4Y="></latexit>

v(wTz)+ 2 RD<latexit sha1_base64="+I27T0SWVYiEEboNInecpA5MBHA="></latexit>w <latexit sha1_base64="kYEE+sEIPNiclfKYQKczTMcTGrU="></latexit>v
<latexit sha1_base64="EYTttEXIo21GnY0nkhhaOu52qmY="></latexit>

weight decay in training
is equivalent to adding
kwk22 + kvk22 to the
training objective

<latexit sha1_base64="/U9G4jEN29FGyZvi/HgS4QlItGA="></latexit>

If a DNN is trained with weight decay, then the
2-norms of the input and output weights to each
ReLU neuron must be balanced.

<latexit sha1_base64="8C/SUVkJi07P66EQgNohfxaOyWo="></latexit>

Neural Balance Theorem
<latexit sha1_base64="UsjRnErdUki4r19WfKPqhFMlrTo="></latexit>

kwk2 = kvk2

<latexit sha1_base64="9fv77ZmxsViIrnW9J90jKYD2lyc="></latexit>

mathematical expression
for a single ReLU neuron

<latexit sha1_base64="XjFM9jMngw6I9Cb2CdNoAt9/OA4="></latexit>

ReLU activation

<latexit sha1_base64="qOXjAbJLlPU1ThT5C/AsuGcDJ/c=">AAACQ3icdZDLahsxFIY16S1xL3GbZTaiptDVoHF8W4Y2i6xCCnUS8BhzRnMmEdZlkDQNZvBr9Gm6Td8hz5Bd6TKByo4NTWh/EHz8/zlI+rNSCucZu442njx99vzF5lbj5avXb7abb9+dOFNZjkNupLFnGTiUQuPQCy/xrLQIKpN4mk0/L/LTb2idMPqrn5U4VnCuRSE4+GBNmizNCodWoKNHWFmQ9BNI0Byp0PQAsVzbR+gvjZ 26SbPFYrbX63T7lMV7LBn02wG6HTboJjSJ2VItstLxpHmb5oZXCrXnEpwbJaz04xqsF1zivJFWDkvgUzjHUUANCt24Xv5sTj8EJ6eFseFoT5fu3xs1KOdmKguTCvyFe5wtzH9lo8oXg3EtdFl51Pz+oqKS1Bu6qInmwiL3chYAuBXhrZRfgAXuQ5mN1KLGS26UAp3XaQFKyFmOBVTSz+vUFWtuhLrWndD/w0k7Tnpx70u7tX+wKm6T7JL35CNJSJ/sk0NyTIaEk+/kB7kiP6Or6Cb6Ff2+H92IVjs75IGiuz+qV7Kf</latexit>

Neural Balance in Deep Neural Networks

<latexit sha1_base64="P7AjAF/Xa7bWIOiaQzEsPY4NiGQ="></latexit>

P. and Nowak (2023)
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<latexit sha1_base64="XZQ+4EcVcZJ/nFFmH2lRhc71jz8="></latexit>

The ReLU activation is homogeneous

<latexit sha1_base64="lSLIU1xYcI/j8kQ+KTwOMpSAFcI="></latexit>

v(wTz)+ = ��1v(�wTz)+, for any � > 0.

<latexit sha1_base64="KTXpovT/Bgc3RRpL7cD8OkNJUMo="></latexit>

At a global minimizer,
kvk22 + kwk22

2
= kvk2kwk2.

<latexit sha1_base64="MnMyFTV6ZTIowK0CFDjmcxKYWZc="></latexit>

At a global minimizer of the weight decay objective, kvk2 = kwk2.

<latexit sha1_base64="E6LOWjMyfbwX8OdkN+1jEjhZh6I="></latexit>

Grandvalet (1998, ICANN)
Neyshabur et al. (2015, ICLR Workshop)

<latexit sha1_base64="6CHLuqaiI9kuBy879MGI7o1/kgk="></latexit>⇤

<latexit sha1_base64="DiZP+Qh3eNvaUoe9FA7tSkmoLgE="></latexit>

Proof. The solution to

<latexit sha1_base64="gj1plmbSRzbg/1tDgrggnTc5oFM="></latexit>

is � =
p

kvk2/kwk2.

<latexit sha1_base64="FVaM4V6z5dOLQx+lglpG7QNThTw="></latexit>

min
�>0

k��1vk2 + k�wk2

<latexit sha1_base64="o1TOrrjreCwdv5Hragqe1ZpkuXM=">AAACK3icdZBPSxwxGMYzVq3d+metl4KX4FLoacis7p+jqIeeRMFVYWdZ3sm8o8EkMySZyjKsn8ar/TI9Kb36LXpodl1BxT4Q+PE870uSJymksI6x+2Duw/zC4selT7XPyyura/X1L6c2Lw3HHs9lbs4TsCiFxp4TTuJ5YRBUIvEsudqf5Gc/0ViR6xM3KnCg4EKLTHBw3hrWv8ZJZtEItPQQSwOS7oEEzXFYb7CQbbd3Wh3Kwm 0WdTtND60d1m1FNArZVA0y09Gw/jdOc14q1I5LsLYfscINKjBOcInjWlxaLIBfwQX2PWpQaAfV9Adj+s07Kc1y4492dOq+3KhAWTtSiZ9U4C7t22xivpf1S5d1B5XQRelQ86eLslJSl9NJHTQVBrmTIw/AjfBvpfwSDHDnS6vFBjVe81wp0GkVZ6CEHKWYQSnduIpt9sw1X9dzJ/T/cNoMo3bYPm42dg9mxS2RTbJFvpOIdMgu+UGOSI9wckNuyR35FdwFv4OH4M/T6Fww29kgrxQ8/gODLKkW</latexit>

Neural Balance



<latexit sha1_base64="ObJSHte5YW5v/jS3loS4TEUcl+c="></latexit>

multitask lasso

<latexit sha1_base64="ebOykO7wP0GkFed4dNBzep6Jh0k="></latexit>

path-norm

<latexit sha1_base64="nhOOe28uxulTwMFfT4rP4lHfav0="></latexit>

weight decay

8

<latexit sha1_base64="9ACEmQpE6TZ9BlAlZaKKTvZQGdk="></latexit>

✓ = {(wk,vk)}Kk=1

<latexit sha1_base64="i4TALX/KSJveDx+kzaa1zwdcamU="></latexit>

min
✓={(wk,vk)}K

k=1

NX

n=1

L(yn, f✓(xn)) +
�

2

KX

k=1

kvkk22 + kwkk22

<latexit sha1_base64="5OLo7onTez1+8qMvtu847cCOwYU="></latexit>

f✓(x) =
KX

k=1

vk(w
T
kx)+

<latexit sha1_base64="M6cssoMyF/hqa9MFOJouqGavBCw="></latexit>

min
✓={(wk,vk)}K

k=1

NX

n=1

L(yn, f✓(xn)) + �
KX

k=1

kvkk2kwkk2

<latexit sha1_base64="/m1pbFxIhINTw2f5kGY2gUKLWyA="></latexit>

min
✓={(wk,vk)}K

k=1
kwkk2=1

NX

n=1

L(yn, f✓(xn)) + �
KX

k=1

kvkk2

<latexit sha1_base64="EC5vyNa182YDWTI2F1JhN7pBJRg="></latexit>

Rebalancing

<latexit sha1_base64="p+22OzVu4d996cudNCIgZBrKA/c=">AAACPHicdVDLbhMxFPWUVwmvAEs2FhESbEYzafNYVqILlkUlTaVMFN3xXCdWbc/IvgMajfINfA3b8h3s2SG2rFjgpKkECI50paNzzpV9T15p5SlJvkR7N27eun1n/27n3v0HDx91Hz8582XtBE5EqUt3noNHrSxOSJHG88ohmFzjNL94vfGn79F5Vdp31FQ4N7C0SioBFKRF91WWS49OoeenKBwSP60gxKnhpeRTVMsV8WMU0C y6vSRODoaHgxFP4oMkHY/6gQwOk/Eg5WmcbNFjO5wsuj+zohS1QUtCg/ezNKlo3oIjJTSuO1ntsQJxAUucBWrBoJ+325PW/EVQCi5LF8YS36q/b7RgvG9MHpIGaOX/9jbiv7xZTXI8b5WtakIrrh6SteZU8k0/vFAOBekmEBBOhb9ysQIHgkKLncyhxQ+iNAZs0WYSjNJNgRJqTes28/Kad0Jd153w/5OzfpwO4+Hbfu/oeFfcPnvGnrOXLGUjdsTesBM2YYJ9ZJ/YJfscXUZfo2/R96voXrTbecr+QPTjF0Mjr/s=</latexit>

Secret Sparsity of Weight Decay



9

<latexit sha1_base64="Ej5Wdc5kQ4Y6RtyfLb+dDbiX4yU="></latexit>

What Kinds of Functions
Do Neural Networks Learn?



<latexit sha1_base64="AS2MFOf0YYcfIHuUoCK4Uz8Ag5I="></latexit>

“output weights”

10

<latexit sha1_base64="KBGPkj2FKdicludalWmGQmXC6Ks="></latexit>

→f→V =
K∑

k=1

→vk→2→wk→2

<latexit sha1_base64="Ziduvc43ft4gkoo9bmjFicLop58="></latexit>

The path-norm is a valid norm on
→
V:

<latexit sha1_base64="8RyZixxKy/tr7AWpmsVIDZ5BPBc="></latexit>

f(x) =

∫

Sd→1

(wTx)+ dω(w).

<latexit sha1_base64="qUxp8niPmH0yXi4ZQ72nlL0Eix0="></latexit>

The “completion” of
→
V (in an appropriate sense) is a Banach space.

It is the Banach space V of all functions of the form

<latexit sha1_base64="P0PeIcDtGd6lfsPf0Vge7jydGbg=">AAACP3icdZDLahsxFIY16S11b0677EbUFLpoB40TX5ah7SKr4JA4CXiMOaM5E4voMkiaFDP4Jfo03SZvkSfoLnRbyCKy40Ba2gOCn/8/Rzr6slIK5xm7jNYePHz0+Mn608az5y9evmpuvD50prIch9xIY48zcCiFxqEXXuJxaRFUJvEoO/2yyI/O0Dph9IGflThWcKJFITj4YE2aH9OscGgFOjoAP/20a6yioHO6i5UFST+DBj 6l+yVwdJNmi8Vss7vV6VEWb7Kk32sH0dli/U5Ck5gtq0VWNZg0r9Pc8Eqh9lyCc6OElX5cg/WCS5w30sphuPkUTnAUpAaFblwvfzWn74OT08LYcLSnS/f+RA3KuZnKQqcKq7u/s4X5r2xU+aI/roUuK4+a3z5UVJJ6QxeIaC4sci9nQQC3IuxK+RQscB9ANlKLGr9xo1TAVKcFKCFnORZQST+vU1fc6UbAdceE/l8ctuOkG3f32q3trytw6+QteUc+kIT0yDbZIQMyJJx8Jz/IObmIzqOf0VX067Z1LVrNvCF/VPT7Bup5sL0=</latexit>

Path-Norm and Neural Banach Spaces

<latexit sha1_base64="omd6JzNcIqACM0t5x/aKx2jgIz8="></latexit>

finite-width
vector-valued

networks

<latexit sha1_base64="5bdXBJM3cr5X+npKokaSaQlLKjk="></latexit>

vector-valued
measure

<latexit sha1_base64="o34O68cFDVKmbL3ngdD6Moin310="></latexit>

Barron (1993, IEEE TIT)

Bach (2017, JMLR)

Ongie et al. (2020, ICLR)

Shenouda, P., Lee, and Nowak (2024, JMLR)

<latexit sha1_base64="+rusgQU8BF7/TuXAVRrwcQXbvIg="></latexit>

→
V =

{
f(x) =

K∑

k=1

vk(w
T
kx)+ : vk → RD,wk → Rd,K → N

}



11

<latexit sha1_base64="GVgO+FIZdESswgAEm47qmcOgNWI="></latexit>

f✓(x) =
KX

k=1

vk(wkx� bk)+

b1
w1

b2
w2

b3
w3

b4
w4

b5
w5

b6
w6

fµ(x) Dfµ(x)

v1|w1|
v3|w3| v5|w5|

v2|w2|
v4|w4|

v6|w6|

D2fµ(x)

<latexit sha1_base64="ynoULWRQDCevfT9TrRKG/3mm8v0="></latexit>

More rigorously:
total variation of Df✓

<latexit sha1_base64="3v7G/lQMhaOhjykE7BZZi3/GMBE="></latexit>

“How do infinite width bounded norm networks look in function space?”

Pedro Savarese, Itay Evron, Daniel Soudry, and Nathan Srebro

Conference on Learning Theory (2019)

<latexit sha1_base64="XT6t1PZYWZe5ZhyqbuSYDC7hR44="></latexit>

path-norm(f✓) =
KX

k=1

|vk||wk| =
Z 1

�1
|D2f✓(x)| dx

<latexit sha1_base64="KvLFwxwzlUbeqk7ScFU6FXrg7zw=">AAACNnicdVDLShxBFK028ZEx6iRZZlNkELJJUz06j6UQF1mFCWRUmB7kdvVtLaxHU1U9YWjmA/wat+ZT3LgTt/mALFIzjpAEPVBwOOdc7q2TlVI4z9hNtPLi5era+sarxubrre2d5pu3R85UluOQG2nsSQYOpdA49MJLPCktgsokHmcXn+f+8QStE0Z/99MSxwrOtCgEBx+k02YrzQqHVqCjA/Dnn74aqyjonB4GcRJCE3QhxW K2193v9CiL91jS77UD6eyzfiehScwWaJElBqfN32lueKVQey7BuVHCSj+uwXrBJc4aaeWwBH4BZzgKVINCN64Xn5nR3aDktDA2PO3pQv17ogbl3FRlIanCxe5/by4+5Y0qX/THtdBl5VHzh0VFJak3dN4MzYVF7uU0EOBWhFspPwcL3If+GqlFjT+4USq0U6cFKCGnORZQST+rU1c88kao67ET+jw5asdJN+5+a7cODpfFbZD35AP5SBLSIwfkCxmQIeHkklyRa/Izuo5uo7vo/iG6Ei1n3pF/EP36A4NkraY=</latexit>

Path-Norm and Derivatives



<latexit sha1_base64="XmHcrgyJIlVV74j8d5wU2UftKAs="></latexit>

TV2(f✓)
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<latexit sha1_base64="t7JkEwrC6yOXfIzREuRjSDtqUYo="></latexit>

min
✓={(wk,vk)}K

k=1

NX

n=1

L(yn, f✓(xn)) +
�

2

KX

k=1

|vk|2 + |wk|2

<latexit sha1_base64="/kM38osHd0mvob2x7mG3wJQ8+ZY="></latexit>

min
✓={(wk,vk)}K

k=1

NX

n=1

L(yn, f✓(xn)) + �
KX

k=1

|vk||wk|

<latexit sha1_base64="9WhbCwk+A99z3q5dXq3A88eeE5c="></latexit>

min
✓={(wk,vk)}K

k=1

NX

n=1

L(yn, f✓(xn)) + �TV(D f✓)

<latexit sha1_base64="g+RaLMX0UBD2lhvfF4amZnhav5c="></latexit>

BV2 is the space of all functions with TV2(f) = kD2fkM < 1.

<latexit sha1_base64="eIGf8eWLHCZQIQmWXsPVoqImZtg=">AAACVXicdZBdb9MwFIbdMLZRPlbGJTcWHdK4IEq69eMGadp6weVAazupqaYT56S1ZjuR7TCFKP+HX8Pttv8CEm7XSoDgSJYeve859vEb54IbGwT3De/R1uPtnd0nzafPnr/Ya73cH5us0AxHLBOZvozBoOAKR5ZbgZe5RpCxwEl8fbb0J19QG56pC1vmOJMwVzzlDKyTrlqnUZwa1BwNnSCfLywdIoOSHnygkQS70LK6GNeHGx 7W6buD959xXgjQ/Ov6knbgB0e9426fBv5REA76HQfd42DQDWnoB6tqk3WdX7V+REnGConKMgHGTMMgt7MKtOVMYN2MCoM5sGuY49ShAolmVq3+WtO3Tklomml3lKUr9feJCqQxpYxd53Jn87e3FP/lTQubDmYVV3lhUbGHh9JCUJvRZXA04RqZFaUDYJq7XSlbgAZmXbzNSKPCG5ZJCSqpohQkF2WCKRTC1lVk0g03XVybTOj/Ydzxw57f+9RpnwzXwe2S1+QNOSQh6ZMT8pGckxFh5Bv5Tm7JXeO28dPb8rYfWr3GeuYV+aO8vV/f7bcf</latexit>

Weight Decay = TV(Df)-Regularization
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<latexit sha1_base64="21jOfszXbgurEd/IS29e5MxWANw="></latexit>

D2

<latexit sha1_base64="mUBkLkWIfPm57TtM/T1o+c90394="></latexit>

???

<latexit sha1_base64="BJsL6/f1+alioeqqT7CBihh5kdc="></latexit>

(wTx� b)+

<latexit sha1_base64="qJDal6vKjmOEQF2YfzjTivAh3mA="></latexit>

(wx� b)+
<latexit sha1_base64="Z6c423Z95xGARlzCTY6FEyxHcus="></latexit>

|w|�(x� b/w)

<latexit sha1_base64="pMse6Br/sINgFljlYvDtYuonpJg="></latexit>

�?

<latexit sha1_base64="wjFvCLwiGkUZpgW0uMka0qds7GQ=">AAACPnicdZDLahRBFIar4y2Ot4ku3RQOgiA03ZPMZWdCXLgRIjiZwPQwnK4+nSlSl6bqdMLQzEP4NNnGx/AF3IlbFy6smUxARX8o+PnPOZxTX14p6SlJvkRbt27fuXtv+37rwcNHj5+0d54ee1s7gSNhlXUnOXhU0uCIJCk8qRyCzhWO87PDVX18js5Laz7SosKphlMjSymAQjRrv87y0qOT6Pl4DsQPclsTpzny97UieQ5OAi E/DCvezNqdJE52+3u9AU/i3SQdDrrB9PaSYS/laZys1WEbHc3aP7PCilqjIaHA+0maVDRtwJEUCpetrPZYgTiDU5wEa0CjnzbrTy35y5AUvLQuPEN8nf4+0YD2fqHz0KmB5v7v2ir8V21SUzmcNtJUNaER14vKWnGyfEWIF9KhILUIBoST4VYu5uBAUODYyhwavBBWazBFk5WgpVoUWELAtWwyX974VsB1w4T/3xx347Qf9z90O/tvN+C22XP2gr1iKRuwffaOHbERE+wTu2RX7HN0FX2NvkXfr1u3os3MM/aHoh+/AKuHsKk=</latexit>

What About the Multivariate Case?
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<latexit sha1_base64="N4SF83KWEM7HT1cyMEr1wSPUKOE="></latexit>

“A function space view of bounded norm infinite width ReLU nets: The multivariate case”

Greg Ongie, Rebecca Willett, Daniel Soudry, and Nathan Srebro

International Conference on Learning Representations (2020)

x 1

°50
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50x
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°10

0
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<latexit sha1_base64="4S/nPgbcJ/32iy4TebxmK9C6IHk="></latexit>

path-norm(f✓) =
KX

k=1

|vk|kwkk2 = kKR�f✓kM

<latexit sha1_base64="7cUW6VVAMBOBnuAwfQ1skK7NYJE="></latexit>

f✓

x1

x
2

¢{s}(x)

<latexit sha1_base64="wsRuLPfskY7F2lJnZ2NrJD9EHaQ="></latexit>

�

<latexit sha1_base64="v2bh699P0p+O/6PDU+a45f7SgNw="></latexit>

di↵erentiate
twice

<latexit sha1_base64="2DltLQ659kYt5TNyyFLmufl46uQ="></latexit>

Dirac “lines”
along activation

thresholds

0 º/2 º
µ

w = (cos µ, sin µ)

°50

°25

0

25

50

b

R2{s}(x)

<latexit sha1_base64="+J4O4LNuxKiB7cm5hmBnJqw/NbA="></latexit>

KR

<latexit sha1_base64="SUHV0kxZrDQjnvX8eXBJ6DfgvVA="></latexit>

filtered
Radon

transform

<latexit sha1_base64="xqNJrZzx9yNj8EscWGdhzII5qi4="></latexit>

� at each
neuron

weight/bias

<latexit sha1_base64="zrzbT03cC9r/3spHUna7JDkqS7U="></latexit>

second-order
Radon-domain
total variation

<latexit sha1_base64="N82jQPJQnAHvNFjTG+FbprEHW8o="></latexit>

magnitude of
each �: vkkwkk2

<latexit sha1_base64="HimauWyHGVSKxGQv0G94lk8dt0Y="></latexit>

ReLU network

<latexit sha1_base64="yYP7W4/V3vEZ1jCHyYQcgyWgBPg=">AAACSHicdVDLahsxFNW4r9R9uc2yGxFT6GrQOPGDrgJtoJtAEuwk4DHmjuZOLKLHIGmSmMFf0q/pNv2C/kV3odBFZMeBtrQHBIdz7uHqnqyUwnnGvkeNBw8fPX6y8bT57PmLl69ar98cO1NZjiNupLGnGTiUQuPICy/xtLQIKpN4kp1/XPonF2idMHro5yVOFJxpUQgOPkjTVjfNCodWoKP7lfTiAqwAj3TvyqNepj7Q4QzpEe RG06EF7Qpj1bTVZjHb7u10+5TF2ywZ9DuBdHfYoJvQJGYrtMkaB9PWrzQ3vFKoPZfg3DhhpZ/UYL3gEhfNtHJYAj+HMxwHqkGhm9Sr8xb0XVByGvaGpz1dqb8nalDOzVUWJhX4mfvbW4r/8saVLwaTWuiyCsfyu0VFJak3dNkVzYVF7uU8EOBWhL9SPgML3IdGm6lFjZfcKAU6r9MClJDzHAsIPS7q1BX3vBnquu+E/p8cd+KkF/cOO+3dT+viNshbskXek4T0yS75TA7IiHDyhXwl1+RbdB39iG6in3ejjWid2SR/oNG4Bf+8tEs=</latexit>

Multivariate Extension: The Radon Transform
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<latexit sha1_base64="Sux+jxxBZY/3do+qTT1wQLUlNcY="></latexit>

Radon-domain TV2: R TV2(f) := kKR�fkM
<latexit sha1_base64="vGIoleN5xijbA85ECG+788a7uQo="></latexit>

total variation
of the measure

KR�f

<latexit sha1_base64="73Lzjscx3FjZxTw0CQywV3rkurA="></latexit>

� =
dX

k=1

@2

@x2
k

= Laplacian operator

<latexit sha1_base64="dLdwcA8/GvN4UIxX+fENevqrtu8="></latexit>

Average measure of sparsity of second
derivatives along each direction in Rd.

<latexit sha1_base64="bMbYziCUHoU/mqulEXn+V3C+7h4="></latexit>

R BV2 is the space of all functions on Rd with R TV2(f) < 1.

<latexit sha1_base64="85CNy24/e1OhLIHZEEDIL7LqIzI="></latexit>

P. and Nowak (2021, Journal of Machine Learning Research)

<latexit sha1_base64="fFK1iJDAoBSumEFM+aWrid7/cbU="></latexit>

Banach, not Hilbert!

<latexit sha1_base64="uSqkTSWy8MOFrmUeXVTGMdTxKQc="></latexit>

KR = filtered Radon transform
<latexit sha1_base64="oODqq2YQL+/6IziisnOxPDqlNvg="></latexit>

cKg(!) / |!|d�1bg(!)

<latexit sha1_base64="BWGZuWMsB5oRR6oLgbO/MQZVnFY=">AAACaHicdVDLbtQwFPWEVwmPTgEJITZWp0isImfaeSxYVIUFK1SgM600GUY3zk3Hqu1EtgMaRfkZvoYt7PgFvgJPOpUogiNZOjrnXt3jk5ZSWMfYz05w4+at23e27ob37j94uN3deTS1RWU4TnghC3OWgkUpNE6ccBLPSoOgUomn6cXrtX/6GY0VhT5xqxLnCs61yAUH56VF91WS5haNQEtPlkjfYWVA0iPQwJf0Ywkc6V6iwC 0tN/WHpqVG1UfT5lN/b9HtsYjtDw8GI8qifRaPR31PBgdsPIhpHLEWPbLB8WKn8yTJCl4p1I5LsHYWs9LNazBOcIlNmFQW/dELOMeZpxoU2nndfrOhL7yS0bww/mlHW/XPjRqUtSuV+sk28d/eWvyXN6tcPp7XQpeVQ80vD+WVpK6g685oJgxyJ1eeADfCZ6V8CQa4882GiUGNX3ihFOisTnJQQq4yzKGSrqkTm1/xMLyWqK3S5rYJfY9XZdH/k2k/iofR8H2/d/hm0+gWeU52yUsSkxE5JG/JMZkQTr6Sb+Q7+dH5FXSDp8Gzy9Ggs9l5TK4h2P0NNbe79Q==</latexit>

The Neural Banach Space RBV2
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<latexit sha1_base64="85CNy24/e1OhLIHZEEDIL7LqIzI="></latexit>

P. and Nowak (2021, Journal of Machine Learning Research)

<latexit sha1_base64="UZKlDfv88Tj4QS2Gpb5//0NTkAc="></latexit>

Neural Network Representer Theorem (P. and Nowak 2021)
<latexit sha1_base64="pJvuTH5jWz8S1gYt1czsUD9V9TE="></latexit>

For any data set {(xn, yn)}Nn=1 and lower semicontinuous L(·, ·),
there exists a solution to

<latexit sha1_base64="+F4gckzTHyP3gAjKBikyLgJHiFk="></latexit>

min
f2R BV2

NX

n=1

L(yn, f(xn)) + �R TV2(f), � > 0,

<latexit sha1_base64="WJ6bg7TBgz4PulDmXQqBrj8MuAg="></latexit>

that admits a representation of the form
<latexit sha1_base64="Z9uKGKItZBXYv8JILReNGIQIlyY="></latexit>

fReLU(x) =
KX

k=1

vk(w
T
kx� bk)+ +wT

0x+ b0, K < N.
<latexit sha1_base64="4pdmNDm4DS2yJaL0jcWzY9u3Zd4="></latexit>

ReLU neurons
<latexit sha1_base64="CXwNTRK1h6bSTwwj15zPzWLRK6k="></latexit>

skip connection
<latexit sha1_base64="D6JSJznrr2mzdFEr57SUGGbIt2I="></latexit>

sparse solution

<latexit sha1_base64="38jpo8Az/gFjp7kmD4dsJLGh7fQ="></latexit>

Training a su�ciently parameterized
neural network (K � N) with weight
decay (to a global minimizer) is a solution
to the Banach space problem.

<latexit sha1_base64="2Veh8gcm0ixw+aGeYlq9TB2sqHs="></latexit>

Neural networks learn
R BV2-functions.

<latexit sha1_base64="kdpSx48UVF5u8QPaGraOi5Xqm7Q=">AAACWHicdVDLbhNBEBxvgCTLI07glssIC4kDWs068eOYEA45BoiTSF7L6p3tjUeZx2pmFmSt/BN8DVf4i/A1jB1HIghaGqlU3V1dU3klhfOM3baijUePn2xubcdPnz1/sdPe3btwprYcR9xIY69ycCiFxpEXXuJVZRFULvEyvzlZ9i+/oHXC6HM/r3Ci4FqLUnDwgZq232V56dAKdPSYvgcNfEY/V8CRfsIg5FB7tPR8hsaimr Y7LGEH/cPegLLkgKXDQTeA3iEb9lKaJmxVHbKus+lu61VWGF6rIMMlODdOWeUnDVgvuMRFnNUOw7UbuMZxgBoUukmz+taCvglMQUtjw9Oertg/NxpQzs1VHiYV+Jn7u7ck/9Ub174cThqhq9qj5neHylpSb+gyI1oIi9zLeQDArQheKZ+BBR6yCEoWNX7lRinQRZOVoIScF1hCLf2iyVx5j+P4gaOlD+tKt4hDjvdh0f+Di26S9pP+x27n6MM60S2yT16TtyQlA3JETskZGRFOvpHv5Af52foVkWgz2r4bjVrrnZfkQUV7vwFgt7WM</latexit>

A Banach Space Representer Theorem
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<latexit sha1_base64="Dr/PYkunYWAGKYUGOQfBvxCnHcM="></latexit>

Why Do Neural Networks Work

Well in High-Dimensional Problems?
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<latexit sha1_base64="Zt+a2mzE0hZ8HJm6CP0BGmoB6vE="></latexit>

True function
and noisy data

<latexit sha1_base64="vsCsu0sMyw1aTvvg+mhJ0HvSyPE="></latexit>

Thin-plate spline
(kernel method)

<latexit sha1_base64="wbLjgwtF/XJXyAV3Y74FTPCt2Us="></latexit>

Neural network
(nonlinear method)

<latexit sha1_base64="tU605C0Vw3LNwkwPkKAmBSsgTHA="></latexit>

P. and Nowak (2023, IEEE Transactions on Information Theory)

<latexit sha1_base64="lu5BV8dyxb/Fn7ZnRp/sNxLf9Rk=">AAAEunicdVNdb9MwFPW2AiN8bfDIi9VtEg9V5aRLu0o8jO7zYRVlWttJSxlO4rRWEyeyHbYqyt/jP/AfeIVnnDadmjAcXenmnnOub05sO/KpkAj9XFvfqDx5+mzzufbi5avXb7a23w5EGHOH9J3QD/m1jQXxKSN9SaVPriNOcGD7ZGhPjzJ8+J1wQUN2JWcRGQV4zKhHHSxV6Xbr2wBzOs8hZTBk/gxiaElyL20v8cgddCknTo </latexit>

Variation in only a few directions is a defining characteristic of R BV2.

<latexit sha1_base64="9ZEGoeLmgq2J9Y934vDgWoAnwmM=">AAACZXicdVDLbhNBEBwvr7AQcCDiwoERFhKn1awTP7gFkQMnFAROInktq3e2Nx55HquZWSJr5W/ha7jCmS/gN5h1HIkgaGk0papudXXllRTOM/azE926fefuvZ378YOHu48ed/eenDpTW44TbqSx5zk4lELjxAsv8byyCCqXeJYv37X62Re0Thj92a8qnCm40KIUHHyg5t03WV46tAId/YC1BRk+f2ns0tG3BVSeekOPhUXetg f1kzLGLzQ6N+/2WMIOhoeDEWXJAUvHo34Ag0M2HqQ0TdimemRbJ/O9zn5WGF4r1J5LcG6assrPGrBecInrOKsdVsCXcIHTADUodLNmc+OavgpMQUtjw9Oebtg/JxpQzq1UHjoV+IX7W2vJf2nT2pfjWSN0VXvU/GpRWcv28DYwWmyul6sAgFsRvFK+AAvch1jjzKLGS26UAl00WQlKyFWBJdTSr5vMldc4jm84an1YV7p1HHK8Dov+H5z2k3SYDD/2e0fH20R3yHPykrwmKRmRI/KenJAJ4eQr+Ua+kx+dX9FutB89u2qNOtuZp+RGRS9+Ax5hu5M=</latexit>

Neural Networks Adapt to Directional Smoothness
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<latexit sha1_base64="tU605C0Vw3LNwkwPkKAmBSsgTHA="></latexit>

P. and Nowak (2023, IEEE Transactions on Information Theory)

<latexit sha1_base64="+gAnTxRv6MsPsQFZlPxrhXFoG5M="></latexit>

� 1
↵

<latexit sha1_base64="EkBAVIovS7lT9h4vIrX2A8lfjlc="></latexit>�↵

<latexit sha1_base64="2w37kwr02+OLGfRmJDHbElrGSd8="></latexit>

unit ball

<latexit sha1_base64="Thznyngc04kKzvWxSz8Fz7OtgY8="></latexit>

Given f 2 R BV2, there exists a finite-width ReLU network
fK with K neurons such that

<latexit sha1_base64="NCIMDi4+QOPswp8rF5MqkQwxg3g="></latexit>

kf � fKkL1(⌦) = O(K� 1
2�

3
2d ) = O(K� 1

2 ).

<latexit sha1_base64="P1180Ks7OkcmjGA0HzbtDDR/6vQ="></latexit>

By the inequality of Carl (1981), this implies

<latexit sha1_base64="Jb8M3Gk6Aww8EltOi4mzUncNGkw="></latexit>

logN (�, U(R BV2), k · kL1(⌦)) = eO(��
2d

d+3 ) = eO(��2).

<latexit sha1_base64="3lr9YO220lOx/ZPKL5tdJDRuXn0="></latexit>

Approximation rates and metric entropies
do not grow with the input dimension d.

<latexit sha1_base64="k6CsfidhLorDZLMHoTWZrQAtmWo="></latexit>

Barron (1993)
Matoušek (1996)
Bach (2017)
Siegel (2023)

<latexit sha1_base64="BPYjH2axejdwjmOUFWAuSldvG8s=">AAACW3icdVDLbhMxFHWmPMpQIOWxYmMRIbEaPGnz2FG1XbAsEmkrZaLI47lOrPgxsj2g0SifwdewpR/RRf8FT5pKFMGRLB2dc499ffJSCucJue5EOw8ePnq8+yR+uvfs+Yvu/stzZyrLYMKMNPYypw6k0DDxwku4LC1QlUu4yFcnrX/xDawTRn/1dQkzRRdacMGoD9K8+zHLuQMrwOHjkFsJvcB+Cfiksg6w4fhUKNBtnErh60 /zbo8k5GB4OBhhkhyQdDzqBzI4JONBitOEbNBDW5zN9zuvs8KwKtzimaTOTVNS+llDrRdMwjrOKgclZSu6gGmgmipws2bzszV+H5QCc2PD0R5v1D8TDVXO1SoPk4r6pfvba8V/edPK8/GsEbqsPGh2+xCvJPYGtzXhQlhgXtaBUGZF2BWzJbWU+VBmnFnQ8J0ZpagumoxTJWRdAKeV9Osmc/yOx/G9jdo9rONuHYce78rC/yfn/SQdJsMv/d7R6bbRXfQWvUMfUIpG6Ah9Rmdoghj6gX6iX+iqcxPtRHG0dzsadbaZV+geoje/AakHtyA=</latexit>

Breaking the Curse of Dimensionality?
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<latexit sha1_base64="tU605C0Vw3LNwkwPkKAmBSsgTHA="></latexit>

P. and Nowak (2023, IEEE Transactions on Information Theory)

<latexit sha1_base64="c95WRIAgKGhcYq1WQiDIzVhxXh8="></latexit>

Suppose that {xn}Nn=1 are i.i.d. uniform on a bounded domain ⌦ ⇢ Rd.
If yn = f?(xn) + "n with R TV2(f?) < 1, then any solution to

<latexit sha1_base64="EKZgkZc6G/JN59DFuubgsN9twtw="></latexit>

fReLU 2 argmin
✓

NX

n=1

L(yn, f✓(xn)) +
�

2

KX

k=1

|vk|2 + kwkk22
<latexit sha1_base64="mUPz7LVLWXGWmfeazcN6kLyl3/Q="></latexit>

satisfies
<latexit sha1_base64="R3lqUORgBlY+HZm3RGGFzeUp+jI="></latexit>

Ekf? � fReLUk2L2(⌦) = eO(N� d+3
2d+3 ) = eO(N� 1

2 ).
<latexit sha1_base64="CcOjJIeunLp9G70Sy+mNPopmc8s="></latexit>

minimax rate

<latexit sha1_base64="e5ddlHA1ACO119tK/AY0mf/rsGM="></latexit>

Linear methods (thin-plate splines, kernel methods, neural tangent
kernels, etc.) necessarily su↵er the curse of dimensionality.

<latexit sha1_base64="GaAco3qrPhZL4xygz5X7h990kRk="></latexit>

Linear minimax lower bound: N� 3
d+3

<latexit sha1_base64="JRcGQJ+AxMWHD5VAvDeKqkJChIg="></latexit>

the curse

<latexit sha1_base64="NtNUhyJ9+VzhRkS1XmIC3BuVOaM="></latexit>no curse

<latexit sha1_base64="q3ajtA6U8N19MXBc1YsGkjukDls="></latexit>

weight decay
objective

<latexit sha1_base64="J7aGFRDWoYSv5J1I1xSfHP3AogU=">AAACW3icdVDLbhNBEBxveIQlECfAicsIC4nTsuvEj2MkOHABgoSTSF7Lmp3tSUaex2qml2S18mfwNVzhIzjwL4wdRyIIShp1qbpbXVNFpaTHNP3Zibbu3L13f/tB/HDn0ePd7t7+ibe14zDhVll3VjAPShqYoEQFZ5UDpgsFp8Xizap/+gWcl9Z8xqaCmWbnRgrJGQZp3n2dF8KDk+Dpe2mkZlf0Y4WhKokNtYJ+gNoxFQpeWr fw824vTdKD4eFgRNPkIM3Go34gg8N0PMholqRr9MgGx/O9ztO8tLzWYJAr5v00Syuctcyh5AqWcV57qBhfsHOYBmqYBj9r1z9b0pdBKamwLjyDdK3+udEy7X2jizCpGV74v3sr8V+9aY1iPGulqWoEw68PiVpRtHQVEy2lA46qCYRxJ4NXyi+YYxxDmHHuwMAlt1ozU7a5YFqqpgTBaoXLNvfihsfxLUcrH84Lv4xDjjdh0f+Tk36SDZPhp37v6O0m0W3ynLwgr0hGRuSIvCPHZEI4+Uq+ke/kR+dXtBXF0c71aNTZ7DwhtxA9+w1JFLd1</latexit>

Minimax Optimality of Neural Networks
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<latexit sha1_base64="JvcBeHCATZdzbEMEGO1+PtuMDSc="></latexit>

What Does All of This Mean for
Learning With Deep Neural Networks?
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<latexit sha1_base64="nDEMJaUBszW3xk6aSUkmVn8Yb1E="></latexit>

Deep Neural Networks are Layers of Shallow Vector-Valued Networks

<latexit sha1_base64="ev3s1AXHnH/Jgspn/syvgXwNveE=">AAACRXicdZBPaxNBGMZna9Ua/zTq0cvQIHhxmU2bP8eCHjyItGjSQjaEd2ffbYbMn2Vm1rAs+R5+Gq/1K/ghvIknwU7SFFT0gYGH53lfZuaXlVI4z9jXaOfW7u07d/fute4/ePhov/34ydiZynIccSONPc/AoRQaR154ieelRVCZxLNs8Wrdn31E64TRH3xd4lTBhRaF4OBDNGt306xwaAU6+hbqMEhNQcfIvbEvxyArzOn7OU hplvQd+qWxCzdrd1jMDvtHvQFl8SFLhoNuML0jNuwlNInZRh2y1cms/TPNDa8Uas8lODdJWOmnDVgvuMRVK60clsAXcIGTYDUodNNm87cVfR6SnBbGhqM93aS/bzSgnKtVFiYV+Ln7u1uH/+omlS+G00bosvKo+fVFRSWpN3QNiubCBgyyDga4FeGtlM/BAveBUiu1qHHJjVKg8yYtQAlZ51hAJf2qSV1x41sB1w0T+n8z7sZJP+6fdjvHr7fg9sgzckBekIQMyDF5Q07IiHDyiXwml+RLdBl9i75HP65Hd6LtzlPyh6JfVyyms+o=</latexit>

Layers of Vector-Valued Shallow Networks
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<latexit sha1_base64="V5au76z1O+t+vA7YdT154SgRXks="></latexit>

Weight decay favors outputs that “share” neurons (sparse neurons)

<latexit sha1_base64="SZWxW/G0XFltbXXljXivc+HCFxI=">AAAB6HicdVDLSgNBEJz1GeMr6tHLYBA8hdkga3ILeAl4ScA8IFnC7KQ3GTM7u8zMCmHJF3jxoIhXP8mbf+PkIahoQUNR1U13V5AIrg0hH87a+sbm1nZuJ7+7t39wWDg6bus4VQxaLBax6gZUg+ASWoYbAd1EAY0CAZ1gcj33O/egNI/lrZkm4Ed0JHnIGTVWat4MCkVSIhaeh+fErRDXkmq1Ui5XsbuwCCmiFRqDwnt/GLM0AmmYoFr3XJIYP6PKcCZglu+nGhLKJnQEPUsljUD72eLQGT63yhCHsbIlDV6o3ycyGmk9jQLbGVEz1r+9ufiX10tNWPEzLpPUgGTLRWEqsInx/Gs85AqYEVNLKFPc3orZmCrKjM0mb0P4+hT/T9rlkuuVvOZlsVZfxZFDp+gMXSAXXaEaqqMGaiGGAD2gJ/Ts3DmPzovzumxdc1YzJ+gHnLdP/qqNHQ==</latexit>

K

<latexit sha1_base64="aTdV5e5/VvrE0D7n8WxqJfmXZxo=">AAAB6HicdVBNSwMxEJ31s9avqkcvwSJ4Ktkia3sr6KHHFuwHtEvJpmkbm80uSVYoS3+BFw+KePUnefPfmG0rqOiDgcd7M8zMC2LBtcH4w1lb39jc2s7t5Hf39g8OC0fHbR0lirIWjUSkugHRTHDJWoYbwbqxYiQMBOsE0+vM79wzpXkkb80sZn5IxpKPOCXGSs2bQaGIS9jC81BG3Ap2LalWK+VyFbkLC+MirNAYFN77w4gmIZOGCqJ1z8Wx8VOiDKeCzfP9RLOY0CkZs56lkoRM++ni0Dk6t8oQjSJlSxq0UL9PpCTUehYGtjMkZqJ/e5n4l9dLzKjip1zGiWGSLheNEoFMhLKv0ZArRo2YWUKo4vZWRCdEEWpsNnkbwten6H/SLpdcr+Q1L4u1+iqOHJzCGVyAC1dQgzo0oAUUGDzAEzw7d86j8+K8LlvXnNXMCfyA8/YJ9A6NFg==</latexit>

D
<latexit sha1_base64="5cczcT10E+4pROVbw0QZ/6Avvag="></latexit>

f1(x)
f2(x)

...

fD(x)

<latexit sha1_base64="LV/JUkoQ6icCAsVKPWpXCOdxX/A=">AAACBHicbVC7TgJBFJ31ifhCLW0mEhMrskuBliQ2lJjII4ENmZ29CxNmZteZWQ3Z0PoLttrbGVv/w9YvcYAtBDzJTU7OuTfn5gQJZ9q47rezsbm1vbNb2CvuHxweHZdOTts6ThWFFo15rLoB0cCZhJZhhkM3UUBEwKETjG9nfucRlGaxvDeTBHxBhpJFjBJjJT8EqQE/ARuOjB6Uym7FnQOvEy8nZZSjOSj99MOYpgKkoZxo3fPcxPgZUYZRDtNiP9WQEDomQ+hZKokA7Wfzp6f40iohjmJlRxo8V/9eZERoPRGB3RTEjPSqNxP/83qpiW78jMkkNSDpIihKOTYxnjWAQ6aAGj6xhFDF7K+Yjogi1NieiksxgZjaUrzVCtZJu1rxapXaXbVcb+T1FNA5ukBXyEPXqI4aqIlaiKIH9IJe0Zvz7Lw7H87nYnXDyW/O0BKcr19XV5jb</latexit>

dense weights

<latexit sha1_base64="felRE5XJKbKVJpSc4D9SJepsCnY=">AAACBHicbVC7SgNBFL0bXzG+opY2g0GITdgViSkDWggWRjAPSJYwO5lNhszObmZmhbCk9RdstbcTW//D1i9xkmxhEg9cOJxzL+dyvIgzpW3728qsrW9sbmW3czu7e/sH+cOjhgpjSWidhDyULQ8rypmgdc00p61IUhx4nDa94fXUbz5RqVgoHvU4om6A+4L5jGBtJPe+eIc6aiR1cjM57+YLdsmeAa0SJyUFSFHr5n86vZDEARWacKxU27Ej7SZYakY4neQ6saIRJkPcp21DBQ6ocpPZ0xN0ZpQe8kNpRmg0U/9eJDhQahx4ZjPAeqCWvan4n9eOtV9xEyaiWFNB5kF+zJEO0bQB1GOSEs3HhmAimfkVkQGWmGjTU24hxgsmphRnuYJV0rgoOeVS+eGyUK2k9WThBE6hCA5cQRVuoQZ1IDCCF3iFN+vZerc+rM/5asZKb45hAdbXLyMzmBA=</latexit>

O(K
p
D)

<latexit sha1_base64="5cczcT10E+4pROVbw0QZ/6Avvag="></latexit>

f1(x)
f2(x)

...

fD(x)

<latexit sha1_base64="0kRw/lX4pEyk6PKwsLxc1/U6b0c=">AAACBXicbVC7TgJBFJ3FF+ILtbSZSEysyC4FWpLYUGIijwSQzA53YcLM7mbmroZsqP0FW+3tjK3fYeuXOMAWCp7kJifn3Jtzc/xYCoOu++XkNja3tnfyu4W9/YPDo+LxSctEiebQ5JGMdMdnBqQIoYkCJXRiDUz5Etr+5Gbutx9AGxGFdziNoa/YKBSB4AytdG9ipg3QRxCjMZpBseSW3QXoOvEyUiIZGoPid28Y8URBiFwyY7qeG2M/ZRoFlzAr9BIDMeMTNoKupSFTYPrp4usZvbDKkAaRthMiXai/L1KmjJkq324qhmOz6s3F/7xugsF1PxVhnCCEfBkUJJJiROcV0KHQwFFOLWFcC/sr5WOmGUdbVOFPjK9mthRvtYJ10qqUvWq5elsp1epZPXlyRs7JJfHIFamROmmQJuFEk2fyQl6dJ+fNeXc+lqs5J7s5JX/gfP4AS0GZZA==</latexit>

sparse weights

<latexit sha1_base64="GUZLfN0h5eTUPfTzIzqNan2tjlE=">AAAB+3icbVBNS8NAEJ3Ur1q/qh69LBahXkoiUnss6MGbFewHtKFstpt26WYTdjdCCfkLXvXuTbz6Y7z6S9y0OdjWBwOP92aYmedFnClt299WYWNza3unuFva2z84PCofn3RUGEtC2yTkoex5WFHOBG1rpjntRZLiwOO0601vM7/7TKVioXjSs4i6AR4L5jOCdSY9VO8uh+WKXbPnQOvEyUkFcrSG5Z/BKCRxQIUmHCvVd+xIuwmWmhFO09IgVjTCZIrHtG+owAFVbjK/NUUXRhkhP5SmhEZz9e9EggOlZoFnOgOsJ2rVy8T/vH6s/YabMBHFmgqyWOTHHOkQZY+jEZOUaD4zBBPJzK2ITLDERJt4SktrvCA1oTirEayTzlXNqdfqj9eVZiOPpwhncA5VcOAGmnAPLWgDgQm8wCu8Wan1bn1Yn4vWgpXPnMISrK9fKmCULQ==</latexit>

O(D)

<latexit sha1_base64="5cczcT10E+4pROVbw0QZ/6Avvag="></latexit>

f1(x)
f2(x)

...

fD(x)

<latexit sha1_base64="DAK80BFws27Q5zHrpiRL3yOJsAY=">AAACBXicbVC7TgJBFJ3FF+ILtbSZSEysyC4FWpLYUGIijwRWMjtcYMI8NjOzJmRD7S/Yam9nbP0OW7/EAbYQ8CQ3OTnn3pybE8WcGev7315ua3tndy+/Xzg4PDo+KZ6etYxKNIUmVVzpTkQMcCahaZnl0Ik1EBFxaEeTu7nffgJtmJIPdhpDKMhIsiGjxDrp0cREG8ASEq2k6RdLftlfAG+SICMllKHRL/70BoomAqSlnBjTDfzYhinRllEOs0IvMRATOiEj6DoqiQATpouvZ/jKKQM8VNqNtHih/r1IiTBmKiK3KYgdm3VvLv7ndRM7vA1TJuPEgqTLoGHCsVV4XgEeMA3U8qkjhGrmfsV0TDSh1hVVWImJxMyVEqxXsElalXJQLVfvK6VaPasnjy7QJbpGAbpBNVRHDdREFGn0gl7Rm/fsvXsf3udyNedlN+doBd7XL2MQmXM=</latexit>sparse neurons

<latexit sha1_base64="Oo1sAvoT4+DRkV0yLEBVOIK12qg=">AAACAnicbVC7SgNBFJ2NrxhfUUubwSDEJuyKxJQBLeyMYB6wWcLsZDYZMo91ZlYIy3b+gq32dmLrj9j6JU4ehUk8cOFwzr3ce08YM6qN6347ubX1jc2t/HZhZ3dv/6B4eNTSMlGYNLFkUnVCpAmjgjQNNYx0YkUQDxlph6Prid9+IkpTKR7MOCYBRwNBI4qRsZJ/V+7qR2XSm+y8Vyy5FXcKuEq8OSmBORq94k+3L3HCiTCYIa19z41NkCJlKGYkK3QTTWKER2hAfEsF4kQH6fTkDJ5ZpQ8jqWwJA6fq34kUca3HPLSdHJmhXvYm4n+en5ioFqRUxIkhAs8WRQmDRsLJ/7BPFcGGjS1BWFF7K8RDpBA2NqXCwpqQZzYUbzmCVdK6qHjVSvX+slSvzePJgxNwCsrAA1egDm5BAzQBBhK8gFfw5jw7786H8zlrzTnzmWOwAOfrFys6l5E=</latexit>

O(
p
D)

<latexit sha1_base64="dCX+3hFGt50bYehz8tRcgON86KQ=">AAACRHicdVDLihNBFK0eX2N8RV26KQyCq6Y6M3ksB5yFy5GZTAbSIdyuvp0UU1XdVN1Wmibf4de4Hb/Bf3An7kSsZDKgogcuHM65h6p7skorT0J8ifZu3b5z997+/c6Dh48eP+k+fXbuy9pJnMhSl+4iA49aWZyQIo0XlUMwmcZpdvlm40/fo/OqtGfUVDg3sLSqUBIoSItukmaFR6fQ87MV8lNytaTaYc5PKwgxanhZ8Cmq5Y r4MUpoFt2eiMXB8HAw4iI+EMl41A9kcCjGg4Qnsdiix3Y4WXR/pHkpa4OWpAbvZ4moaN6CIyU1rjtp7bECeQlLnAVqwaCft9vT1vxVUHJelC6MJb5Vf0+0YLxvTBY2DdDK/+1txH95s5qK8bxVtqoJrbx+qKg1p5JveuK5cihJN4GAdCr8lcsVOJAU2uykDi1+kKUxYPM2LcAo3eRYQK1p3aa+uOGdUNdNJ/z/5LwfJ8N4+K7fOzreFbfPXrCX7DVL2IgdsbfshE2YZB/ZJ3bFPkdX0dfoW/T9enUv2mWesz8Q/fwFG3izWw==</latexit>

The Structured Sparsity of Weight Decay
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<latexit sha1_base64="QvhAXBsdMG5mNszh0sXU7hRSnLE="></latexit>

Shenouda, P., Lee, and Nowak (2024, JMLR)

<latexit sha1_base64="waZmbtSa8Rr6naTxzP3tDeFFHdw=">AAACQXicdZDLahsxFIY16S11L3HaZTeiptDVoHHiyzKQLLIqLq3jgMcYjeaMLaLLIJ1pGAa/RZ6m2/Ql8gjdlW7bRWXHgba0Pwh+/v8cJH1ZqaRHxm6inXv3Hzx8tPu49eTps+d77f0XZ95WTsBYWGXdecY9KGlgjBIVnJcOuM4UTLKL43U/+QTOS2s+Yl3CTPOFkYUUHEM0b8dpVnhwEjydgFwskZ6A4DUdOasthvQdVM4a+m HJnTSLebvDYnbQP+wNKIsPWDIcdIPpHbJhL6FJzDbqkK1G8/bPNLei0mBQKO79NGElzhruUAoFq1ZaeSi5uOALmAZruAY/azb/WtE3IclpYV04Bukm/X2j4dr7WmdhUnNc+r+7dfivblphMZw10pQVghG3FxWVomjpGhLNpQOBqg6GCyfDW6kIALjAgLKVOjBwKazW3ORNWnAtVZ1DwSuFqyb1xZ1vBVx3TOj/zVk3Tvpx/323c3SyBbdLXpHX5C1JyIAckVMyImMiyBX5TK7Jl+g6+hp9i77fju5E252X5A9FP34Bq+OyLw==</latexit>

Weight Decay Promotes Neuron Sharing

<latexit sha1_base64="5A+gaL+9oN6igdbJFW0BIhTPDFg="></latexit>

Neuron Sharing Theorem (Shenouda, P., Lee and Nowak 2024)

<latexit sha1_base64="aQTB0Z/3pwaIObUg/XGert9oF38="></latexit>

f(x) =
K∑

k=1

vk(w
T
kx)+.

<latexit sha1_base64="z89vup7o0Ksi0L8vQU4+O1hdAyU="></latexit>

There exists ω > 0 such that, if ↭(w1,w2) < ω, then the neural
network that shares neurons has a strictly smaller objective value.
That is,

<latexit sha1_base64="vMZe6scY1yHUdAE2o0pJkGUJaWg="></latexit>

satisfies J(f̃) < J(f).

<latexit sha1_base64="kU79ExAv5kzMzqOlsEi5wj0t5OY="></latexit>

f̃(x) = f(x)→ v1(w
T
1x) + ṽ1(w

T
2x)

<latexit sha1_base64="E3lr6Y5sj+VddwNBMrF6mZAOPdw="></latexit>

Consider one layer of a deep neural network

<latexit sha1_base64="H1ntTbvYsa7kN95PZyFlrlAQ914="></latexit>

min
f→RBV2

(
J(f) :=

N∑

n=1

L(yn, f(xn)) + ωRTV2(f)

)
<latexit sha1_base64="T0Jjz+Av2yy1W2puwkig19mKzMw="></latexit>

RTV2 regularization
→↑

path-norm regularization
→↑

weight decay
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<latexit sha1_base64="bvmvrHBdz3brqMYyiZ14QS6/9OY=">AAAEa3icbZPfT9swEMcNdBvLfsF42/ZgFSHtoUNOSwrsifH7oUgdojCJVshxLq1Vx4lsZ1BF+Qv3F+yP2KS9bi9z2zC1YY5OOd19vufzWfYTwbUh5PvC4lLl0eMny0+dZ89fvHy1svr6UsepYtBhsYjVF59qEFxCx3Aj4EuigEa+gCt/eDDOX30FpXksL8wogV5E+5KHnFFjQzcrcA6tDpaQKirsz9zGaqgxVYDjxPDIBnUs0j </latexit>

ReLU neural networks are optimal solutions to data-fitting problems
in new function spaces:

<latexit sha1_base64="Hux6TakRXVpbb3Izhgwzw9/bcTA=">AAACJHicdZDNSiQxFIVT/o32qNM6SzfBZsBVkWrtn6WgC5fKTKvQ1TS3Urc0mKSKJDVSFP0os9WXcSezmM08iYtJty2MogcCh3PuJZcvKaSwjrE/wcLi0vLKp9W1xuf1jc0vza3tc5uXhuOA5zI3lwlYlELjwAkn8bIwCCqReJHcHE37i59orMj1D1cVOFJwpUUmODgfjZtbcZJZNAIt/V4qBaYaN1ssZPvdg06PsnCfRf1e25 vOAet3IhqFbKYWmet03HyK05yXCrXjEqwdRqxwoxqME1zipBGXFgvgN3CFQ281KLSjenb6hH7zSUqz3PinHZ2l/2/UoKytVOInFbhr+7abhu91w9Jl/VEtdFE61Pz5o6yU1OV0yoGmwiB3svIGuBH+VsqvwQB3nlYjNqjxlueeiE7rOAMlZJViBqV0kzq22YtveFwvTOjH5rwdRt2we9ZuHR7Pwa2SHbJL9khEeuSQnJBTMiCc3JJf5I7cB3fBQ/AY/H4eXQjmO1/JKwV//wGEMqaR</latexit>

Summary

<latexit sha1_base64="cjYRe5eoCTbHiWax7PIh0WohZcY="></latexit>

• Radon-domain bounded variation spaces

• Banach, not Hilbert

• immune to the curse of dimensionality

• solutions are sparse/narrow

• solutions are adaptive to spatial and directional varying smoothness

• weight decay is secretly sparsity-promoting regularization scheme

• weight decay promotes neuron sharing in deep neural networks
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<latexit sha1_base64="q09dimUmHQPoLK5NCsToY6Psqe4=">AAACKnicdVDLahsxFNWkTZq6eTjNootuRE0gq0HjxI9loF1kVwfiJOAx5o7mTiKixyBpGszgr+nW/ZnuTLf9jC4qOw60JT1w4XDOPUj3ZKUUzjO2iDZevNzcerX9uvFmZ3dvv3nw9sqZynIcciONvcnAoRQah154iTelRVCZxOvs/uPSv/6C1gmjL/20xLGCWy0KwcEHadJ8l2aFQyvQ0c8lajqwJkSVmzRbLGYn3dNOj7L4hC X9XjuQzinrdxKaxGyFFlljMGn+SnPDK4XacwnOjRJW+nEN1gsucdZIK4cl8Hu4xVGgGhS6cb06YEaPgpLTwtgw2tOV+meiBuXcVGVhU4G/c/96S/E5b1T5oj+uhS4rj5o/PlRUknpDl23QXFjkXk4DAW5F+Cvld2CB+9BZI7Wo8YEbpUDndVqAEnKaYwGV9LM6dcUTb4S6njqh/ydX7Tjpxt2Lduvs07q4bfKefCDHJCE9ckbOyYAMCScz8pXMybdoHn2PFtGPx9WNaJ05JH8h+vkb+Jio1Q==</latexit>

Open Problems

<latexit sha1_base64="Q5uNGj+7+hbkYmOiwA1WVPQfW8A="></latexit>

What are the fundamental limits of shallow networks?
<latexit sha1_base64="UT5WWZsB3XwFalIWulrAww3Dfgg="></latexit>

• RBV2 does not capture everything
<latexit sha1_base64="U7lqDxJBJB1KO41W0j8EQt3Qzkk="></latexit>

DeVore, Nowak, P. and Siegel (2025, ACHA)

<latexit sha1_base64="uF2qP8U4iFrMmoF2R8rCMsFAI4E="></latexit>

=→ In 1D, these are Besov spaces
<latexit sha1_base64="2Yy4yoW3ousM3SHY9dZZohdoy54="></latexit>

Petrushev (1986)

<latexit sha1_base64="fsIN6POwYDogk/noibC7aMxXTTU="></latexit>

• Quantitative depth separation results?

<latexit sha1_base64="ETdvp06C5nFws3remSWVyW/qeTs="></latexit>

• Characterization of the approximation spaces of shallow networks?

<latexit sha1_base64="4Inz7J77C843ij0kkARyQjt9dxM="></latexit>

What kinds of functions do structured neural architectures learn?
<latexit sha1_base64="x6eSmzw7MiX4kPHt5ZnhFuYe8dw="></latexit>

• Orthogonal weight normalization and pooling layers
<latexit sha1_base64="aYh+qmGy3hdpxn/NPdi9lsYPDSM="></latexit>

P. and Unser (2025, SIAM J. Math. Data Sci.)
<latexit sha1_base64="f6oIUanhR4dANr3UuNffv8z4c5w="></latexit>

=→ New theory about the distributional k-plane transform
<latexit sha1_base64="qx/GsaKZcrXeggTVqSvUzmuIvhs="></latexit>

P. and Unser (2024, SIAM J. Math. Anal.)
<latexit sha1_base64="zBwcKmUz6bDGbVnNATM7iDDoJxk="></latexit>

• Attention mechanisms and transformers?
<latexit sha1_base64="EFR8/5w2A2UQChKVTDigdFiW1p4="></latexit>

Questions?


