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<latexit sha1_base64="5M+IAiQSdkrsNRq376Lkc6MUoIY="></latexit>
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<latexit sha1_base64="wA9xogrNV2/46Re2OxZKIjHoVsg="></latexit>
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<latexit sha1_base64="MZjvM0EJd7dKb6gXPoHvgPBv3QY=">AAACPnicbZBNa1NBFIbn1o/W+BV16WYwCIIQ5oaq6a5iF66kgmkLuSGcO/fcZsh8XGbOtIRLfoS/xm39Gf4Bd+LWhQsnaQStHhjm4X3PYea8ZaNVICG+ZFvXrt+4ub1zq3P7zt1797sPHh4FF73EkXTa+ZMSAmplcUSKNJ40HsGUGo/L+ZuVf3yGPihnP9CiwYmBU6tqJYGSNO0+L8o6oFcY+AFiw99h9KDTRefOz/lrL2eKUF L0GKbdnujvib2h2OWin4sXw+EggVgXzzfQY5s6nHZ/FpWT0aAlqSGEcS4amrTgSUmNy04RAzYg53CK44QWDIZJu15qyZ8mpeK18+lY4mv1z4kWTAgLU6ZOAzQLV72V+D9vHKkeTlplm0ho5eVDddScHF8lxCvl08J6kQCkV+mvXM7Ag6SUY6fwaPFcOmPAVm1Rg1F6UWENUdOyLUL9mzsprvxqOP/C0aCfv+zn7we9/YNNcDvsMXvCnrGcvWL77C07ZCMm2Uf2iV2wz9lF9jX7ln2/bN3KNjOP2F+V/fgFbr2xGA==</latexit>

Deep Neural Network Architectures

<latexit sha1_base64="bXJgYVobOsZhDbHX85CeS5foekU="></latexit>

Rectified Linear Unit (ReLU)
ReLU(t) = max{0, t} = t+

<latexit sha1_base64="IwrM3Ja6VqZ6fpQU/iYm18/MoLE="></latexit>

+ weight decay in training
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<latexit sha1_base64="+yumYikKgL2L5gHpB+gZkhG1yMk=">AAACQ3icbZDNahsxFIU1Sdqm7p/bLrsRMYWujMb0x9mFNouuQgJ1EvAYc0dzJxHWzyDdaTCDXyNPk23yDn2G7kqXCUR2HGiSHhB8nHMvkk5eaRVIiF/Jyurao8dP1p+2nj1/8fJV+/Wb/eBqL3EgnXb+MIeAWlkckCKNh5VHMLnGg3zybZ4f/EQflLM/aFrhyMCRVaWSQNEat0WWlwG9wsB3sPag+VfQYCVyZfk2YnVr7yCdOD 8J43ZHdDfFZl985KKbik/9fi+CWIinS+iwpXbH7cuscLI2aElqCGGYiopGDXhSUuOsldUBK5ATOMJhRAsGw6hZ/GzG30en4KXz8VjiC/ffjQZMCFOTx0kDdBzuZ3Pzf9mwprI/apStakIrby4qa83J8XlNvFAeJelpBJBexbdyeQweJMUyW5lHiyfSGQO2aLISjNLTAkuoNc2aLJS33Ip1pffLeQj7vW76uZvu9Tpb28vi1tk7tsE+sJR9YVvsO9tlAybZKTtj5+wiOU9+J3+SvzejK8ly5y27o+TqGpGlsos=</latexit>

Neural Balance in Deep Neural Networks

<latexit sha1_base64="QOHLkB+QgOzWfAF2887nyBfRQxE="></latexit>

Rd 3 z
<latexit sha1_base64="3s22nU/3kod/84piwQnPWrSAV4Y="></latexit>

v(wTz)+ 2 RD<latexit sha1_base64="+I27T0SWVYiEEboNInecpA5MBHA="></latexit>w <latexit sha1_base64="kYEE+sEIPNiclfKYQKczTMcTGrU="></latexit>v

<latexit sha1_base64="EYTttEXIo21GnY0nkhhaOu52qmY="></latexit>

weight decay in training
is equivalent to adding
kwk22 + kvk22 to the
training objective

<latexit sha1_base64="/U9G4jEN29FGyZvi/HgS4QlItGA="></latexit>

If a DNN is trained with weight decay, then the
2-norms of the input and output weights to each
ReLU neuron must be balanced.

<latexit sha1_base64="8C/SUVkJi07P66EQgNohfxaOyWo="></latexit>

Neural Balance Theorem
<latexit sha1_base64="UsjRnErdUki4r19WfKPqhFMlrTo="></latexit>

kwk2 = kvk2

<latexit sha1_base64="9fv77ZmxsViIrnW9J90jKYD2lyc="></latexit>

mathematical expression
for a single ReLU neuron

<latexit sha1_base64="XjFM9jMngw6I9Cb2CdNoAt9/OA4="></latexit>

ReLU activation

<latexit sha1_base64="OLl40Rmiapeg3/3XlsZPlLLunSE="></latexit>

P. and Nowak (2023, IEEE Signal Processing Magazine)
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<latexit sha1_base64="HML0vrVQxr43WMqjcOcLA+zBkFU="></latexit>

f✓(x)
<latexit sha1_base64="W0sMCOttyvCry5uacSGdXbjHqoE="></latexit>x

<latexit sha1_base64="Iyy/P0XMovnH8XD8yEmfJ00PARg="></latexit>

parameterized by a vector ✓ 2 RP

of neural network weights

<latexit sha1_base64="+75s/8ogh93inYjbs0M1NKcFGt0="></latexit>

min
✓2RP

NX

n=1

L(yn, f✓(xn))

| {z }
+

�

2
k✓k22

| {z }
<latexit sha1_base64="qVCUFJr9GWao2wvMF6pyahPG++M="></latexit>

data fidelity
<latexit sha1_base64="3tjwlQ75XB5KjiUypMV64kZpc38="></latexit>

regularization

<latexit sha1_base64="DhGZIyWk5eRHOCRaa+GEwTauuZQ=">AAACNHicbZBNaxsxEIa1ST9S9yNueuxFrSn0ZLSmTZ1bID3kVBKIk4DXmFntrCOsj0WabTCLz/01vSa/pZBb6bW/oIfIjgtNmgGhh/edYaQ3r7QKJMSPZG39wcNHjzeetJ4+e/5is/1y6zi42kscSKedP80hoFYWB6RI42nlEUyu8SSf7i38k6/og3L2iGYVjgxMrCqVBIrSuP0my8uAXmHgX7D2oONF585P+ZEHZZWdjNsd0d 0RO33xgYtuKj72+70IYlk8XUGHrepg3P6TFU7WBi1JDSEMU1HRqAFPSmqct7I6YAVyChMcRrRgMIya5Vfm/F1UCl46H48lvlT/nWjAhDAzeew0QGfhrrcQ7/OGNZX9UaNsVRNaebOorDUnxxe58EJ5lKRnEUB6Fd/K5Rl4kBTTa2UeLZ5LZwzYoslKMErPCiyh1jRvslD+5VaMK70bzv9w3Oum2930sNfZ/bwKboO9Zm/Ze5ayT2yX7bMDNmCSfWPf2QW7TC6Sq+Rn8uumdS1Zzbxityr5fQ0yR6z8</latexit>

Neural Network Training

<latexit sha1_base64="JYjBGFqrxlEFFhOzf5Mss525/jY="></latexit>

Neural network training problem for the data {(xn, yn)}Nn=1.
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<latexit sha1_base64="lLdo7n3Ry3q9gmVv3PTcsBjQGVk=">AAACK3icbZDNahsxFIU1aZI6bpM67SaQjagpdGU0Jk2cXWi76Co4EMcBjzF3NHdsYUkzSJoGM7hP0637Ml21dJu3yCLyTyBxekDwcc69SDpxLoV1jP0JNl5sbm2/rOxUX73e3XtT2397ZbPCcOzwTGbmOgaLUmjsOOEkXucGQcUSu/H4yzzvfkdjRaYv3STHvoKhFqng4Lw1qB1EcWrRCLT0HAsDkn4GCZrjoFZnjVN22mJHlD VC9qnVanpgC9FwBXWyUntQu4uSjBcKteMSrO2FLHf9EowTXOK0GhUWc+BjGGLPowaFtl8ufjClH7yT0DQz/mhHF+7jjRKUtRMV+0kFbmTXs7n5v6xXuLTVL4XOC4eaLy9KC0ldRud10EQY5E5OPAA3wr+V8hEY4M6XVo0MarzhmVKgkzJKQQk5STCFQrppGdn0gau+rnC9nOdw1WyEx43wolk/+7oqrkIOyXvykYTkhJyRb6RNOoSTH+QnmZFfwSz4HfwN/i1HN4LVzjvyRMHtPWp6qQI=</latexit>

Neural Balance

<latexit sha1_base64="XZQ+4EcVcZJ/nFFmH2lRhc71jz8="></latexit>

The ReLU activation is homogeneous

<latexit sha1_base64="lSLIU1xYcI/j8kQ+KTwOMpSAFcI="></latexit>

v(wTz)+ = ��1v(�wTz)+, for any � > 0.

<latexit sha1_base64="KTXpovT/Bgc3RRpL7cD8OkNJUMo="></latexit>

At a global minimizer,
kvk22 + kwk22

2
= kvk2kwk2.

<latexit sha1_base64="MnMyFTV6ZTIowK0CFDjmcxKYWZc="></latexit>

At a global minimizer of the weight decay objective, kvk2 = kwk2.

<latexit sha1_base64="E6LOWjMyfbwX8OdkN+1jEjhZh6I="></latexit>

Grandvalet (1998, ICANN)
Neyshabur et al. (2015, ICLR Workshop)

<latexit sha1_base64="6CHLuqaiI9kuBy879MGI7o1/kgk="></latexit>⇤

<latexit sha1_base64="DiZP+Qh3eNvaUoe9FA7tSkmoLgE="></latexit>

Proof. The solution to

<latexit sha1_base64="gj1plmbSRzbg/1tDgrggnTc5oFM="></latexit>

is � =
p

kvk2/kwk2.

<latexit sha1_base64="FVaM4V6z5dOLQx+lglpG7QNThTw="></latexit>

min
�>0

k��1vk2 + k�wk2
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<latexit sha1_base64="9ACEmQpE6TZ9BlAlZaKKTvZQGdk="></latexit>

✓ = {(wk,vk)}Kk=1

<latexit sha1_base64="nhOOe28uxulTwMFfT4rP4lHfav0="></latexit>

weight decay
<latexit sha1_base64="i4TALX/KSJveDx+kzaa1zwdcamU="></latexit>

min
✓={(wk,vk)}K

k=1

NX

n=1

L(yn, f✓(xn)) +
�

2

KX

k=1

kvkk22 + kwkk22

<latexit sha1_base64="5OLo7onTez1+8qMvtu847cCOwYU="></latexit>

f✓(x) =
KX

k=1

vk(w
T
kx)+

<latexit sha1_base64="ebOykO7wP0GkFed4dNBzep6Jh0k="></latexit>

path-norm
<latexit sha1_base64="M6cssoMyF/hqa9MFOJouqGavBCw="></latexit>

min
✓={(wk,vk)}K

k=1

NX

n=1

L(yn, f✓(xn)) + �
KX

k=1

kvkk2kwkk2
<latexit sha1_base64="ObJSHte5YW5v/jS3loS4TEUcl+c="></latexit>

multitask lasso
<latexit sha1_base64="/m1pbFxIhINTw2f5kGY2gUKLWyA="></latexit>

min
✓={(wk,vk)}K

k=1
kwkk2=1

NX

n=1

L(yn, f✓(xn)) + �
KX

k=1

kvkk2

<latexit sha1_base64="EC5vyNa182YDWTI2F1JhN7pBJRg="></latexit>

Rebalancing

<latexit sha1_base64="l2VGnvlj8JrvhtQdyEVMbhFCWus=">AAACT3icbZBdaxNBFIZn41cbv6K99GYwCF7F3VBrCl4U7IXeRWqaQjaEs7Nnk6HzscycVZYlf8Zf42296y/xphQncQWtHhh4eN93mDNvVirpKY4vo86t23fu3tvZ7d5/8PDR496Tp6feVk7gRFhl3VkGHpU0OCFJCs9Kh6AzhdPs/N3Gn35G56U1n6guca5haWQhBVCQFr23aVZ4dBI9P0HhkPhJCSFO9asPOiwgJPHxRtDW1N wWfIpyuSJ+jALqRa8fDw7jw1G8z+NBEr8ejYYB4u3wpIU+a2e86F2luRWVRkNCgfezJC5p3oAjKRSuu2nlsQRxDkucBTSg0c+b7S/X/EVQcl5YF44hvlX/vNGA9r7WWUhqoJW/6W3E/3mziorRvJGmrAiN+PVQUSlOlm8q47l0KEjVAUA4GXblYgUOBIViu6lDg1+E1RpM3qQFaKnqHAuoFK2b1Be/uRvqSm6W8y+cDgfJweDg47B/dNwWt8OesefsJUvYG3bE3rMxmzDBvrJv7IJ9jy6iH9F1p412ohb22F/T2f0JgVy1+A==</latexit>

Secret Sparsity/Implicit Parsimony of Weight Decay
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<latexit sha1_base64="/m1pbFxIhINTw2f5kGY2gUKLWyA="></latexit>

min
✓={(wk,vk)}K

k=1
kwkk2=1

NX

n=1

L(yn, f✓(xn)) + �
KX

k=1

kvkk2<latexit sha1_base64="7YrhTh5QtCsPkuMrPeDfDVKBZGI="></latexit>

weight decay
<latexit sha1_base64="ay9RiSt765q0ol+wuhHCmcxNd5o="></latexit>()

<latexit sha1_base64="vmgCP8HNcCMPJlvYj+1HlKx4w7c="></latexit>

What Kinds of Functions Do Neural Networks Learn?

<latexit sha1_base64="Pz0+3Z4dlpAQczuDnSchc4IskXc="></latexit>

Why Do Neural Networks Work Well in High-Dimensional Problems?

<latexit sha1_base64="kqHfJeJxdocFHcKux0uCNh4ssQM="></latexit>

Principled Compression Algorithms for Pre-Trained DNNs.

<latexit sha1_base64="NjT4P4JwbS0aB3d2ro3T3upUrII="></latexit>

• Weight decay is equivalent to a non-convex multitask lasso.

<latexit sha1_base64="l2VGnvlj8JrvhtQdyEVMbhFCWus=">AAACT3icbZBdaxNBFIZn41cbv6K99GYwCF7F3VBrCl4U7IXeRWqaQjaEs7Nnk6HzscycVZYlf8Zf42296y/xphQncQWtHhh4eN93mDNvVirpKY4vo86t23fu3tvZ7d5/8PDR496Tp6feVk7gRFhl3VkGHpU0OCFJCs9Kh6AzhdPs/N3Gn35G56U1n6guca5haWQhBVCQFr23aVZ4dBI9P0HhkPhJCSFO9asPOiwgJPHxRtDW1N wWfIpyuSJ+jALqRa8fDw7jw1G8z+NBEr8ejYYB4u3wpIU+a2e86F2luRWVRkNCgfezJC5p3oAjKRSuu2nlsQRxDkucBTSg0c+b7S/X/EVQcl5YF44hvlX/vNGA9r7WWUhqoJW/6W3E/3mziorRvJGmrAiN+PVQUSlOlm8q47l0KEjVAUA4GXblYgUOBIViu6lDg1+E1RpM3qQFaKnqHAuoFK2b1Be/uRvqSm6W8y+cDgfJweDg47B/dNwWt8OesefsJUvYG3bE3rMxmzDBvrJv7IJ9jy6iH9F1p412ohb22F/T2f0JgVy1+A==</latexit>

Secret Sparsity/Implicit Parsimony of Weight Decay
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<latexit sha1_base64="85CNy24/e1OhLIHZEEDIL7LqIzI="></latexit>

P. and Nowak (2021, Journal of Machine Learning Research)

<latexit sha1_base64="ImDNgVWgvRVJhX8VDhM8JVLGzIE=">AAACbHicbVDbbhMxEHWWW1kuTYG3CskiKuoDirwRhfStXB54LNC0lbJRNOsdd636srK9oGi1P8HX8Ap/wU/wDThpkNrCSJaOzpk5Mz5FraQPjP3qJTdu3rp9Z+Nueu/+g4eb/a1Hx942juOEW2XdaQEelTQ4CTIoPK0dgi4UnhTn75b6yRd0XlpzFBY1zjScGSkkhxCpef9FXgiPTqKnb+hbMMAr+rkGjvQTRiOPJqCjRxVah3 reH7DhPtsfs5eUDTO2Nx6PImCrotkaDMi6Dudbvd28tLzR0YYr8H6asTrMWnBBcoVdmjce47ZzOMNphAY0+lm7+lZHdyJTUmFdfCbQFXt5ogXt/UIXsVNDqPx1bUn+T5s2QYxnrTR1E9Dwi0WiUTRYusyIltIhD2oRAXAn462UV+CAxyyik0ODX7nVGkzZ5gK0VIsSBTQqdG3uxV+cXjloeYbzwnc0TXcuCw6qRnUx2+x6kv+C49EwezXc+zgaHLxfp7xBtskzsksy8pockA/kkEwIJ9/Id/KD/Oz9Tp4k28nTi9akt555TK5U8vwPkEi9wg==</latexit>

A Banach Space Representer Theorem
<latexit sha1_base64="UZKlDfv88Tj4QS2Gpb5//0NTkAc="></latexit>

Neural Network Representer Theorem (P. and Nowak 2021)
<latexit sha1_base64="pJvuTH5jWz8S1gYt1czsUD9V9TE="></latexit>

For any data set {(xn, yn)}Nn=1 and lower semicontinuous L(·, ·),
there exists a solution to

<latexit sha1_base64="WJ6bg7TBgz4PulDmXQqBrj8MuAg="></latexit>

that admits a representation of the form
<latexit sha1_base64="Z9uKGKItZBXYv8JILReNGIQIlyY="></latexit>

fReLU(x) =
KX

k=1

vk(w
T
kx� bk)+ +wT

0x+ b0, K < N.

<latexit sha1_base64="dL5q9x/EGzAOIp5DDw3nS1FaY44="></latexit>

min
f2R BV2

NX

n=1

L(yn, f(xn)) + � kfkR BV2 , � > 0,

<latexit sha1_base64="4pdmNDm4DS2yJaL0jcWzY9u3Zd4="></latexit>

ReLU neurons
<latexit sha1_base64="CXwNTRK1h6bSTwwj15zPzWLRK6k="></latexit>

skip connection
<latexit sha1_base64="D6JSJznrr2mzdFEr57SUGGbIt2I="></latexit>

sparse solution

<latexit sha1_base64="38jpo8Az/gFjp7kmD4dsJLGh7fQ="></latexit>

Training a su�ciently parameterized
neural network (K � N) with weight
decay (to a global minimizer) is a solution
to the Banach space problem.

<latexit sha1_base64="2Veh8gcm0ixw+aGeYlq9TB2sqHs="></latexit>

Neural networks learn
R BV2-functions.
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<latexit sha1_base64="tU605C0Vw3LNwkwPkKAmBSsgTHA="></latexit>

P. and Nowak (2023, IEEE Transactions on Information Theory)

<latexit sha1_base64="VTzA/0E/9vm7msmp6Ric8uEjXw8=">AAACQnicbZDLbhMxFIY95VbCLYUlG4sIiVXwRC2ku0p0waZQJNJWykTRGc+Z1oovI/tMy2iUx+jTsC0P0Vdgh9h2gZMGCQq/ZJ1P/zlHtv+80iqQEJfJ2q3bd+7eW7/fefDw0eMn3Y2nB8HVXuJIOu38UQ4BtbI4IkUajyqPYHKNh/ns3aJ/eIo+KGc/U1PhxMCxVaWSQNGadl9neRnQKwx8T1ll4Av/WFGsWlHDXck/YO1Bx0 Jnzs/CtNsT/W2xPRSbXPRTsTUcDiKIpXi6gh5baX/avcoKJ2uDlqSGEMapqGjSgiclNc47WR2wAjmDYxxHtGAwTNrlx+b8ZXQKXjofjyW+dP/caMGE0Jg8Thqgk3CztzD/1xvXVA4nrbJVTWjl9UVlrTk5vkiJF8qjJN1EAOlVfCuXJ+BBUsyyk3m0eCadMWCLNivBKN0UWEKtad5mofzNnRhXejOcf+Fg0E/f9Lc+DXo7u6vg1tlz9oK9Yil7y3bYe7bPRkyyc/aVXbBvyUXyPfmR/LweXUtWO8/YX0qufgH2N7LX</latexit>

Minimax Optimality of Neural Networks

<latexit sha1_base64="mUPz7LVLWXGWmfeazcN6kLyl3/Q="></latexit>

satisfies
<latexit sha1_base64="R3lqUORgBlY+HZm3RGGFzeUp+jI="></latexit>

Ekf? � fReLUk2L2(⌦) = eO(N� d+3
2d+3 ) = eO(N� 1

2 ).
<latexit sha1_base64="CcOjJIeunLp9G70Sy+mNPopmc8s="></latexit>

minimax rate

<latexit sha1_base64="e5ddlHA1ACO119tK/AY0mf/rsGM="></latexit>

Linear methods (thin-plate splines, kernel methods, neural tangent
kernels, etc.) necessarily su↵er the curse of dimensionality.

<latexit sha1_base64="GaAco3qrPhZL4xygz5X7h990kRk="></latexit>

Linear minimax lower bound: N� 3
d+3

<latexit sha1_base64="JRcGQJ+AxMWHD5VAvDeKqkJChIg="></latexit>

the curse

<latexit sha1_base64="NtNUhyJ9+VzhRkS1XmIC3BuVOaM="></latexit>no curse

<latexit sha1_base64="EKZgkZc6G/JN59DFuubgsN9twtw="></latexit>

fReLU 2 argmin
✓

NX

n=1

L(yn, f✓(xn)) +
�

2

KX

k=1

|vk|2 + kwkk22

<latexit sha1_base64="luHA1BePl0hk/R/DBqL/+yhJVsY="></latexit>

Suppose that {xn}Nn=1 are i.i.d. uniform on a bounded domain ⌦ ⇢ Rd.
If yn = f?(xn) + "n with kf?kR BV2 < 1, then any solution to

<latexit sha1_base64="q3ajtA6U8N19MXBc1YsGkjukDls="></latexit>

weight decay
objective
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<latexit sha1_base64="ckXSKkIqjQBy50vqxwamA4ee2B4="></latexit>

Shenouda, P., Lee, and Nowak (2023+)

<latexit sha1_base64="ULCZcrnBL1RTRqOEAPAYYW9UHXM="></latexit>

VGG-19 trained with weight decay on CIFAR-10.
<latexit sha1_base64="hQL6GvAz6XeHaXo1rSrFUNsX/yw="></latexit>

final ReLU layer
K = 512 neurons

<latexit sha1_base64="hDibQf+NuD9WhYzhn4v/0bNgtgw="></latexit>

output dimension
D = 10

<latexit sha1_base64="N/ndzytRRmP05UCEro6/So/z0ag="></latexit>

original network compressed network
active neurons 512 47
test accuracy 93.92% 93.88%
train loss 0.0104 0.0112

<latexit sha1_base64="Y4Cmj/mP7cf8VyKsgp5scP/fbUg="></latexit>

10⇥ compression!
<latexit sha1_base64="GhbXuJ65P0WOjCI8Osz65nKJSMo="></latexit>

no change in
performance!

<latexit sha1_base64="Oqihlh5wlTU6BlnGso8uv24hoBA=">AAACN3icbVDLThsxFPWkLY+0hVCW3VgNlbqKPBGPsEOCRVcolRqIlInQHc8dsPBjZHtA0Sg/wNewhT9h1R1iy74LnBAkXkeydHTOudf2SQspnGfsJqp9+Phpbn5hsf75y9el5cbKtwNnSsuxx400tp+CQyk09rzwEvuFRVCpxMP0dHfiH56hdcLov35U4FDBsRa54OCDdNRYS9LcoRXoaNcKzUUhMaN7+/t016iwyblprMla22 y7w9Ypa8Vso9NpB8KmoPGMNMkM3aPG/yQzvFSoPZfg3CBmhR9WYL3gEsf1pHRYAD+FYxwEqkGhG1bT34zpz6BkNDc2HO3pVH0+UYFybqTSkFTgT9xrbyK+5w1Kn3eGldBF6VHzx4vyUlJv6KQamgmL3MtRIMCtCG+l/AQscB8KrCcWNZ5zoxTorEpyUEKOMsyhlH5cJS5/4vVQV/y6nLfkoN2KN1ubf9rNnb1ZcQvkO/lBfpGYbJEd8pt0SY9wckEuyRW5jq6if9FtdPcYrUWzmVXyAtH9A1kwrg4=</latexit>

Principled DNN Compression

<latexit sha1_base64="yvvNiV1MkMvO24y6obzURghUJiQ="></latexit>

Theory: There exists a representation with  100 neurons
that can be found by solving a convex multitask lasso problem.
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<latexit sha1_base64="fJWSUHUhT8Q14wJdiEInhhSwpdY=">AAACJ3icbZBLSyNBFIWrHZ/xlRnduSkMgqtQHXzEnaALlwpGhXSQ29W3tbAeTVW1kmnyX2br/Bl34iznf7iwEiP4OlDwcc691OWkhRTOM/YvmvgxOTU9MztXm19YXFqu//x15kxpOXa4kcZepOBQCo0dL7zEi8IiqFTieXpzMMzPb9E6YfSp7xfYU3ClRS44+GBd1leTNHdoBTp6YDSXpRvZDdbcY3tttkVZM2bb7XYrABuJxm NokLGOL+vPSWZ4qVB7LsG5bswK36vAesElDmpJ6bAAfgNX2A2oQaHrVaPrB3QjOBnNjQ1Pezpy329UoJzrqzRMKvDX7nM2NL/LuqXP271K6KL0qPnrR3kpqTd0WAXNhEXuZT8AcCvCrZRfgwXuQ2G1xKLGO26UAp1VSQ5KyH6GOZTSD6rE5W9cC3XFn8v5CmetZrzT3D5pNfYPx8XNkjWyTjZJTHbJPjkix6RDOPlN/pB78je6jx6ix+jpdXQiGu+skA+K/r8A7nmnzg==</latexit>

Conclusion

<latexit sha1_base64="EFR8/5w2A2UQChKVTDigdFiW1p4="></latexit>

Questions?

<latexit sha1_base64="hpOQDBd9MxYUKZYHnWL2UCID12I="></latexit>

• General audience overview article:

– Deep Learning Meets Sparse Regularization: A signal processing perspective

Rahul Parhi and Robert D. Nowak

IEEE Signal Processing Magazine, vol. 40, no. 6, pp. 63–74, Sept. 2023.

• Technical articles:

– Banach Space Representer Theorems for Neural Networks and Ridge Splines

Rahul Parhi and Robert D. Nowak

Journal of Machine Learning Research, vol. 22, no. 43, pp. 1–40, 2021.

– What Kinds of Functions Do Deep Neural Networks Learn? Insights from Variational Spline Theory

Rahul Parhi and Robert D. Nowak

SIAM Journal on Mathematics of Data Science, vol. 4, no. 2, pp. 464–489, 2022.

– Near-Minimax Optimal Estimation With Shallow ReLU Neural Networks

Rahul Parhi and Robert D. Nowak

IEEE Transactions on Information Theory, vol. 69, no. 2, pp. 1125-1140, Feb. 2023.

– Vector-Valued Variation Spaces and Width Bounds for DNNs: Insights on Weight Decay Regularization

Joseph Shenouda, Rahul Parhi, Kangwook Lee, Robert D. Nowak

arXiv preprint arXiv:2305.16534, 2023+
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<latexit sha1_base64="ZPQ4hmv7PogsRSGFSoOkmrMK3UU=">AAACRHicbZDNbhMxFIU9LT8l/AVYsrGIkFhFMxEt6a4SXXRZ1KaplImiO57rxKrtGdnXoNEoz8HTsG2foe/ADrFDCCcNEhSOZOnTOffK9ilqrTyl6XWytX3n7r37Ow86Dx89fvK0++z5ma+CEzgSla7ceQEetbI4IkUaz2uHYAqN4+Li/Soff0TnVWVPqalxamBulVQCKFqzbpYX0qNT6PnpAvkJuSAoOCz5SQ1xjRpeST5GNV 8QP0QBzazbS/v76f4wfcvTfpbuDoeDCOlaPNtAj210POv+yMtKBIOWhAbvJ1la07QFR0poXHby4LEGcQFznES0YNBP2/XXlvx1dEouKxePJb52/9xowXjfmCJOGqCFv52tzP9lk0ByOG2VrQOhFTcXyaA5VXzVEy+VQ0G6iQDCqfhWLhbgQFBss5M7tPhJVMaALdtcglG6KVFC0LRscy9/cyfWld0u5184G/Szvf7uh0Hv4HBT3A57yV6xNyxj79gBO2LHbMQE+8y+sEt2lVwmX5Nvyfeb0a1ks/OC/aXk5y8EDrNL</latexit>

The Structured Sparsity of Weight Decay

<latexit sha1_base64="B4RMsWWHegro7GuFb4G7TyoTvqA="></latexit>

Weight decay favors variation in only a few directions (sparse weights)

<latexit sha1_base64="V5au76z1O+t+vA7YdT154SgRXks="></latexit>

Weight decay favors outputs that “share” neurons (sparse neurons)

<latexit sha1_base64="/m1pbFxIhINTw2f5kGY2gUKLWyA="></latexit>

min
✓={(wk,vk)}K

k=1
kwkk2=1

NX

n=1

L(yn, f✓(xn)) + �
KX

k=1

kvkk2

<latexit sha1_base64="SZWxW/G0XFltbXXljXivc+HCFxI=">AAAB6HicdVDLSgNBEJz1GeMr6tHLYBA8hdkga3ILeAl4ScA8IFnC7KQ3GTM7u8zMCmHJF3jxoIhXP8mbf+PkIahoQUNR1U13V5AIrg0hH87a+sbm1nZuJ7+7t39wWDg6bus4VQxaLBax6gZUg+ASWoYbAd1EAY0CAZ1gcj33O/egNI/lrZkm4Ed0JHnIGTVWat4MCkVSIhaeh+fErRDXkmq1Ui5XsbuwCCmiFRqDwnt/GLM0AmmYoFr3XJIYP6PKcCZglu+nGhLKJnQEPUsljUD72eLQGT63yhCHsbIlDV6o3ycyGmk9jQLbGVEz1r+9ufiX10tNWPEzLpPUgGTLRWEqsInx/Gs85AqYEVNLKFPc3orZmCrKjM0mb0P4+hT/T9rlkuuVvOZlsVZfxZFDp+gMXSAXXaEaqqMGaiGGAD2gJ/Ts3DmPzovzumxdc1YzJ+gHnLdP/qqNHQ==</latexit>

K

<latexit sha1_base64="aTdV5e5/VvrE0D7n8WxqJfmXZxo=">AAAB6HicdVBNSwMxEJ31s9avqkcvwSJ4Ktkia3sr6KHHFuwHtEvJpmkbm80uSVYoS3+BFw+KePUnefPfmG0rqOiDgcd7M8zMC2LBtcH4w1lb39jc2s7t5Hf39g8OC0fHbR0lirIWjUSkugHRTHDJWoYbwbqxYiQMBOsE0+vM79wzpXkkb80sZn5IxpKPOCXGSs2bQaGIS9jC81BG3Ap2LalWK+VyFbkLC+MirNAYFN77w4gmIZOGCqJ1z8Wx8VOiDKeCzfP9RLOY0CkZs56lkoRM++ni0Dk6t8oQjSJlSxq0UL9PpCTUehYGtjMkZqJ/e5n4l9dLzKjip1zGiWGSLheNEoFMhLKv0ZArRo2YWUKo4vZWRCdEEWpsNnkbwten6H/SLpdcr+Q1L4u1+iqOHJzCGVyAC1dQgzo0oAUUGDzAEzw7d86j8+K8LlvXnNXMCfyA8/YJ9A6NFg==</latexit>

D
<latexit sha1_base64="5cczcT10E+4pROVbw0QZ/6Avvag="></latexit>

f1(x)
f2(x)

...

fD(x)

<latexit sha1_base64="5cczcT10E+4pROVbw0QZ/6Avvag="></latexit>

f1(x)
f2(x)

...

fD(x)

<latexit sha1_base64="5cczcT10E+4pROVbw0QZ/6Avvag="></latexit>

f1(x)
f2(x)

...

fD(x)

<latexit sha1_base64="N4BylOQCIPmP0WYLnlHfXTGuxks=">AAACHHicbVDLSsNAFJ34rPVVdelmsAh1UxKR6kYo6KLgwgr2AU0ok+mkHTqTxJmJUNJ8gD/hL7jVvTtxK7j1S5y0WdjWAwOHc87l3jluyKhUpvltLC2vrK6t5zbym1vbO7uFvf2mDCKBSQMHLBBtF0nCqE8aiipG2qEgiLuMtNzhVeq3HomQNPDv1SgkDkd9n3oUI6WlbqFojz173I1tjtQAIxY3kwRewtvSDbTlg1DxdXKiU2bZnAAuEisjRZCh3i382L0AR5z4CjMkZccyQ+XESCiKGUnydiRJiPAQ9UlHUx9xIp148pkEHmulB71A6OcrOFH/TsSISznirk6mN8t5LxX/8zqR8i6cmPphpIiPp4u8iEEVwLQZ2KOCYMVGmiAsqL4V4gESCCvdX35mjcsTXYo1X8EiaZ6WrUq5cndWrNayenLgEByBErDAOaiCGqiDBsDgCbyAV/BmPBvvxofxOY0uGdnMAZiB8fUL79ahmw==</latexit>

kfkV = O(K
p
D)

<latexit sha1_base64="a4PXX1tWRSyBhjr7nAH3dX3Bpzo=">AAACE3icbVDLSsNAFJ3UV62vqDvdDBahbkoiUt0IBV10ZwX7gCaEyXTSDp08mJkIJQ34E/6CW927E7d+gFu/xEmbhW09cOFwzr3ce48bMSqkYXxrhZXVtfWN4mZpa3tnd0/fP2iLMOaYtHDIQt51kSCMBqQlqWSkG3GCfJeRjju6yfzOI+GChsGDHEfE9tEgoB7FSCrJ0Y+siWdNnMTykRxixJJ2msJreFe5PXP0slE1poDLxMxJGeRoOvqP1Q9x7JNAYoaE6JlGJO0EcUkxI2nJigWJEB6hAekpGiCfCDuZ/pDCU6X0oRdyVYGEU/XvRIJ8Ica+qzqzU8Wil4n/eb1Yeld2QoMoliTAs0VezKAMYRYI7FNOsGRjRRDmVN0K8RBxhKWKrTS3xvVTFYq5GMEyaZ9XzVq1dn9RrjfyeIrgGJyACjDBJaiDBmiCFsDgCbyAV/CmPWvv2of2OWstaPnMIZiD9vULqIKduA==</latexit>

kfkV = O(D)
<latexit sha1_base64="DfH9K0TGUIzI2Yglj6xguxYVfEw=">AAACGnicbVDLSsNAFJ34rPUVdelmtAh1UxKR6kYo6KI7K9gHNCFMppN26OThzEQoadb+hL/gVvfuxK0bt36JkzYL23rgwuGce7n3HjdiVEjD+NaWlldW19YLG8XNre2dXX1vvyXCmGPSxCELecdFgjAakKakkpFOxAnyXUba7vA689uPhAsaBvdyFBHbR/2AehQjqSRHP7LGnjV2EstHcoARS1ppCq/gbdkSD1wmN+mpo5eMijEBXCRmTkogR8PRf6xeiGOfBBIzJETXNCJpJ4hLihlJi1YsSITwEPVJV9EA+UTYyeSVFJ4opQe9kKsKJJyofycS5Asx8l3VmV0s5r1M/M/rxtK7tBMaRLEkAZ4u8mIGZQizXGCPcoIlGymCMKfqVogHiCMsVXrFmTWun6pQzPkIFknrrGJWK9W781KtnsdTAIfgGJSBCS5ADdRBAzQBBk/gBbyCN+1Ze9c+tM9p65KWzxyAGWhfv+ZroRw=</latexit>

kfkV = O(
p
D)

<latexit sha1_base64="LV/JUkoQ6icCAsVKPWpXCOdxX/A=">AAACBHicbVC7TgJBFJ31ifhCLW0mEhMrskuBliQ2lJjII4ENmZ29CxNmZteZWQ3Z0PoLttrbGVv/w9YvcYAtBDzJTU7OuTfn5gQJZ9q47rezsbm1vbNb2CvuHxweHZdOTts6ThWFFo15rLoB0cCZhJZhhkM3UUBEwKETjG9nfucRlGaxvDeTBHxBhpJFjBJjJT8EqQE/ARuOjB6Uym7FnQOvEy8nZZSjOSj99MOYpgKkoZxo3fPcxPgZUYZRDtNiP9WQEDomQ+hZKokA7Wfzp6f40iohjmJlRxo8V/9eZERoPRGB3RTEjPSqNxP/83qpiW78jMkkNSDpIihKOTYxnjWAQ6aAGj6xhFDF7K+Yjogi1NieiksxgZjaUrzVCtZJu1rxapXaXbVcb+T1FNA5ukBXyEPXqI4aqIlaiKIH9IJe0Zvz7Lw7H87nYnXDyW/O0BKcr19XV5jb</latexit>

dense weights
<latexit sha1_base64="0kRw/lX4pEyk6PKwsLxc1/U6b0c=">AAACBXicbVC7TgJBFJ3FF+ILtbSZSEysyC4FWpLYUGIijwSQzA53YcLM7mbmroZsqP0FW+3tjK3fYeuXOMAWCp7kJifn3Jtzc/xYCoOu++XkNja3tnfyu4W9/YPDo+LxSctEiebQ5JGMdMdnBqQIoYkCJXRiDUz5Etr+5Gbutx9AGxGFdziNoa/YKBSB4AytdG9ipg3QRxCjMZpBseSW3QXoOvEyUiIZGoPid28Y8URBiFwyY7qeG2M/ZRoFlzAr9BIDMeMTNoKupSFTYPrp4usZvbDKkAaRthMiXai/L1KmjJkq324qhmOz6s3F/7xugsF1PxVhnCCEfBkUJJJiROcV0KHQwFFOLWFcC/sr5WOmGUdbVOFPjK9mthRvtYJ10qqUvWq5elsp1epZPXlyRs7JJfHIFamROmmQJuFEk2fyQl6dJ+fNeXc+lqs5J7s5JX/gfP4AS0GZZA==</latexit>

sparse weights
<latexit sha1_base64="DAK80BFws27Q5zHrpiRL3yOJsAY=">AAACBXicbVC7TgJBFJ3FF+ILtbSZSEysyC4FWpLYUGIijwRWMjtcYMI8NjOzJmRD7S/Yam9nbP0OW7/EAbYQ8CQ3OTnn3pybE8WcGev7315ua3tndy+/Xzg4PDo+KZ6etYxKNIUmVVzpTkQMcCahaZnl0Ik1EBFxaEeTu7nffgJtmJIPdhpDKMhIsiGjxDrp0cREG8ASEq2k6RdLftlfAG+SICMllKHRL/70BoomAqSlnBjTDfzYhinRllEOs0IvMRATOiEj6DoqiQATpouvZ/jKKQM8VNqNtHih/r1IiTBmKiK3KYgdm3VvLv7ndRM7vA1TJuPEgqTLoGHCsVV4XgEeMA3U8qkjhGrmfsV0TDSh1hVVWImJxMyVEqxXsElalXJQLVfvK6VaPasnjy7QJbpGAbpBNVRHDdREFGn0gl7Rm/fsvXsf3udyNedlN+doBd7XL2MQmXM=</latexit>sparse neurons

<latexit sha1_base64="XOIKd8AQYGOd7VO0l5qCZImXtWc="></latexit>

weight decay
()

non-convex multitask lasso
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<latexit sha1_base64="zivGXJEtRYloOx8pJBWSBhBpsEM=">AAACM3icbZA9axtBEIb3nC9b+ZKT0s0SEUgl9kTsyJ1JXLh0wLIMOiHm9uakxftx7M7FiENtfk1a578EdyZt/kGKrGQZHCcvLDy8M8PMvnmlVSAhfiQbDx4+evxkc6v19NnzFy/b269Og6u9xIF02vmzHAJqZXFAijSeVR7B5BqH+fmnZX34BX1Qzp7QvMKxgalVpZJA0Zq0eZaXAb3CwE/UdEb8o6ttEbizfKgKmoVJuyO6+2 K/L95z0U3Fbr/fiyBW4ukaOmyt40n7d1Y4WRu0JDWEMEpFReMGPCmpcdHK6oAVyHOY4iiiBYNh3Kx+suBvo1Pw0vn4LPGVe3eiARPC3OSx00C87n5taf6vNqqp7I8bZaua0MqbRWWtOTm+jIUXyqMkPY8A0qt4K5cz8CAphtfKPFq8kM4YsEWTlWCUnhdYQq1p0WShvOVWjCu9H86/cNrrpnvd3c+9zsHhOrhNtsPesHcsZR/YATtix2zAJPvKvrFL9j25TK6S6+TnTetGsp55zf5S8usP09CsRA==</latexit>

Tight Bounds on Widths

<latexit sha1_base64="YRviUNQJC/ACFJ0b6reDDITVNlI="></latexit>xn

<latexit sha1_base64="IKWr5NzoPG7FmTZtmSK8qLn9mHs="></latexit>

� = {�n}Nn=1

<latexit sha1_base64="8RkUUoXrzVZ5Sdad2W41cw6EIKg="></latexit>

 = { n}Nn=1

<latexit sha1_base64="ckXSKkIqjQBy50vqxwamA4ee2B4="></latexit>

Shenouda, P., Lee, and Nowak (2023+)

<latexit sha1_base64="E67pQyWp8qmZiGVKLtfOMOYPnFM="></latexit>

Let � denote the post-activation features and  denote the neuron
outputs of any ReLU layer in a trained DNN (minimizes the
weight decay objective). Then, there exists a representation with

<latexit sha1_base64="BmXHd1FstATO6K4J49tuwg8nTj8="></latexit>

K  rank(�) rank( )  N2

<latexit sha1_base64="zg24jg69xczhRZdbcXFnPjJgGuE="></latexit>

Layer Width Theorem (Shenouda, P., Lee and Nowak 2023+)

<latexit sha1_base64="pvA7mGGTGPKuCQaRTLWMh3ac5C8="></latexit>

neurons. The representation can be found by solving a convex
multitask lasso problem.

<latexit sha1_base64="rj8mMDZTKZlGvufQJRrdX42BoRs="></latexit>

min
{vk}K

k=1

KX

k=1

kvkk2 s.t.  = V�.

<latexit sha1_base64="ajt75GpKJ9NNNCKosxI3Y0M7bzo="></latexit>

Low-rank data embeddings have been

observed empirically by Huh et al. (2022).

<latexit sha1_base64="0mXlu4mpW6TfD/5OPuTHB7X2dyY="></latexit>

Bound of Jacot (2023): N(N + 1).


