
￼1

<latexit sha1_base64="SnyXAJZN6J8UA9MW4imFBh1GHsA="></latexit>
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<latexit sha1_base64="feV/0cqo44iX04fmEYszowAoK9A="></latexit>
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<latexit sha1_base64="bq2LO0oMZDsG18Tv1N/t7v2tFyk="></latexit>
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<latexit sha1_base64="ETXllkiLteQtyzsaZwLRhmKrsXo=">AAACInicbZBLS8NAFIUnvq2PVl26CRbBVUlUfK0Kblwq2FpoSrmZ3OjgzCTM3Kgl9Je41T/jTlwJ/hQXprWCth4Y+DjnXuZywlQKS5737kxNz8zOzS8slpaWV1bLlbX1pk0yw7HBE5mYVggWpdDYIEESW6lBUKHEq/D2dJBf3aGxItGX1Euxo+Bai1hwoMLqVsoB4QOFce4f7++d9EvdStWreUO5k+CPoMpGOu9WPoMo4ZlCTVyCtW3fS6mTgyHBJfZLQWYxBX4L19guUINC28mHh/fd7cKJ3DgxxdPkDt3fGzkoa3sqLCYV0I0dzwbmf1k7o/iokwudZoSaf38UZ9KlxB204EbCICfZKwC4EcWtLr8BA5yKrkqBQY33PFEKdJQHMSghexHGkEnq54GNf3hQlz9eziQ0d2v+Qc2/2K3W66PiFtgm22I7zGeHrM7O2DlrMM4y9sie2LPz5Lw4r87b9+iUM9rZYH/kfHwBvgykaA==</latexit>

1943:
<latexit sha1_base64="WiC0oKltVU/4mvcnupcCYwUzUVc="></latexit>

McCulloch and Pitts had the
vision to introduce artificial
intelligence to the world.

<latexit sha1_base64="O4/gC9J2uQqlIShsIAnJA8DQTRw=">AAACH3icbZBLS8NAFIUnvq2vqks3wSK4KomgVlcFNy4rWBWaKjeTGx2cmYSZG7WE/g+3+mfcidv+FxdOawVfBwY+zrmXuZw4l8JSEAy8icmp6ZnZufnKwuLS8kp1de3MZoXh2OaZzMxFDBal0NgmQRIvcoOgYonn8e3RMD+/Q2NFpk+pl2NXwbUWqeBAzrqMCB8oTsvwYLdx2L+q1oJ6MJL/F8Ix1NhYravqe5RkvFCoiUuwthMGOXVLMCS4xH4lKizmwG/hGjsONSi03XJ0dd/fck7ip5lxT5M/cr9vlKCs7anYTSqgG/s7G5r/ZZ2C0ka3FDovCDX//CgtpE+ZP6zAT4RBTrLnALgR7laf34ABTq6oSmRQ4z3PlAKdlFEKSshegikUkvplZNMvrri6wt/l/IWznXq4Vw9PdmrN5ri4ObbBNtk2C9k+a7Jj1mJtxplhj+yJPXtP3ov36r19jk5445119kPe4AMQgqQp</latexit>

1958:
<latexit sha1_base64="O8czY9xybPIAlK4hHmRXVQZXqPY="></latexit>

Rosenblatt implemented the
first perceptron for learning.

<latexit sha1_base64="4cLcFmpvfUgC2WSDGMlcWlmEYsY=">AAACH3icbZBLS8NAFIUnPmt9VV26CRbBVUlc+FoV3LisYFVoqtxMbnRwZhJmbtQS+j/c6p9xJ279Ly6c1graemDg45x7mcuJcyksBcGHNzU9Mzs3X1moLi4tr6zW1tbPbVYYjm2eycxcxmBRCo1tEiTxMjcIKpZ4Ed8dD/KLezRWZPqMejl2FdxokQoO5KyriPCR4rQMDw/2jvrXtXrQCIbyJyEcQZ2N1LqufUZJxguFmrgEazthkFO3BEOCS+xXo8JiDvwObrDjUINC2y2HV/f9beckfpoZ9zT5Q/f3RgnK2p6K3aQCurXj2cD8L+sUlB50S6HzglDz74/SQvqU+YMK/EQY5CR7DoAb4W71+S0Y4OSKqkYGNT7wTCnQSRmloITsJZhCIalfRjb94aqrKxwvZxLOdxvhXiM83a03m6PiKmyTbbEdFrJ91mQnrMXajDPDntgze/GevVfvzXv/Hp3yRjsb7I+8jy8SNaQq</latexit>

1986:
<latexit sha1_base64="ot/rc2qv6S+RAt2Eh6i48QR4VLw="></latexit>

Rumelhart, Hinton, and Williams

studied backpropagation for

training multilayer perceptrons.

<latexit sha1_base64="7C38JinVtn003QNE77bHbFlqEcs=">AAACRnicdVDJbhNBEO0xWzCbSY5cWlhInEYzdrwcs3AIFxQknETyWFZNT3XSci+j7h6i0cgfwtfkGj4hP8ENceFA23EkQPCkVj29V6WqfnkphfNJchO17t1/8PDR1uP2k6fPnr/ovNw+caayDCfMSGPPcnAohcaJF17iWWkRVC7xNF8crvzTz2idMPqTr0ucKTjXggsGPkjzTj/LuUMr0NF9ehAqp0dhq7E1NZx+wMqCDMVfGr twFHRB99/PO90kTvrD3cGIJnE/ScejXiCD3WQ8SGkaJ2t0yQbH887PrDCsUqg9k+DcNE1KP2vAesEkLttZ5bAEtoBznAaqQaGbNevPLemboBSUGxue9nSt/j7RgHKuVnnoVOAv3N/eSvyXN608H88aocvKo2a3i3glqTd0lRQthEXmZR0IMCvCrZRdgAXmQ57tzKLGS2aUCqE0GQclZF0gh0r6ZZM5fsfbIa67TOj/yUkvTofx8GOvu/duE9wWeUVek7ckJSOyR47IMZkQRr6QK3JNvkbX0bfoe/TjtrUVbWZ2yB9okV8zW7JJ</latexit>

A Brief History of Neural Networks and AI
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<latexit sha1_base64="a4Yxj6sqgaUzsRbtaIs4zzFX+NY=">AAACRnicdVDLbhMxFPWEVxseDbBkYxEhsRp5kuaxrIAF3VRFappKmSi647nTWPFjZHuIolE+hK9hWz6Bn2CHumFRJ00lQHAky0fn3Ht9fbJSCucZ+x417t1/8PDR3n7z8ZOnzw5az1+cO1NZjiNupLEXGTiUQuPICy/xorQIKpM4zhbvN/74M1onjD7zqxKnCi61KAQHH6RZq5tmhUMr0NGzOdKxsTKnx46emCV9F+bm1Gh6gp UFGS6/NHbhZq02i1m3f9gbUBZ3WTIcdALpHbJhL6FJzLZokx1OZ61faW54pVB7LsG5ScJKP63BesElrptp5bAEvoBLnASqQaGb1tvPrembarNFYWw42tOt+ntHDcq5lcpCpQI/d397G/Ff3qTyxXBaC11WHjW/faioJPWGbpKiubDIvVwFAtyKsCvlc7DAfcizmVrUuORGKdB5nRaghFzlWEAl/bpOXXHHmyGuu0zo/8l5J076cf9Tp330YRfcHnlFXpO3JCEDckQ+klMyIpx8IV/JFfkWXUU/op/R9W1pI9r1vCR/oEFuAG+CsnE=</latexit>

The World Is Now Based on Neural Networks

<latexit sha1_base64="rp+g/e5YtBLEWsjNOdMJD2alXAk="></latexit>

Large language models (LLMs) like
generative pre-trained transformers (GPT)
have taken the world by storm.

<latexit sha1_base64="7LCgoLxXOAFepTxSWuMLcFNOEtk="></latexit>

Do we even understand why
neural networks work?

<latexit sha1_base64="sajjKTFcXmQyjRJDGOzD/AMn+3Y="></latexit>

• ChatGPT
<latexit sha1_base64="5Y9EZuqJPc1HBCn8j+DhNwa5uOA="></latexit>

• Claude
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<latexit sha1_base64="fm3sMZPe48NuwtRNSZ0nLuRqNE8="></latexit>

Accelerating MRI scans is one of the principal outstanding problems
in the MRI research community.

<latexit sha1_base64="Umhro9KDK5PJIrNncwJywzvYLsw="></latexit>

=) Almost no theoretical guarantees.

<latexit sha1_base64="e/yvN7bd1zwmwyG4FdgEaMPgRsY="></latexit>

• Modern approaches are based
on deep learning and massive
amounts of data.

<latexit sha1_base64="X0PvgZYmsItXQPTj5Rs81A44bAQ="></latexit>

• Early approaches were based
on compressed sensing.

<latexit sha1_base64="YAzmb0S7HM9miqdhNcXS2p08RrQ="></latexit>

Can we trust deep-learning-based methods?

<latexit sha1_base64="pkmLRGdX4L4ehsvIVyiimMO03sM="></latexit>

=) Theoretical guarantees of stability.
<latexit sha1_base64="ovlcGKBJUNmCSvg/+bhSWB5/1EM="></latexit>

Candès et al. (2006)
Donoho (2006)

<latexit sha1_base64="CvdrT8sBzEjaaCAhbO4e0LVCAsc=">AAACPXicdZDLShxBFIarzUUzuTgmy2wKh4DJoqkenctSiIu4EFQyKkwPw+nq02NhXZqqamVo5h3yNG7Na+QBsgvZZuPCmnGEJCQ/FPz8/zkc6stKKZxn7Fu08ujxk6era88az1+8fLXe3Hh94kxlOQ64kcaeZeBQCo0DL7zEs9IiqEziaXbxcd6fXqJ1wujPflriSMFEi0Jw8CEaNz+kWeHQCnT0IDToBafH6IwGzZHuh2mhJ3 Tr4Hj//bjZYjHb7u50epTF2yzp99rBdHZYv5PQJGYLtchSh+PmbZobXinUnktwbpiw0o9qsOGIxFkjrRyWwC9ggsNgNSh0o3rxpxl9F5KcFsaGpz1dpL9v1KCcm6osTCrw5+7vbh7+qxtWvuiPaqHLyqPm94eKSlJv6BwQzYVF7uU0GOBWzIHwc7DAfcDYSC1qvOJGKdB5nRaghJzmWEAl/axOXfHgGwHXAxP6f3PSjpNu3D1qt3b3luDWyFuySbZIQnpkl3wih2RAOPlCrskN+RrdRN+jH9HP+9GVaLnzhvyh6Ncd9ZavuA==</latexit>

Magnetic Resonance Imaging (MRI)
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<latexit sha1_base64="1vngttRTMjgClFLrXQqI7W3tVvM="></latexit>

Ground
Truth

<latexit sha1_base64="2BuiOroARkJNogyQGZGd/fIGSls="></latexit>

DNN-Based
Reconstruction

<latexit sha1_base64="T4E7ykDV9pi4U+guH0E8d+vq15Q="></latexit>

AI-generated hallucinations identified by radiologists as false vessels.

<latexit sha1_base64="gOXjD8dB9YBYimS5sgybuKOjiQk="></latexit>

Muckley et al. (2021, IEEE Transactions on Medical Imaging)

<latexit sha1_base64="ZeVbDhorL6fNUrcy/5pAjLAAfe0=">AAACQnicdZDLbhMxFIY95VbCLcCSjUWExGrwTJvLslJZwAKpVKStlImiM57jxKovI9sDikZ5DJ6GbXkIXoEdYtsFTppKgOCXLP36/3Nk+ytrJX1g7Fuyc+Pmrdt3du927t1/8PBR9/GTE28bx3HMrbLurASPShocBxkUntUOQZcKT8vzw3V/+hGdl9Z8CMsapxrmRgrJIcRo1n1VlMKjk+jpMfpGBU+toGGBNGc5owJ8eHf8lh 4uQCk0c5x1eyxle4P9/pCydI9lo2EeTX+fjfoZzVK2UY9sdTTrXhaV5Y1GE7gC7ycZq8O0BRckV7jqFI3HGvg5zHESrQGNftpuPraiL2JSUWFdPCbQTfr7Rgva+6Uu46SGsPB/d+vwX92kCWI0baWpm4CGX10kGkWDpWtKtJIOeVDLaIA7Gd9K+QIc8BBZdgqHBj9xqzWYqi0EaKmWFQqI/FZt4cW170Rc10zo/81JnmaDdPA+7x283oLbJc/Ic/KSZGRIDsgbckTGhJPP5Au5IF+Ti+R78iP5eTW6k2x3npI/lFz+Ak6ksVQ=</latexit>

Results of the 2020 fastMRI Challenge
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<latexit sha1_base64="3J94o5NUT+qVJ5rxFiu5dSFtUDk=">AAACKXicdVBNSxxBEO0xJprNh5sEcsmlyRKS09Czuh9HwRxyNOCqsLMsNT012mx/DN09hmHcP+NV/4w3k2v+Rg7pXVcwEh8U9XiviipeVkrhPGM/o7Un60+fbWw+b714+er1VvvN20NnKstxxI009jgDh1JoHHnhJR6XFkFlEo+y2d7CPzpD64TRB74ucaLgRItCcPBBmrbfp1nh0Ap09MDkUH8OHeRs2u6wmG33d3oDyuJtlg wH3UB6O2zYS2gSsyU6ZIX9aftPmhteKdSeS3BunLDSTxqwXnCJ81ZaOSyBz+AEx4FqUOgmzfL/Of0UlJwWxobSni7V+xsNKOdqlYVJBf7UPfQW4v+8ceWL4aQRuqw8an57qKgk9YYuwqC5sMi9rAMBbkX4lfJTsMB9iKyVWtT4gxulQOdNWoASss6xgEr6eZO64o63Qlx3mdDHyWE3Tvpx/3u3s/t1Fdwm+UA+ki8kIQOyS76RfTIinJyTC3JJrqLL6Dq6iX7djq5Fq5135B9Ev/8CpLOoHA==</latexit>

Today’s Talk

<latexit sha1_base64="L1Uwj1hs+tD0MAZMm+p6aCkSgE4="></latexit>

Understanding analytic properties of trained neural networks.

<latexit sha1_base64="HML0vrVQxr43WMqjcOcLA+zBkFU="></latexit>

f✓(x)
<latexit sha1_base64="W0sMCOttyvCry5uacSGdXbjHqoE="></latexit>x

<latexit sha1_base64="Iyy/P0XMovnH8XD8yEmfJ00PARg="></latexit>

parameterized by a vector ✓ 2 RP

of neural network weights

<latexit sha1_base64="+75s/8ogh93inYjbs0M1NKcFGt0="></latexit>

min
✓2RP

NX

n=1

L(yn, f✓(xn))

| {z }
+

�

2
k✓k22

| {z }
<latexit sha1_base64="qVCUFJr9GWao2wvMF6pyahPG++M="></latexit>

data fidelity
<latexit sha1_base64="3tjwlQ75XB5KjiUypMV64kZpc38="></latexit>

regularization

<latexit sha1_base64="JYjBGFqrxlEFFhOzf5Mss525/jY="></latexit>

Neural network training problem for the data {(xn, yn)}Nn=1.

<latexit sha1_base64="PfWEublqCaKR9WGpR/KUmeGuYaQ="></latexit>

We will be agnostic to the optimization algorithm.

<latexit sha1_base64="cGQh+P74PRAiwDbsZZ66BN97/Zo="></latexit>

“weight decay”

<latexit sha1_base64="v1Ynr/raStk95PyNitgqgdp9kaw="></latexit>

Tikhonov
regularization
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<latexit sha1_base64="9UmvOtC9qKlczx58Y4pPW0kTSSY=">AAACGnicbZA9SwNBEIb3/DZ+RS1tFoNgFe4s1FKwsZIoRiO5IHN7c7pkP47dPSUc+RW28c/Yia2N/8XCTYygxhcWHt6ZYWbfJBfcujB8D6amZ2bn5hcWK0vLK6tr1fWNS6sLw7DJtNCmlYBFwRU2HXcCW7lBkInAq6R7PKxf3aOxXKsL18uxI+FW8YwzcN66PtcJPdUP0L2p1sJ6OBKdhGgMNTJW46b6EaeaFRKVYwKsbUdh7jolGMeZwH4lLizmwLpwi22PCiTaTjk6uE93vJPSTBv/lKMj9+dECdLankx8pwR3Z//WhuZ/tXbhssNOyVVeOFTsa1FWCOo0Hf6eptwgc6LnAZjh/lbK7sAAcz6jSmxQ4QPTUoJKyzgDyUUvxQwK4fplbLNvrvi4or/hTMLlXj3ar0dne7Wj/XFwC2SLbJNdEpEDckROSIM0CSOSPJIBeQoGwXPwErx+tU4F45lN8kvB2ydo7KI+</latexit>

Rob Nowak
<latexit sha1_base64="GMS45Qz6+qQfkOc8svn6ouYV1mY=">AAACHXicbZBLSwMxFIUzvq2vqks3wSK4KjMu1GXBjbiqaFXoFLmTuWODeQxJRilD/4bb+mfciVvxv7gwrRW09UDg45x7yeUkueDWheFHMDM7N7+wuLRcWVldW9+obm5dWV0Yhi2mhTY3CVgUXGHLcSfwJjcIMhF4ndyfDPPrBzSWa3Xpejl2JNwpnnEGzlvxmUZ60UWlixRuq7WwHo5EpyEaQ42M1bytfsapZoVE5ZgAa9tRmLtOCcZxJrBfiQuLObB7uMO2RwUSbacc3dyne95JaaaNf8rRkft7owRpbU8mflKC69rJbGj+l7ULlx13Sq7ywqFi3x9lhaBO02EBNOUGmRM9D8AM97dS1gUDzPmaKrFBhY9MSwkqLeMMJBe9FDMohOuXsc1+uOLriibLmYarg3p0WI/OD2qNw3FxS2SH7JJ9EpEj0iCnpElahJGcPJEBeQ4GwUvwGrx9j84E451t8kfB+xflH6OO</latexit>

Joe Shenouda
<latexit sha1_base64="+vc2mZDt1zayCMicDu3z4C5mOO4=">AAACHXicbZA7SwNBFIVnfRtfUUubwSBYhd0U0VKwEbRQMCpkQ7g7ezcZMo9lZlYJS/6Grf4ZO7EV/4uFkxjB14GBj3PuZS4nyQW3LgzfgpnZufmFxaXlysrq2vpGdXPryurCMGwxLbS5ScCi4ApbjjuBN7lBkInA62RwPM6vb9FYrtWlG+bYkdBTPOMMnLfiU1C9O60H9AyxW62F9XAi+heiKdTIVOfd6nucalZIVI4JsLYdhbnrlGAcZwJHlbiwmAMbQA/bHhVItJ1ycvOI7nknpZk2/ilHJ+73jRKktUOZ+EkJrm9/Z2Pzv6xduOywU3KVFw4V+/woKwR1mo4LoCk3yJwYegBmuL+Vsj4YYM7XVIkNKrxjWkpQaRlnILkYpphBIdyojG32xRVfV/S7nL9w1ahHzXp00agdNafFLZEdskv2SUQOyBE5IeekRRjJyT15II/BQ/AUPAcvn6MzwXRnm/xQ8PoB6pGjkA==</latexit>

Kangwook Lee

<latexit sha1_base64="nOd14dlTeP8Kt4OWmIzEsL+qk+4=">AAACL3icdVDLahtBEJx1nMRRXnJyjA9DRMCnZVa2HkeDcwg5ORBZBq0Qs7O91qB5LDO9CWLRxV/jq/Mzxhfja/4hh4xkGWyTFDQUVd10d2Wlkh4Zu4o2nmw+ffZ860Xj5avXb942t98de1s5AQNhlXUnGfegpIEBSlRwUjrgOlMwzGaHS3/4A5yX1nzHeQljzU+NLKTgGKRJcyfNCg9OgqdfrTRIh9bN6FDiNI7jSbPFYrbX3e /0KIv3WNLvtQPp7LN+J6FJzFZokTWOJs0/aW5FpcGgUNz7UcJKHNfcoRQKFo208lByMeOnMArUcA1+XK++WNBPQclpYV2ocMhKvT9Rc+39XGehU3Oc+sfeUvyXN6qw6I9racoKwYjbRUWlKFq6jITm0oFANQ+ECyfDrVRMueMCQ3CN1IGBn8JqzU1epwXXUs1zKHilcFGnvrjjjRDXXSb0/+S4HSfduPut3Tr4vA5ui3wgH8kuSUiPHJAv5IgMiCBn5JxckF/RRXQZXUc3t60b0XrmPXmA6PdftkSqHg==</latexit>

Joint Work With...



<latexit sha1_base64="oaQkyOuiz99QgixOltkYyOhJjDM="></latexit>

weight decay

<latexit sha1_base64="RaHWtrOayYBTX1aj17E267nh4oI="></latexit>

GD update on L

<latexit sha1_base64="wwT5poBTW2z5yZb6Gs55NYiyal8="></latexit>

step size
“learning rate”

<latexit sha1_base64="5n4k0Q/onuR6MmRAf0YigV1042o="></latexit>

weight decay
objective

8

<latexit sha1_base64="isuiFKk1+H4W1e2KQxhuzwQUQNg="></latexit>

min
✓2RP

NX

n=1

L(yn, f✓(xn))

| {z }
L (✓)

+
�

2
k✓k22

<latexit sha1_base64="uU/vqKDc5auAwzat34oNuvd1LUw="></latexit>

Gradient descent update on ✓i

<latexit sha1_base64="yjJ1+uoi04mzWsprJYcOQJEFM5c="></latexit>

Hanson and Pratt (1988, NeurIPS)

Krogh and Hertz (1990, NeurIPS)

<latexit sha1_base64="tvdusIyDJ5sdNjeW6pO1EQEfJww="></latexit>

✓t+1
i = ✓ti � ⌧

 
@L
@✓i

����
✓i=✓t

i

+ �✓ti

!
<latexit sha1_base64="214wQ8rXBCfnlbKPJMiGh2p0aaM="></latexit>

= ✓ti � ⌧
@L
@✓i

����
✓i=✓t

i

� ⌧�✓ti

<latexit sha1_base64="s+lh7bFUlXJ01ZlTEOi4IWvGeHQ=">AAACRHicdVDLahtBEJx1XrbykpNjLkNEIKdlVrYeR4N9yCk4YFkGrRC9s73SoHksM7M2y6Lv8Nfk6nxD/iG3kFsIGckyOCEpGKao6qa7KyulcJ6xr9HOg4ePHj/Z3Ws9ffb8xcv2/qtzZyrLccSNNPYiA4dSaBx54SVelBZBZRLH2fJ47Y8v0Tph9JmvS5wqmGtRCA4+SLN2kmaFQyvQ0TGK+cLTE+RQU6HpR6wsyPD5K2OX9M yC0ELPZ+0Oi9lB/7A3oCw+YMlw0A2kd8iGvYQmMdugQ7Y4nbV/prnhlULtuQTnJgkr/bQB6wWXuGqllcMS+BLmOAlUg0I3bTanrei7oOS0MDY87elGvd/RgHKuVlmoVOAX7m9vLf7Lm1S+GE4bocvKo+a3g4pKUm/oOieaC4vcyzoQ4FaEXSlfgAXuQ5qt1KLGK26UAp03aQFKyDrHAirpV03qijveCnHdZUL/T867cdKP+5+6naOTbXC75A15S96ThAzIEflATsmIcHJNPpMb8iW6ib5F36Mft6U70bbnNfkD0a/f0DyzNQ==</latexit>

Weight Decay in Neural Network Training
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<latexit sha1_base64="QOHLkB+QgOzWfAF2887nyBfRQxE="></latexit>

Rd 3 z
<latexit sha1_base64="3s22nU/3kod/84piwQnPWrSAV4Y="></latexit>

v(wTz)+ 2 RD<latexit sha1_base64="+I27T0SWVYiEEboNInecpA5MBHA="></latexit>w <latexit sha1_base64="kYEE+sEIPNiclfKYQKczTMcTGrU="></latexit>v
<latexit sha1_base64="EYTttEXIo21GnY0nkhhaOu52qmY="></latexit>

weight decay in training
is equivalent to adding
kwk22 + kvk22 to the
training objective

<latexit sha1_base64="/U9G4jEN29FGyZvi/HgS4QlItGA="></latexit>

If a DNN is trained with weight decay, then the
2-norms of the input and output weights to each
ReLU neuron must be balanced.

<latexit sha1_base64="8C/SUVkJi07P66EQgNohfxaOyWo="></latexit>

Neural Balance Theorem
<latexit sha1_base64="UsjRnErdUki4r19WfKPqhFMlrTo="></latexit>

kwk2 = kvk2

<latexit sha1_base64="9fv77ZmxsViIrnW9J90jKYD2lyc="></latexit>

mathematical expression
for a single ReLU neuron

<latexit sha1_base64="XjFM9jMngw6I9Cb2CdNoAt9/OA4="></latexit>

ReLU activation

<latexit sha1_base64="qOXjAbJLlPU1ThT5C/AsuGcDJ/c=">AAACQ3icdZDLahsxFIY16S1xL3GbZTaiptDVoHF8W4Y2i6xCCnUS8BhzRnMmEdZlkDQNZvBr9Gm6Td8hz5Bd6TKByo4NTWh/EHz8/zlI+rNSCucZu442njx99vzF5lbj5avXb7abb9+dOFNZjkNupLFnGTiUQuPQCy/xrLQIKpN4mk0/L/LTb2idMPqrn5U4VnCuRSE4+GBNmizNCodWoKNHWFmQ9BNI0Byp0PQAsVzbR+gvjZ 26SbPFYrbX63T7lMV7LBn02wG6HTboJjSJ2VItstLxpHmb5oZXCrXnEpwbJaz04xqsF1zivJFWDkvgUzjHUUANCt24Xv5sTj8EJ6eFseFoT5fu3xs1KOdmKguTCvyFe5wtzH9lo8oXg3EtdFl51Pz+oqKS1Bu6qInmwiL3chYAuBXhrZRfgAXuQ5mN1KLGS26UAp3XaQFKyFmOBVTSz+vUFWtuhLrWndD/w0k7Tnpx70u7tX+wKm6T7JL35CNJSJ/sk0NyTIaEk+/kB7kiP6Or6Cb6Ff2+H92IVjs75IGiuz+qV7Kf</latexit>

Neural Balance in Deep Neural Networks

<latexit sha1_base64="P7AjAF/Xa7bWIOiaQzEsPY4NiGQ="></latexit>

P. and Nowak (2023)

<latexit sha1_base64="sHmua7f3x1gN4AoGNKOkyTD7RXU="></latexit>

Yang, Zhang, Shenouda, Papailiopoulos, Lee, and Nowak (2022)
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<latexit sha1_base64="XZQ+4EcVcZJ/nFFmH2lRhc71jz8="></latexit>

The ReLU activation is homogeneous

<latexit sha1_base64="lSLIU1xYcI/j8kQ+KTwOMpSAFcI="></latexit>

v(wTz)+ = ��1v(�wTz)+, for any � > 0.

<latexit sha1_base64="KTXpovT/Bgc3RRpL7cD8OkNJUMo="></latexit>

At a global minimizer,
kvk22 + kwk22

2
= kvk2kwk2.

<latexit sha1_base64="MnMyFTV6ZTIowK0CFDjmcxKYWZc="></latexit>

At a global minimizer of the weight decay objective, kvk2 = kwk2.

<latexit sha1_base64="E6LOWjMyfbwX8OdkN+1jEjhZh6I="></latexit>

Grandvalet (1998, ICANN)
Neyshabur et al. (2015, ICLR Workshop)

<latexit sha1_base64="6CHLuqaiI9kuBy879MGI7o1/kgk="></latexit>⇤

<latexit sha1_base64="DiZP+Qh3eNvaUoe9FA7tSkmoLgE="></latexit>

Proof. The solution to

<latexit sha1_base64="gj1plmbSRzbg/1tDgrggnTc5oFM="></latexit>

is � =
p

kvk2/kwk2.

<latexit sha1_base64="FVaM4V6z5dOLQx+lglpG7QNThTw="></latexit>

min
�>0

k��1vk2 + k�wk2

<latexit sha1_base64="o1TOrrjreCwdv5Hragqe1ZpkuXM=">AAACK3icdZBPSxwxGMYzVq3d+metl4KX4FLoacis7p+jqIeeRMFVYWdZ3sm8o8EkMySZyjKsn8ar/TI9Kb36LXpodl1BxT4Q+PE870uSJymksI6x+2Duw/zC4selT7XPyyura/X1L6c2Lw3HHs9lbs4TsCiFxp4TTuJ5YRBUIvEsudqf5Gc/0ViR6xM3KnCg4EKLTHBw3hrWv8ZJZtEItPQQSwOS7oEEzXFYb7CQbbd3Wh3Kwm 0WdTtND60d1m1FNArZVA0y09Gw/jdOc14q1I5LsLYfscINKjBOcInjWlxaLIBfwQX2PWpQaAfV9Adj+s07Kc1y4492dOq+3KhAWTtSiZ9U4C7t22xivpf1S5d1B5XQRelQ86eLslJSl9NJHTQVBrmTIw/AjfBvpfwSDHDnS6vFBjVe81wp0GkVZ6CEHKWYQSnduIpt9sw1X9dzJ/T/cNoMo3bYPm42dg9mxS2RTbJFvpOIdMgu+UGOSI9wckNuyR35FdwFv4OH4M/T6Fww29kgrxQ8/gODLKkW</latexit>

Neural Balance



<latexit sha1_base64="ObJSHte5YW5v/jS3loS4TEUcl+c="></latexit>

multitask lasso

<latexit sha1_base64="ebOykO7wP0GkFed4dNBzep6Jh0k="></latexit>

path-norm

<latexit sha1_base64="nhOOe28uxulTwMFfT4rP4lHfav0="></latexit>

weight decay

11

<latexit sha1_base64="9ACEmQpE6TZ9BlAlZaKKTvZQGdk="></latexit>

✓ = {(wk,vk)}Kk=1

<latexit sha1_base64="i4TALX/KSJveDx+kzaa1zwdcamU="></latexit>

min
✓={(wk,vk)}K

k=1

NX

n=1

L(yn, f✓(xn)) +
�

2

KX

k=1

kvkk22 + kwkk22

<latexit sha1_base64="5OLo7onTez1+8qMvtu847cCOwYU="></latexit>

f✓(x) =
KX

k=1

vk(w
T
kx)+

<latexit sha1_base64="M6cssoMyF/hqa9MFOJouqGavBCw="></latexit>

min
✓={(wk,vk)}K

k=1

NX

n=1

L(yn, f✓(xn)) + �
KX

k=1

kvkk2kwkk2

<latexit sha1_base64="/m1pbFxIhINTw2f5kGY2gUKLWyA="></latexit>

min
✓={(wk,vk)}K

k=1
kwkk2=1

NX

n=1

L(yn, f✓(xn)) + �
KX

k=1

kvkk2

<latexit sha1_base64="EC5vyNa182YDWTI2F1JhN7pBJRg="></latexit>

Rebalancing

<latexit sha1_base64="p+22OzVu4d996cudNCIgZBrKA/c=">AAACPHicdVDLbhMxFPWUVwmvAEs2FhESbEYzafNYVqILlkUlTaVMFN3xXCdWbc/IvgMajfINfA3b8h3s2SG2rFjgpKkECI50paNzzpV9T15p5SlJvkR7N27eun1n/27n3v0HDx91Hz8582XtBE5EqUt3noNHrSxOSJHG88ohmFzjNL94vfGn79F5Vdp31FQ4N7C0SioBFKRF91WWS49OoeenKBwSP60gxKnhpeRTVMsV8WMU0C y6vSRODoaHgxFP4oMkHY/6gQwOk/Eg5WmcbNFjO5wsuj+zohS1QUtCg/ezNKlo3oIjJTSuO1ntsQJxAUucBWrBoJ+325PW/EVQCi5LF8YS36q/b7RgvG9MHpIGaOX/9jbiv7xZTXI8b5WtakIrrh6SteZU8k0/vFAOBekmEBBOhb9ysQIHgkKLncyhxQ+iNAZs0WYSjNJNgRJqTes28/Kad0Jd153w/5OzfpwO4+Hbfu/oeFfcPnvGnrOXLGUjdsTesBM2YYJ9ZJ/YJfscXUZfo2/R96voXrTbecr+QPTjF0Mjr/s=</latexit>

Secret Sparsity of Weight Decay



<latexit sha1_base64="AS2MFOf0YYcfIHuUoCK4Uz8Ag5I="></latexit>

“output weights”

12

<latexit sha1_base64="KBGPkj2FKdicludalWmGQmXC6Ks="></latexit>

→f→V =
K∑

k=1

→vk→2→wk→2

<latexit sha1_base64="Ziduvc43ft4gkoo9bmjFicLop58="></latexit>

The path-norm is a valid norm on
→
V:

<latexit sha1_base64="8RyZixxKy/tr7AWpmsVIDZ5BPBc="></latexit>

f(x) =

∫

Sd→1

(wTx)+ dω(w).

<latexit sha1_base64="qUxp8niPmH0yXi4ZQ72nlL0Eix0="></latexit>

The “completion” of
→
V (in an appropriate sense) is a Banach space.

It is the Banach space V of all functions of the form

<latexit sha1_base64="P0PeIcDtGd6lfsPf0Vge7jydGbg=">AAACP3icdZDLahsxFIY16S11b0677EbUFLpoB40TX5ah7SKr4JA4CXiMOaM5E4voMkiaFDP4Jfo03SZvkSfoLnRbyCKy40Ba2gOCn/8/Rzr6slIK5xm7jNYePHz0+Mn608az5y9evmpuvD50prIch9xIY48zcCiFxqEXXuJxaRFUJvEoO/2yyI/O0Dph9IGflThWcKJFITj4YE2aH9OscGgFOjoAP/20a6yioHO6i5UFST+DBj 6l+yVwdJNmi8Vss7vV6VEWb7Kk32sH0dli/U5Ck5gtq0VWNZg0r9Pc8Eqh9lyCc6OElX5cg/WCS5w30sphuPkUTnAUpAaFblwvfzWn74OT08LYcLSnS/f+RA3KuZnKQqcKq7u/s4X5r2xU+aI/roUuK4+a3z5UVJJ6QxeIaC4sci9nQQC3IuxK+RQscB9ANlKLGr9xo1TAVKcFKCFnORZQST+vU1fc6UbAdceE/l8ctuOkG3f32q3trytw6+QteUc+kIT0yDbZIQMyJJx8Jz/IObmIzqOf0VX067Z1LVrNvCF/VPT7Bup5sL0=</latexit>

Path-Norm and Neural Banach Spaces

<latexit sha1_base64="omd6JzNcIqACM0t5x/aKx2jgIz8="></latexit>

finite-width
vector-valued

networks

<latexit sha1_base64="5bdXBJM3cr5X+npKokaSaQlLKjk="></latexit>

vector-valued
measure

<latexit sha1_base64="o34O68cFDVKmbL3ngdD6Moin310="></latexit>

Barron (1993, IEEE TIT)

Bach (2017, JMLR)

Ongie et al. (2020, ICLR)

Shenouda, P., Lee, and Nowak (2024, JMLR)

<latexit sha1_base64="+rusgQU8BF7/TuXAVRrwcQXbvIg="></latexit>

→
V =

{
f(x) =

K∑

k=1

vk(w
T
kx)+ : vk → RD,wk → Rd,K → N

}
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<latexit sha1_base64="2DMyXyQz0lguSMdcoImXiNSPe10=">AAACQXicdZDJahtBEIZ7nM1RNtk55tJEBHLx0CNby9FgH3JJUCCSDRohanpq7Ma9DL0kiEFv4afJ1X6JPEJuIdfkkJYsQxKSHxp+/qqiq76ilsJ5xr4kW3fu3rv/YPth69HjJ0+ftXd2J84Ey3HMjTT2tACHUmgce+ElntYWQRUST4qLo1X95CNaJ4z+4Bc1zhScaVEJDj5G83aaF5VDK9DREfjzvXfGKgq6pBPk3ti9CciAJX 2L4IJFN293WMr2+we9AWXpPsuGg240vQM27GU0S9laHbLRaN7+mZeGB4XacwnOTTNW+1kD1gsucdnKg8Ma+AWc4TRaDQrdrFnftaSvYlLSytj4tKfr9PeJBpRzC1XEThWXd3/XVuG/atPgq+GsEboOHjW/+agKknpDV5BoKWw8Xy6iAW5F3JXyc7DAfUTZyi1q/MSNUhFUk1eghFyUWEGQftnkrrr1rYjrlgn9v5l006yf9t93O4fHG3Db5AV5SV6TjAzIIXlDRmRMOLkkn8kVuU6ukq/Jt+T7TetWspl5Tv5Q8uMXQeix9A==</latexit>

Path-Norm and Vector-Valued Measures

<latexit sha1_base64="QvhAXBsdMG5mNszh0sXU7hRSnLE="></latexit>

Shenouda, P., Lee, and Nowak (2024, JMLR)

<latexit sha1_base64="awVLkGKfwWH/lQ+DUGRyMI9p/wU="></latexit>

f → V, f(x) =

∫

Sd→1

(wTx)+ dω(w), ↑f↑V

<latexit sha1_base64="t5Y4n9CdqFDXATrO4zdZlUbNYHs="></latexit>

The measure ω → M(Rd;RD) is vector-valued.

<latexit sha1_base64="sOhAhtLsq1bQwkkXSEkiJZbKvnA="></latexit>

= sup
Sd→1=

⋃n
i=1 Ai

n→N

n∑

i=1




D∑

j=1

|ωj(Ai)|2



1/2

<latexit sha1_base64="TCa86NyIU4sz6SMQi4hlFOpHZKU="></latexit>

ω =




ω1
...
ωD



<latexit sha1_base64="DPUMX4NbAGZHI+kJroZYI6xgFx4="></latexit>

→f→V = →ω→2,M := sup
Sd→1=

⋃n
i=1 Ai

n→N

n∑

i=1

→ω(Ai)→2

<latexit sha1_base64="5OLo7onTez1+8qMvtu847cCOwYU="></latexit>

f✓(x) =
KX

k=1

vk(w
T
kx)+

<latexit sha1_base64="ii2trXJYA6D605pgna9Ym/9acHc="></latexit>

=→ ↑fω↑V =
K∑

k=1

↑vk↑2↑wk↑2

<latexit sha1_base64="SWQnrnT6o9JfisiBpmq3aZ3z2vs="></latexit>

V is a vector-valued variation space
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<latexit sha1_base64="WJ6bg7TBgz4PulDmXQqBrj8MuAg="></latexit>

that admits a representation of the form

<latexit sha1_base64="D6JSJznrr2mzdFEr57SUGGbIt2I="></latexit>

sparse solution

<latexit sha1_base64="b6ltA0AUHJxpiwFtK92iZ5zvTY8="></latexit>

The bound is independent of the input and output dimensions.

<latexit sha1_base64="QvhAXBsdMG5mNszh0sXU7hRSnLE="></latexit>

Shenouda, P., Lee, and Nowak (2024, JMLR)

<latexit sha1_base64="lKHHvndagMXRnje0lLJnZvrl0I8=">AAACMnicdVBNbxMxFPS2lJbQ0hSOHLCIkDitvGnzcSyCA8eAmrZSNoreet82Vvyxsr2gaJVjf02v4cfADXHlJ3DASVMJKhjJ0mjmzbM9WSmF84x9jba2H+w83N171Hi8f/DksHn09NyZynIcciONvczAoRQah154iZelRVCZxIts9nblX3xC64TRZ35e4ljBlRaF4OCDNGm+SLPCoRXo6Bv6EUPWofZo6dkUjUU1abZYzI67J5 0eZfExS/q9diCdE9bvJDSJ2RotssFg0vyV5oZXKmzhEpwbJaz04xqsF1ziopFWDkvgM7jCUaAaFLpxvf7Igr4KSk4LY8PRnq7VPxM1KOfmKguTCvzU3fdW4r+8UeWL/rgWuqw8an57UVFJ6g1dtUJzYZF7OQ8EuBXhrZRPwQIPVYRNFjV+5kYp0HmdFqCEnOdYQCX9ok5dcccboa67Tuj/yXk7Trpx90O7dfpuU9weeU5ektckIT1ySt6TARkSTq7JDVmSL9Ey+hZ9j37cjm5Fm8wz8hein78BXPysEw==</latexit>

A Representer Theorem
<latexit sha1_base64="hF0ltahfZd8u84kAOCWy+d3I3L0="></latexit>

Theorem (Shenouda, P., Lee, and Nowak 2024)
<latexit sha1_base64="othYBDdNpAEs2caJusUJcmrW4dY="></latexit>

For any data set {(xn,yn)}Nn=1 and lower semicontinuous L(·, ·),
there exists a solution to

<latexit sha1_base64="FP2AVsasB2qpOTMdi4vrO/j5rUk="></latexit>

min
f→V

N∑

n=1

L(yn, f(xn)) + ω→f→V , ω > 0,

<latexit sha1_base64="JkedTO57lHxpzw7zsSg7WIoSOvg="></latexit>

fReLU(x) =
K∑

k=1

vk(w
T
kx)+ K < N2 .

<latexit sha1_base64="jeotTal8ADf+Oru76O+KMjFTjnA="></latexit>

Carathéodory’s theorem would predict a bound of ND + 1.
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<latexit sha1_base64="QvhAXBsdMG5mNszh0sXU7hRSnLE="></latexit>

Shenouda, P., Lee, and Nowak (2024, JMLR)

<latexit sha1_base64="waZmbtSa8Rr6naTxzP3tDeFFHdw=">AAACQXicdZDLahsxFIY16S11L3HaZTeiptDVoHHiyzKQLLIqLq3jgMcYjeaMLaLLIJ1pGAa/RZ6m2/Ql8gjdlW7bRWXHgba0Pwh+/v8cJH1ZqaRHxm6inXv3Hzx8tPu49eTps+d77f0XZ95WTsBYWGXdecY9KGlgjBIVnJcOuM4UTLKL43U/+QTOS2s+Yl3CTPOFkYUUHEM0b8dpVnhwEjydgFwskZ6A4DUdOasthvQdVM4a+m HJnTSLebvDYnbQP+wNKIsPWDIcdIPpHbJhL6FJzDbqkK1G8/bPNLei0mBQKO79NGElzhruUAoFq1ZaeSi5uOALmAZruAY/azb/WtE3IclpYV04Bukm/X2j4dr7WmdhUnNc+r+7dfivblphMZw10pQVghG3FxWVomjpGhLNpQOBqg6GCyfDW6kIALjAgLKVOjBwKazW3ORNWnAtVZ1DwSuFqyb1xZ1vBVx3TOj/zVk3Tvpx/323c3SyBbdLXpHX5C1JyIAckVMyImMiyBX5TK7Jl+g6+hp9i77fju5E252X5A9FP34Bq+OyLw==</latexit>

Weight Decay Promotes Neuron Sharing

<latexit sha1_base64="dQDyNTY4Cxyo6OXmeGGx37Rg3HQ="></latexit>

min
f→V

(
J(f) :=

N∑

n=1

L(yn, f(xn)) + ω→f→V

)
<latexit sha1_base64="qhUj77lK2u6TL9ngW+EBGq7jDHQ="></latexit>

V-norm regularization
→↑

path-norm regularization
→↑

weight decay

<latexit sha1_base64="5A+gaL+9oN6igdbJFW0BIhTPDFg="></latexit>

Neuron Sharing Theorem (Shenouda, P., Lee and Nowak 2024)
<latexit sha1_base64="QCypNbtuWGOEmAHGTcCrMBFooZY="></latexit>

Consider a vector-valued neural network (with unique input weights)
<latexit sha1_base64="aQTB0Z/3pwaIObUg/XGert9oF38="></latexit>

f(x) =
K∑

k=1

vk(w
T
kx)+.

<latexit sha1_base64="z89vup7o0Ksi0L8vQU4+O1hdAyU="></latexit>

There exists ω > 0 such that, if ↭(w1,w2) < ω, then the neural
network that shares neurons has a strictly smaller objective value.
That is,

<latexit sha1_base64="vMZe6scY1yHUdAE2o0pJkGUJaWg="></latexit>

satisfies J(f̃) < J(f).

<latexit sha1_base64="kU79ExAv5kzMzqOlsEi5wj0t5OY="></latexit>

f̃(x) = f(x)→ v1(w
T
1x) + ṽ1(w

T
2x)
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<latexit sha1_base64="B4RMsWWHegro7GuFb4G7TyoTvqA="></latexit>

Weight decay favors variation in only a few directions (sparse weights)

<latexit sha1_base64="V5au76z1O+t+vA7YdT154SgRXks="></latexit>

Weight decay favors outputs that “share” neurons (sparse neurons)

<latexit sha1_base64="SZWxW/G0XFltbXXljXivc+HCFxI=">AAAB6HicdVDLSgNBEJz1GeMr6tHLYBA8hdkga3ILeAl4ScA8IFnC7KQ3GTM7u8zMCmHJF3jxoIhXP8mbf+PkIahoQUNR1U13V5AIrg0hH87a+sbm1nZuJ7+7t39wWDg6bus4VQxaLBax6gZUg+ASWoYbAd1EAY0CAZ1gcj33O/egNI/lrZkm4Ed0JHnIGTVWat4MCkVSIhaeh+fErRDXkmq1Ui5XsbuwCCmiFRqDwnt/GLM0AmmYoFr3XJIYP6PKcCZglu+nGhLKJnQEPUsljUD72eLQGT63yhCHsbIlDV6o3ycyGmk9jQLbGVEz1r+9ufiX10tNWPEzLpPUgGTLRWEqsInx/Gs85AqYEVNLKFPc3orZmCrKjM0mb0P4+hT/T9rlkuuVvOZlsVZfxZFDp+gMXSAXXaEaqqMGaiGGAD2gJ/Ts3DmPzovzumxdc1YzJ+gHnLdP/qqNHQ==</latexit>

K

<latexit sha1_base64="aTdV5e5/VvrE0D7n8WxqJfmXZxo=">AAAB6HicdVBNSwMxEJ31s9avqkcvwSJ4Ktkia3sr6KHHFuwHtEvJpmkbm80uSVYoS3+BFw+KePUnefPfmG0rqOiDgcd7M8zMC2LBtcH4w1lb39jc2s7t5Hf39g8OC0fHbR0lirIWjUSkugHRTHDJWoYbwbqxYiQMBOsE0+vM79wzpXkkb80sZn5IxpKPOCXGSs2bQaGIS9jC81BG3Ap2LalWK+VyFbkLC+MirNAYFN77w4gmIZOGCqJ1z8Wx8VOiDKeCzfP9RLOY0CkZs56lkoRM++ni0Dk6t8oQjSJlSxq0UL9PpCTUehYGtjMkZqJ/e5n4l9dLzKjip1zGiWGSLheNEoFMhLKv0ZArRo2YWUKo4vZWRCdEEWpsNnkbwten6H/SLpdcr+Q1L4u1+iqOHJzCGVyAC1dQgzo0oAUUGDzAEzw7d86j8+K8LlvXnNXMCfyA8/YJ9A6NFg==</latexit>

D
<latexit sha1_base64="5cczcT10E+4pROVbw0QZ/6Avvag="></latexit>

f1(x)
f2(x)

...

fD(x)

<latexit sha1_base64="LV/JUkoQ6icCAsVKPWpXCOdxX/A=">AAACBHicbVC7TgJBFJ31ifhCLW0mEhMrskuBliQ2lJjII4ENmZ29CxNmZteZWQ3Z0PoLttrbGVv/w9YvcYAtBDzJTU7OuTfn5gQJZ9q47rezsbm1vbNb2CvuHxweHZdOTts6ThWFFo15rLoB0cCZhJZhhkM3UUBEwKETjG9nfucRlGaxvDeTBHxBhpJFjBJjJT8EqQE/ARuOjB6Uym7FnQOvEy8nZZSjOSj99MOYpgKkoZxo3fPcxPgZUYZRDtNiP9WQEDomQ+hZKokA7Wfzp6f40iohjmJlRxo8V/9eZERoPRGB3RTEjPSqNxP/83qpiW78jMkkNSDpIihKOTYxnjWAQ6aAGj6xhFDF7K+Yjogi1NieiksxgZjaUrzVCtZJu1rxapXaXbVcb+T1FNA5ukBXyEPXqI4aqIlaiKIH9IJe0Zvz7Lw7H87nYnXDyW/O0BKcr19XV5jb</latexit>

dense weights

<latexit sha1_base64="felRE5XJKbKVJpSc4D9SJepsCnY=">AAACBHicbVC7SgNBFL0bXzG+opY2g0GITdgViSkDWggWRjAPSJYwO5lNhszObmZmhbCk9RdstbcTW//D1i9xkmxhEg9cOJxzL+dyvIgzpW3728qsrW9sbmW3czu7e/sH+cOjhgpjSWidhDyULQ8rypmgdc00p61IUhx4nDa94fXUbz5RqVgoHvU4om6A+4L5jGBtJPe+eIc6aiR1cjM57+YLdsmeAa0SJyUFSFHr5n86vZDEARWacKxU27Ej7SZYakY4neQ6saIRJkPcp21DBQ6ocpPZ0xN0ZpQe8kNpRmg0U/9eJDhQahx4ZjPAeqCWvan4n9eOtV9xEyaiWFNB5kF+zJEO0bQB1GOSEs3HhmAimfkVkQGWmGjTU24hxgsmphRnuYJV0rgoOeVS+eGyUK2k9WThBE6hCA5cQRVuoQZ1IDCCF3iFN+vZerc+rM/5asZKb45hAdbXLyMzmBA=</latexit>

O(K
p
D)

<latexit sha1_base64="5cczcT10E+4pROVbw0QZ/6Avvag="></latexit>

f1(x)
f2(x)

...

fD(x)

<latexit sha1_base64="0kRw/lX4pEyk6PKwsLxc1/U6b0c=">AAACBXicbVC7TgJBFJ3FF+ILtbSZSEysyC4FWpLYUGIijwSQzA53YcLM7mbmroZsqP0FW+3tjK3fYeuXOMAWCp7kJifn3Jtzc/xYCoOu++XkNja3tnfyu4W9/YPDo+LxSctEiebQ5JGMdMdnBqQIoYkCJXRiDUz5Etr+5Gbutx9AGxGFdziNoa/YKBSB4AytdG9ipg3QRxCjMZpBseSW3QXoOvEyUiIZGoPid28Y8URBiFwyY7qeG2M/ZRoFlzAr9BIDMeMTNoKupSFTYPrp4usZvbDKkAaRthMiXai/L1KmjJkq324qhmOz6s3F/7xugsF1PxVhnCCEfBkUJJJiROcV0KHQwFFOLWFcC/sr5WOmGUdbVOFPjK9mthRvtYJ10qqUvWq5elsp1epZPXlyRs7JJfHIFamROmmQJuFEk2fyQl6dJ+fNeXc+lqs5J7s5JX/gfP4AS0GZZA==</latexit>

sparse weights

<latexit sha1_base64="GUZLfN0h5eTUPfTzIzqNan2tjlE=">AAAB+3icbVBNS8NAEJ3Ur1q/qh69LBahXkoiUnss6MGbFewHtKFstpt26WYTdjdCCfkLXvXuTbz6Y7z6S9y0OdjWBwOP92aYmedFnClt299WYWNza3unuFva2z84PCofn3RUGEtC2yTkoex5WFHOBG1rpjntRZLiwOO0601vM7/7TKVioXjSs4i6AR4L5jOCdSY9VO8uh+WKXbPnQOvEyUkFcrSG5Z/BKCRxQIUmHCvVd+xIuwmWmhFO09IgVjTCZIrHtG+owAFVbjK/NUUXRhkhP5SmhEZz9e9EggOlZoFnOgOsJ2rVy8T/vH6s/YabMBHFmgqyWOTHHOkQZY+jEZOUaD4zBBPJzK2ITLDERJt4SktrvCA1oTirEayTzlXNqdfqj9eVZiOPpwhncA5VcOAGmnAPLWgDgQm8wCu8Wan1bn1Yn4vWgpXPnMISrK9fKmCULQ==</latexit>

O(D)

<latexit sha1_base64="5cczcT10E+4pROVbw0QZ/6Avvag="></latexit>

f1(x)
f2(x)

...

fD(x)

<latexit sha1_base64="DAK80BFws27Q5zHrpiRL3yOJsAY=">AAACBXicbVC7TgJBFJ3FF+ILtbSZSEysyC4FWpLYUGIijwRWMjtcYMI8NjOzJmRD7S/Yam9nbP0OW7/EAbYQ8CQ3OTnn3pybE8WcGev7315ua3tndy+/Xzg4PDo+KZ6etYxKNIUmVVzpTkQMcCahaZnl0Ik1EBFxaEeTu7nffgJtmJIPdhpDKMhIsiGjxDrp0cREG8ASEq2k6RdLftlfAG+SICMllKHRL/70BoomAqSlnBjTDfzYhinRllEOs0IvMRATOiEj6DoqiQATpouvZ/jKKQM8VNqNtHih/r1IiTBmKiK3KYgdm3VvLv7ndRM7vA1TJuPEgqTLoGHCsVV4XgEeMA3U8qkjhGrmfsV0TDSh1hVVWImJxMyVEqxXsElalXJQLVfvK6VaPasnjy7QJbpGAbpBNVRHDdREFGn0gl7Rm/fsvXsf3udyNedlN+doBd7XL2MQmXM=</latexit>sparse neurons

<latexit sha1_base64="Oo1sAvoT4+DRkV0yLEBVOIK12qg=">AAACAnicbVC7SgNBFJ2NrxhfUUubwSDEJuyKxJQBLeyMYB6wWcLsZDYZMo91ZlYIy3b+gq32dmLrj9j6JU4ehUk8cOFwzr3ce08YM6qN6347ubX1jc2t/HZhZ3dv/6B4eNTSMlGYNLFkUnVCpAmjgjQNNYx0YkUQDxlph6Prid9+IkpTKR7MOCYBRwNBI4qRsZJ/V+7qR2XSm+y8Vyy5FXcKuEq8OSmBORq94k+3L3HCiTCYIa19z41NkCJlKGYkK3QTTWKER2hAfEsF4kQH6fTkDJ5ZpQ8jqWwJA6fq34kUca3HPLSdHJmhXvYm4n+en5ioFqRUxIkhAs8WRQmDRsLJ/7BPFcGGjS1BWFF7K8RDpBA2NqXCwpqQZzYUbzmCVdK6qHjVSvX+slSvzePJgxNwCsrAA1egDm5BAzQBBhK8gFfw5jw7786H8zlrzTnzmWOwAOfrFys6l5E=</latexit>

O(
p
D)

<latexit sha1_base64="dCX+3hFGt50bYehz8tRcgON86KQ=">AAACRHicdVDLihNBFK0eX2N8RV26KQyCq6Y6M3ksB5yFy5GZTAbSIdyuvp0UU1XdVN1Wmibf4de4Hb/Bf3An7kSsZDKgogcuHM65h6p7skorT0J8ifZu3b5z997+/c6Dh48eP+k+fXbuy9pJnMhSl+4iA49aWZyQIo0XlUMwmcZpdvlm40/fo/OqtGfUVDg3sLSqUBIoSItukmaFR6fQ87MV8lNytaTaYc5PKwgxanhZ8Cmq5Y r4MUpoFt2eiMXB8HAw4iI+EMl41A9kcCjGg4Qnsdiix3Y4WXR/pHkpa4OWpAbvZ4moaN6CIyU1rjtp7bECeQlLnAVqwaCft9vT1vxVUHJelC6MJb5Vf0+0YLxvTBY2DdDK/+1txH95s5qK8bxVtqoJrbx+qKg1p5JveuK5cihJN4GAdCr8lcsVOJAU2uykDi1+kKUxYPM2LcAo3eRYQK1p3aa+uOGdUNdNJ/z/5LwfJ8N4+K7fOzreFbfPXrCX7DVL2IgdsbfshE2YZB/ZJ3bFPkdX0dfoW/T9enUv2mWesz8Q/fwFG3izWw==</latexit>

The Structured Sparsity of Weight Decay
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<latexit sha1_base64="JvcBeHCATZdzbEMEGO1+PtuMDSc="></latexit>

What Does All of This Mean for
Learning With Deep Neural Networks?
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<latexit sha1_base64="nDEMJaUBszW3xk6aSUkmVn8Yb1E="></latexit>

Deep Neural Networks are Layers of Shallow Vector-Valued Networks

<latexit sha1_base64="ev3s1AXHnH/Jgspn/syvgXwNveE=">AAACRXicdZBPaxNBGMZna9Ua/zTq0cvQIHhxmU2bP8eCHjyItGjSQjaEd2ffbYbMn2Vm1rAs+R5+Gq/1K/ghvIknwU7SFFT0gYGH53lfZuaXlVI4z9jXaOfW7u07d/fute4/ePhov/34ydiZynIccSONPc/AoRQaR154ieelRVCZxLNs8Wrdn31E64TRH3xd4lTBhRaF4OBDNGt306xwaAU6+hbqMEhNQcfIvbEvxyArzOn7OU hplvQd+qWxCzdrd1jMDvtHvQFl8SFLhoNuML0jNuwlNInZRh2y1cms/TPNDa8Uas8lODdJWOmnDVgvuMRVK60clsAXcIGTYDUodNNm87cVfR6SnBbGhqM93aS/bzSgnKtVFiYV+Ln7u1uH/+omlS+G00bosvKo+fVFRSWpN3QNiubCBgyyDga4FeGtlM/BAveBUiu1qHHJjVKg8yYtQAlZ51hAJf2qSV1x41sB1w0T+n8z7sZJP+6fdjvHr7fg9sgzckBekIQMyDF5Q07IiHDyiXwml+RLdBl9i75HP65Hd6LtzlPyh6JfVyyms+o=</latexit>

Layers of Vector-Valued Shallow Networks
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<latexit sha1_base64="KEEHqCqD+KcXTjjY93bmj3cLY4w="></latexit>

Consider one ReLU layer within a trained deep neural network

<latexit sha1_base64="zIlBjU7lJx74EI3kGwSEXrrgX/M="></latexit>

{wk}Kk=1

<latexit sha1_base64="nqpOVhcRGe+mcM4ov58hVaQH2uQ="></latexit>

{vk}Kk=1

<latexit sha1_base64="YRviUNQJC/ACFJ0b6reDDITVNlI="></latexit>xn

<latexit sha1_base64="IKWr5NzoPG7FmTZtmSK8qLn9mHs="></latexit>

� = {�n}Nn=1

<latexit sha1_base64="8RkUUoXrzVZ5Sdad2W41cw6EIKg="></latexit>

 = { n}Nn=1

<latexit sha1_base64="Y4rE5igtP4uYOwBNhq8qTX2AEzw="></latexit>

push the magnitude
of wk into vk

<latexit sha1_base64="rj8mMDZTKZlGvufQJRrdX42BoRs="></latexit>

min
{vk}K

k=1

KX

k=1

kvkk2 s.t.  = V�.
<latexit sha1_base64="fr+LJivI1UslwXMlcIe7q5DeKjA="></latexit>

At each layer, the weight
decay solution minimizes

<latexit sha1_base64="Kq0ZxLKL25zfx6c9SD9hC2D0Dvk="></latexit>

with weight decay
to a global minimizer

<latexit sha1_base64="PO0Y7/gET0QuCpX3Eahs+n3SBcE="></latexit>

multitask lasso

<latexit sha1_base64="QvhAXBsdMG5mNszh0sXU7hRSnLE="></latexit>

Shenouda, P., Lee, and Nowak (2024, JMLR)

<latexit sha1_base64="Nu7278gpaNIKMBcwKum09O9uYnI=">AAACM3icdVDLahtBEJy1ncRRXnJyzGWwCOS0zMrW42gSH3J0wLIMWiF6Z3ulwfNYZmYTxKKrvyZX+1+Mb8ZX/0EOGckyxMEpaCiquunuykopnGfsKtrY3Hr2/MX2y8ar12/evmvuvD9xprIcB9xIY08zcCiFxoEXXuJpaRFUJnGYnX1d+sMfaJ0w+tjPSxwrmGpRCA4+SJMmTbPCoRXo6LGYzjz9YiqdO2o0HYrcz9yk2WIx2+ vud3qUxXss6ffagXT2Wb+T0CRmK7TIGkeT5u80N7xSqD2X4NwoYaUf12C94BIXjbRyWAI/gymOAtWg0I3r1ScL+ikoOS2MDaU9Xal/T9SgnJurLHQqCNf96y3Fp7xR5Yv+uBa6rDxqfr+oqCT1hi5jobmwyL2cBwLcinAr5TOwwH0Ir5Fa1PiTG6VA53VagBJynmMBlfSLOnXFA2+EuB4yof8nJ+046cbd7+3WweE6uG3ykeySzyQhPXJAvpEjMiCcnJNf5IJcRhfRdXQT3d63bkTrmQ/kEaK7P+s6rFQ=</latexit>

Tight Bounds on Widths
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<latexit sha1_base64="YRviUNQJC/ACFJ0b6reDDITVNlI="></latexit>xn

<latexit sha1_base64="IKWr5NzoPG7FmTZtmSK8qLn9mHs="></latexit>

� = {�n}Nn=1

<latexit sha1_base64="8RkUUoXrzVZ5Sdad2W41cw6EIKg="></latexit>

 = { n}Nn=1

<latexit sha1_base64="E67pQyWp8qmZiGVKLtfOMOYPnFM="></latexit>

Let � denote the post-activation features and  denote the neuron
outputs of any ReLU layer in a trained DNN (minimizes the
weight decay objective). Then, there exists a representation with

<latexit sha1_base64="BmXHd1FstATO6K4J49tuwg8nTj8="></latexit>

K  rank(�) rank( )  N2

<latexit sha1_base64="pvA7mGGTGPKuCQaRTLWMh3ac5C8="></latexit>

neurons. The representation can be found by solving a convex
multitask lasso problem.

<latexit sha1_base64="fWHced3N080OBttj7l7Ki9tJn2Y="></latexit>

Layer Width Theorem (Shenouda, P., Lee and Nowak 2024)

<latexit sha1_base64="rj8mMDZTKZlGvufQJRrdX42BoRs="></latexit>

min
{vk}K

k=1

KX

k=1

kvkk2 s.t.  = V�.

<latexit sha1_base64="ajt75GpKJ9NNNCKosxI3Y0M7bzo="></latexit>

Low-rank data embeddings have been

observed empirically by Huh et al. (2022).

<latexit sha1_base64="e67EmMP9i0MA1qKHYXF6btcnhKU="></latexit>

Bound of Jacot et al. (2022): N(N + 1).

<latexit sha1_base64="QvhAXBsdMG5mNszh0sXU7hRSnLE="></latexit>

Shenouda, P., Lee, and Nowak (2024, JMLR)

<latexit sha1_base64="Nu7278gpaNIKMBcwKum09O9uYnI=">AAACM3icdVDLahtBEJy1ncRRXnJyzGWwCOS0zMrW42gSH3J0wLIMWiF6Z3ulwfNYZmYTxKKrvyZX+1+Mb8ZX/0EOGckyxMEpaCiquunuykopnGfsKtrY3Hr2/MX2y8ar12/evmvuvD9xprIcB9xIY08zcCiFxoEXXuJpaRFUJnGYnX1d+sMfaJ0w+tjPSxwrmGpRCA4+SJMmTbPCoRXo6LGYzjz9YiqdO2o0HYrcz9yk2WIx2+ vud3qUxXss6ffagXT2Wb+T0CRmK7TIGkeT5u80N7xSqD2X4NwoYaUf12C94BIXjbRyWAI/gymOAtWg0I3r1ScL+ikoOS2MDaU9Xal/T9SgnJurLHQqCNf96y3Fp7xR5Yv+uBa6rDxqfr+oqCT1hi5jobmwyL2cBwLcinAr5TOwwH0Ir5Fa1PiTG6VA53VagBJynmMBlfSLOnXFA2+EuB4yof8nJ+046cbd7+3WweE6uG3ykeySzyQhPXJAvpEjMiCcnJNf5IJcRhfRdXQT3d63bkTrmQ/kEaK7P+s6rFQ=</latexit>

Tight Bounds on Widths
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<latexit sha1_base64="ULCZcrnBL1RTRqOEAPAYYW9UHXM="></latexit>

VGG-19 trained with weight decay on CIFAR-10.
<latexit sha1_base64="hQL6GvAz6XeHaXo1rSrFUNsX/yw="></latexit>

final ReLU layer
K = 512 neurons

<latexit sha1_base64="hDibQf+NuD9WhYzhn4v/0bNgtgw="></latexit>

output dimension
D = 10

<latexit sha1_base64="N/ndzytRRmP05UCEro6/So/z0ag="></latexit>

original network compressed network
active neurons 512 47
test accuracy 93.92% 93.88%
train loss 0.0104 0.0112

<latexit sha1_base64="Y4Cmj/mP7cf8VyKsgp5scP/fbUg="></latexit>

10⇥ compression!
<latexit sha1_base64="GhbXuJ65P0WOjCI8Osz65nKJSMo="></latexit>

no change in
performance!

<latexit sha1_base64="2gjG/skucTzCHbk+wVyh6+QCi5M="></latexit>

Theory: There exists a representation with
<latexit sha1_base64="EDsWl1KFXFcTTrhfLArPbdbIWEk="></latexit>

 rank(�) rank( ) ⇡ 10 · 10 = 100 neurons.

<latexit sha1_base64="QvhAXBsdMG5mNszh0sXU7hRSnLE="></latexit>

Shenouda, P., Lee, and Nowak (2024, JMLR)

<latexit sha1_base64="6ust0iiJs5psT06zEMQ3iLD0MG4=">AAACRHicdVDLShxBFK02JjGT1xiX2RQOgaya6tF54MqgC1cygqPC9CC3q29rYT2aquqEoZnvyNe41W/wH7IL7kKw5iGYkBwoOJxzT92qk5VSOM/YXbTybPX5i5drrxqv37x99765/uHEmcpyHHIjjT3LwKEUGodeeIlnpUVQmcTT7Gpv5p9+ReuE0cd+UuJYwYUWheDgg3TeTNKscGgFOvqlDAsX+g4dWKG5KCXmdP/wkO4ZFa 51bp5psZhtdbc7PcriLZb0e+1AOtus30loErM5WmSJwXnzV5obXinUnktwbpSw0o9rsF5widNGWjksgV/BBY4C1aDQjev516b0U1ByWhgbjvZ0rj5N1KCcm6gsTCrwl+5vbyb+yxtVvuiPa6HLyqPmi0VFJak3dNYTzYVF7uUkEOBWhLdSfgkWuA9tNlKLGr9xoxTovE4LUEJOciygkn5ap6545I1Q12Mn9P/kpB0n3bh71G7t7i+LWyMfySb5TBLSI7vkgAzIkHDynVyTG3Ib3UQ/op/R/WJ0JVpmNsgfiH4/ADdps20=</latexit>

Application: Principled DNN Compression


